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Kinetic equations, in which the orientational states of the angular momenta J of the levels are described
classically, are obtained for the density matrix. The equations make it possible to solve the problem of the
interaction between arbitrarily polarized high-intensity radiation and systems characterized by a large
quantum number J. The level population distributions with respect to the directions of J are analyzed and it
is noted that in an intense field these distributions acquire strongly selective angular structures. The dynamics
of the polarization of intense radiation as it propagates in amplifying or absorbing media is considered.
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1. INTRODUCTION

A feature of modern lasers is high intensity of the
generated radiation. At any rate, it is such that the
interaction of laser radiation with matter cannot be
described within the framework of the method of suc-
cessive approximations in intensity, and it is neces-
sary to seek methods that impose no restrictions on
the radiation intensity. It is well known that these re-
strictions can be lifted in the model with two nondegen-
erate states. Real states of atoms and mokecules,
however, are degenerate in the directions of the angu-
lar momentum J. For these systems, the problem of
interaction with radiation of arbitrary intensity can be
solved if the radiation has linear or circular polariza-
tion. This possibility is due to the effective subdivision
of the real multilevel system into a set of simple two-
level subsystems ¢see, e.g., Ref. 1).

The situation becomes radically more complicated
when the radiation has an arbitrary (elliptic) polariza-
tion and a high intensity. In a rigorous quantum-me-
chanical approach, the problem of absorption (ampli-
fication) and propagation of such radiation in a resonant
medium has not lent itself to a solution to this day. As
a result, no attention has been paid to a large class of
interesting polarization phenomena. :

It is shown in the present paper that the foregoing
difficulties can be overcome in the case of transitions
with large quantum numbers J, when the orientational
states of the vector J can be described classically.
The representation in which the density matrix ele-
ments are identical to the classical distribution func-
tions of the vector J with respect to the direction
turned out to be productive. The transition to quantum
mechanics is effected in this representation with the
aid of a transformation similar to that used by Wigner
for translational degrees of freedom (see, e.g., Ref.
2).

In the new representation, the equations for the den-
sity matrix have assumed the form of the usual equa-
tions of the model of two nondegenerate states. All that
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was added was a parametric dependence on the orienta-
tion angles of J. The solution of the resultant equations
has a lucid geometric interpretation.

The derived equations can be used to solve an entire
class of new problems. We confine ourselves here,
however, to an analysis of the distribution of the level
populations with respect to the angular-momentum di-
rections, to a calculation of the polarization of the
medium under the influence of intense elliptically po-
larized radiation, and to an analysis of the dynamics
of the polarization of the radiation in the course of the
propagation of the latter.

2. CLASSICAL EQUATIONS FOR THE DENSITY
MATRIX

In the initial (quantum) equations for the density ma-
trix, we shall focus our attention on the dynamic part
responsible for the interaction with the radiation. As
for the relaxation processes, we shall simplify as
much as possible and start from the model of the re-
laxation constants. In this model the interaction of a
quantum system with radiation that is at resonance
with the m-n transition with angular momenta J,, and
J, is described by the following equations for the den-
sity matrix in the M representation:

d "
(rm + E) Prom (MM’ = Q1
+i Y [omn (1M Vo (MIM) =~V (ML) o (MM ],
: J '
( T, +I) Pan (M]M )=Q,.6uu'
+i§_‘, [Oan (1) Vi (ML) = Vo (MM pn (LIM) ), 1
] ,
(r+2 ) pmmttla)
=i2[pm(M|M,)Vm (M M) =V o (MIM,) prn (M1 M) ],

Onm (M| M) =pma* (M| M),  Von(M| M) =V (M,|M).

Here I', and I‘"’ are the decay constants of the states m
and n; T is the impact half-width of the line; @, and
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Q, characterize the rates of excitation of the levels m
and n. The excitation is assumed to be isotropic.

We assume next satisfaction of the condition
Ty Ju>1, (2.2)

which permits a classical description of the orienta-
tional states of the angular momenta J, and J,.

In place of the density matrix elements p,(MIM') we
introduce

ou(MT, p)mpy(M+u/2| M—p/2),  p=M—M', M="/(M+M).

(2.3)

The reasoning continues as follows. In classical
physics there is no place for the state interference de-
scribed in the quantum case by the off-diagonal ele-
ments of the density matrix. In other words, in the
classical limits the correlation of states with different
values of the corresponding quantum number should be
weak. In particular, for a classical description of the
orientational states of the angular momentum it is ne-
cessary to stipulate a weak correlation of states with
different values of the angular-momentuni projection.

For the quantities p, (M, ) this requirement means
that the effective internal p,, of the variable u (the in-
terval in which the values of Py differ substantially
from zero) should be much less than the characteristic
scale AM of _the change of p,, relative to the variable
M (Uoq<< AM). We assume that this condition is satis-
fied.

We introduce the following representation for the
density- matrix elements:

0u®q)= Y ey (M, 1), cos0=MT/J, I='s(Int1,). (2.4)
»
Under the conditions .., < AM, the summation over u
can certainly be extended to infinite limits, after which
the transformation (2.4) acquires the meaning of a full-
fledged Fourier transformation. The inverse transfor-
mation is of the form

ou(H, 0= o 5 ™0, (69) do. (2.5)

Relations similar to (2.4) and (2.5) hold also for the
interaction matrix element vV, (M |M,). We note that
the transformation (2.4) is perfectly analogous to a
transition to the Wigner representation in the case of
translational degrees of freedom (see, e.g., Ref. 2).
The angles 9 and ¢ characterize the direction of the
vector J.

Since the density matrix is Hermitian, the following
relation is valid

i (09) =p;’ (09). (2.6)

The density-matrix elements diagonal in the energy in-
dices turn out to be real and describe the distribution
of the populations over the angular-momentum orien-
tations.

We change over to the 9¢ representation in Egs.
(2.1). With the first equation of (2.1) is the example,
we have
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d
( I+ E) P (09) =Qmti 2 e=intune

[
X[pmn (M, IM) Veam (M, llz)"an(Mh Hi)f’nn(ﬂh wa) 1y
M='[,(M+M,), M,='(M+M), p=M-M,

(2.7)
p=M,—M', M='[,(M+M’'), cos®=M/].
The values of M, and II/I_2 differ from M by not more
than u,, and can be replaced by M, in view of the
smooth dependences of p,, and V,, on M, (or on M,) in
the u,, scale. As a result, the sum over u, and u, is
transformed into a product of sums, each of which ef-

fects a transition to the 9¢ representation.

Thus, when the conditions for the classical descrip-
tion of the orientational states of the angular momenta
are satisfied, the equations for the density matrix in
the 3¢ representation are diagonalized and take the

form®

d

(T + =) Dam (00) =Qut2 ReliV s’ (09)pon (09) 1,

d
(Tat 55 ) Pon (09) =0u=2 ReliV o’ (05) prn (09 1, 2.8)

d -
(T +25) e (OB =1V (89) [0n (09) —pun (90) 1.

These equations differ greatly from the known equa-
tions of the nondegenerate-state model in that the den-
sity-matrix elements have an additional (parametric)
dependence on the angles that characterize the direc-
tion of the angular momentum. Just as in the nonde-
generate-state model, they can be solved without a re-
striction on the radiation intensity, and what is par-
ticularly important, at an arbitrary polarization of the
radiation.

3. POPULATION DISTRIBUTION IN THE ANGULAR-
MOMENTUM DIRECTIONS

We consider an interaction with monochromatic radi-
ation having a frequency w close to the transition fre-
quency w, ., and separate the time dependence in the
interaction matrix element

Von (G‘P) =V"m (0(]7) exp (—iQt), Q=0—@mn ,

(3.1)
where an excitation that is constant in time, Eqgs. (2.8)
reduce to the following algebraic equations:

Trprm (89) =Qmt+2Re [iV mn” (09) pmn (89) ],

Tapan (09) =Qa—2Re [iV ma’ (09) fmn (89) ],

(T—iQ) pmn (89) =iV n (89) [pmm (8@) —pan (89) ],
Pma (0P) =pPma (0p) exp (—iQt).
The solution of thése equations can be easily obtained

(3.2)

QntQn I

Prmm (B@) = T.T, '—'rm—mN(G‘P):
Qnt0Qn I'n
Pnn (ﬁ‘v)=———;—‘ + N(ﬂlv),
Fm+ln rm+rn (3.3)
Prn (09) =iVma (89) N (6¢) / (I'—-iQ),
N (09) =p.. (89) —pmn (09)
o (14 1 a7 o 0 Qn
=M [+ (ot g) P l] L M=o

The quantity N, has the meaning of the difference be-
tween the level populations in the absence of radiation.
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The dependence on the angles 9 and ¢ in (3.3) is due
to the interaction matrix element V,_ (9¢). We shall
hereafter consider electric dipole interaction, for
which we have in the M representation
o (MIM,)=— —V%Z (—1) "G T MI,~M,10), G.= % .

‘ (3.4)
Here d,,, is the reduced matrix element of the dipole
moment, E  are the circular components of the com-
plex amplitude of the radiation electric vector,
(+++]+++) is the vector-addition coefficient.

Using the asymptotic form (J,,,J,> 1) of the vector-
addition coefficients® and changing over in (3.4) to the
9¢ representation, we obtain ’

S s =7
7o (00) ==~ 7 Y G5 (900), A=ln—1,, (3.5)
where the dependence on 9 and ¢ is concentrated in the
Wigner D-functions D}X(¢ 0).

Even simpler is the form of f/m”(s(p) at A=0 (J=J
transition):

1
Vm(’oq?)=WGn, (3.6)
where the vector G is proportional to the complex
amplitude of the electric-field vector, and n is a unit
vector along the J direction.

For elliptically polarized radiation, we introduce the
vectors G, and G, directed along the major and minor
axes of the polarization ellipse, respectively. Then

G=G,+iG,, G,G,=0. (3.7

The vectors G, and G, can be regarded as real without
loss of generality. We choose a coordinate system with
z axis along the wave vector, and direct the x and y
axis along E, and E, respectively.

In the case of the J-J (A= 0) transition we obtain the
following dependence on the angles for the population
difference N(9¢), in terms of which the solution (3.3) of
Egs. (3.2) is expressed:

N(8¢) =N,[1+x,(cos® p+e? sin® ¢)sin® 8],

(3.8)

2r 1 1 1 .
ma =g () G S

The quantity £ characterizes the degree of ellipticity.
The value ¢ = 0 corresponds to linear polarization and
£ =1 to circular polarization. The quantity », , will be
called the saturation parameter, in analogy with the
nondegenerate-state model. With increasing radiation
intensity, the saturation parameter increases and the
population difference decreases correspondingly.
There exist, however, J directions for which there is
no interaction with the field at all. For a polarization
different from linear, these are the directions collinear
with the wave vector. For linear polarization (¢ = 0)
there is no interaction if the vector J lies in a plane
perpendicular to the electric vector of the wave.

At a large saturation parameter (» 0> 1) the popula-
tions become equalized for all the orientation angles of
J, with the exception of a narrow interval in the vicinity
of the J directions indicated above. Figure 1 shows
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examples of the distributions of the populations of the
lower state (z) in the J directions in the case of radia-
tion absorption (N, >0). A spherical coordinate system
is used with origin at the center of the marked square
(the symmetry plane). The twofold structure of the
distribution can be easily traced. Highly selective
angular structures stand out against the background of
the isotropic part corresponding to the term (@, + Q,)/
(T, + T, in expression (3.3) for p,(9¢). In the case of
circular polarizations these are “peaks” at angles § =0
and 7, and for linear polarizations—a narrow disk in
the yz plane. It is obvious that the selective parts in
the p,,(9¢) distribution should be “negative,” i.e.,
have the form of “dips” for circular polarization and of
an annular “valley” for linear polarization.

The characteristic angular dimension of the selective
parts of the distribution at » > 1 can be easily esti-
mated with the aid of (3.8). At ¢ =1 we have

Av~1/ul‘l'. (3.9)

For linear polarization, the angular dimension of the
disk can be estimated from the same formula, as can
be verified by putting ¢ = 0 in (3.8).

Outwardly, the selective parts in the distributions
Pumld¢) and Pu(9¢) recall the known Bennett dips and
peaks in the velocity distributions for a large dipole
broadening (see, e.g., Refs. 1 and 4). They have also
a farther reaching similarity: both are due to selec-
tivity (in one case with respect to velocity, and in the
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FIG. 1. Distribution of the population of the level n with re-
spect to the directions of the angular momentum in the ab-

" sorption regime (J—J transition); a—circular polarization of

the radiation, b—linear polarization. =80 throughout.
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FIG. 2. The same as Fig. 1, but for the transition J,,=J,+1;
a—circular polarization, ®=8000; b—linear polarization,
% =80; c—elliptic polarization, (E=0.5, ®=80).

other with respect to angles) of the interaction with the
radiation. There is also a radical difference. The se-
lectivity in velocity decreases with increasing radiation
intensity, whereas those parts of the distributions
Pamd¢) and p, (9¢) that are selective in the angle be-
come narrower with increasing intensity. The narrow-
ing is limited only by the quantum uncertainty of the
orientation angles of the angular momentum J.

For the J_=J, + 1 transition we obtain on the basis
of expressions (3.3) and (3.5) the following dependence
of the population difference on the angles of the orien-
tation of J (the coordinate system is the same as be-
fore):

(3.10)

N(89) =N.[ 1+ —:—'( (cos 8—e)? sin® @+ (ecos 8—1)* cos® ) ]_’.
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In this case there likewise exist directions of J at which
the particle does not interact with the field. If the ra-
diation is circularly polarized (¢ = 1), this direction
coincides with the direction of the wave vector (9 = 0).
For linear polarization there are two such directions,
¢=0and 7= +n/2. At large saturation parameters, the
population distributions in the directions of J also re-
veal strongly selective parts. Typical examples of such
distributions for the population of the lower state
Pn.(99) are shown in Fig. 2 (case of absorption). If the
polarization differs noticeably from circular the se-
lective parts of the distribution, at the same saturation
parameters, have approximately the same angular di-
mension as for the J-J transition see (3.9) . For cir-
cular polarization, the interaction selectivity with re-
spect to the orientations of J in the case of the J,=J,

+ 1 transition decreases sharply. Indeed, putting =1
in (3.10), we obtain for the angular dimension of the
selective part at » >1

AB~(8/2,)"™. (3.11)

This circumstance is well illustrated in Fig. 2(a). To
obtain just as narrow a selective increment as in the
preceding cases, it is necessary to increase substan-
tially the saturation parameter.

4. DYNAMICS OF POLARIZATION OF INTENSE
RADIATION IN THE PROPAGATION PROCESS

For optical and spectroscopic problems, and in par-
ticular for the analysis of the effects of radiation pro-
pagation, it is necessary to know the radiation-induced
polarization of the medium. The circular components
P, of the complex polarization vector P are expressed
in the following manner in terms of the off-diagonal
element of the density matrix (see, e.g., Ref. 5)

Gmn , P ,
= N B MUY (=) oM, 10

MM

P,= (4.1)

We change over in this equation to the 3¢ representation
and use the connection, given by (3.3), between p,, (9¢)
and the population difference N(9¢):

. (4.2)
! 'djzz fsinodo j'dcpzl GoDS's (990) Dos! (900) N (09).

T T-

In what follows we shall need to specify the type of
transition. We consider first the J-J transition (A= 0).
Using expression (3.8) for N(9¢) and the explicit form
of the D-matrices,® we obtain after integrating in (4.2)
with respect to the angle ¢:

 idmaNoGo {

"4(1‘—;-9)0
1+ (%-o—%,) (sin* ©)/2 ]

T (ot ey sin? B+ (xo—x_o)  (sin' ©) /41" 1’

T (D) Len (4.3)

“rror\T, T./27

p, sin ﬁdﬁ—f-[ 1
%o

Ao

where an electric field with radiation of the type (3.7)
with real G, and G,, circular components of the vector

G are also real:
G=(G.,—G,)/V2, G_,=(G,+G,)/V2._ (4.4)

1t is possible to integrate in (4.3) with respect to the
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angle 9 and to reduce the result to tabulated func-
tions—elliptic integrals. However, the integral repre-
sentation is also perfectly convenient both from the
point of view of numerical calculations and for the

analysis of limiting cases. In particular, if the radia-
tion polarization is close to circular (e.g., ®n_ < 1),
then we obtain on the basis of (4.3)
_ idmalNo 1 _ 1 (2+2,) " Hx,"
=T u‘{ (% (2+2) 1" [ (24n) "=, ]}G (4.5)
_ idmaNo 1 1+x, (2+%,) ”+x:
I ) u,(2+x,){ [ Fo) 17 L) — "] 1}0“
(4.6)

The imaginary and real parts of the factors preceding
G, and G, in (4.5) and (4.6) are proportional respec-
tively to the absorption (amplification) and refraction
coefficients. It is easy to verify, by comparing (4.6)
with (4.5), that the absorption (amplification) coeffi-
cient for a weak circular component of the radiation is
smaller than for a strong one at all values of »,. It
follows therefore that if the radiation has a polariza-
tion that differs somewhat from circular and propa-
gates in an amplifying medium (N,<0), then with fur-
ther propagation its polarization tends to become cir-
cular. In other words, circular polarization is stable
for the J-J transition in the amplification regime. On
the contrary, in an absorbing medium the deviation
from circular polarization accumulates as the radiation
propagates, i.e., the circular polarization is unstable.

Let us clarify the question of the stability of the lin-
ear polarization. To this end we calculate the Car-
tesian components of the polarization vector of the
medium. Using the connection between the circular
and Cartesian components

Py=—(P:+iP_,)/V2, P,=(P,~iP_,)/V3, (4.7
we obtain on the basis of (4.2)
_ idmNo Gy ¢ (4%, sin® 8) "— (1+%, sin® 8)"
A=t I (14, sin’ )" sinfdo.  (4.8)

The expression for P, is obtained from (4.8) by making
the substitutions G, ~G, and »,—=n»,. We assume that
®,<n,, 1 and after integrating with respect to the
angle 9 we arrive at the relations

idmaNy 1

_ A, arctg "
b= r—iQ %, " ]G"’ (4.9)
idmnlVo arct,gx“ _
= 2x"[(i R [ (4.10)

Comparison of these equations shows that the absorp-
tion (amplification) coefficient of the weak component
(G) is larger at all », than that for the strong one (G,).
Consequently, the linear polarization is unstable in an
amplifying medium and stable in an absorbing medium.

It follows from the foregoing analysis that in the gen-
eral case when intense radiation propagates in a reso-
nant medium its polarization state changes. For the
resonant J-J transition the polarization tends to be
circular in an amplifying medium and linear in an ab-
sorbing medium. At exact resonance (2 = 0) the phase
relations between the components of the electric vec-
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tor of the wave (both circular and Cartesian) are pre-
served. Consequently, the orientation of the polar-
ization-ellipse axis remains unchanged, only the de-
gree of ellipticity changes. On the other hand if Q #0,
the refractive indices for the different wave compo-
nents are different and the change of the degree of el-
lipticity is simultaneously accompanied by a rotation
of the polarization-ellipse axis.

The question of the change of the polarization of radi-
ation propagating in a resonant medium was already
discussed in the literature relatively long ago, prin-
cipally in connection with an investigation of the polar-
ization of laser radiation.®® However, only the first-
order linear corrections were taken into account in the
analysis. Using our equations (3.2) for the density ma-
trix, we can lift the restriction on the intensity of the
radiation and trace completely the dynamics of its po-
larization in the course of propagation.

The compact Maxwell’s equations can be transformed
to the following equations for the intensities of the cir-
cular components of the radiation:

4 ‘mn'
Mna® b oliG. Py,

d
EIG,I’=~ o=x%1. (4.11)
These equations do not describe the change of the phase
between the circular components, and a complete de-
scription of the state of polarization can be obtained on
their basis only at @ = 0, a fact that we shall bear in

mind.

Equations (4.11) were solved numerically with a
computer, using Eq. (4.3) for P,. The amplification re-
gime was considered. The results for the total intensi-
ty and the ellipticity parameter are shown in Fig. 3.

Up to a certain distance, the intensity increases ex-
ponentially, after which the increase becomes linear.
With respect to the polarization of the radiation we
have the following result. Regardless of the initial
state, the polarization tends in the course of propaga-
tion to become circular (R —1). The more the initial
polarization differs from the unstable (linear) one, the
faster its change. If the initial polarization is not too
close to unstable, then the spatial scale of the variation
is a distance of the order of the reciprocal gain.

We consider now a transition with a change of J, as-
suming for the sake of argument J, =J,+ 1. After in-
tegrating in (4.2) with respect to the angle ¢, we obtain
(0= 11)

R

10
06

02

0 20 40 80 80 az

FIG. 3. Change of the polarization (curves 1-3) and of the
intensity (curve 4) of the radiation in the case of propagation
in an amplifying medium (J—J transition); R=(4—%y)/%;
n =%y +%_y; o is the linear amplification coefficient ;1) R,
=0.143; 2) 0.026; 3) 0.003; Ry=R, .
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FIG. 4. The same as in Fig. 3, but for the transition J,,=J,
+1; 1) Ry=0.995; 2) 0.951; 3) 0, 778.

idmaNoGo ¢ 1
-—*2(1_‘_1.9)0 mnﬂdﬁg‘:{i

- 1+%_q sin* (8/2) —x, cos* (8/2) (4.12)
[1+2 (Xu cos* (0/2) +x_q8in* (0/2))"’ (xq cos* (0/2) —x_q8in* (0/2) ) z],/,

In the limiting case »_; « #,, 1 (close to circular po-
larization) we obtain therefore

_ idmalN, 1 arctg %,
P=taw _T] G (4.13)

_ idmaN, 1 arctg %,
P= g g 0 1o (419

We note the similarity of these expressions to Egs.
(4.9) and (4.10): in the approximation employed, the
circular components P, depend in the case of a A+0
transition in exactly the same manner on the radiation
intensity as the Cartesian components for the A= 0
transition. From this it follows in particular that for
the transition A= 1 the circular polarization of the ra-
diation in an amplifying medium turns out to be unsta-
ble. Obviously, the linear polarization is stable in the
amplification regime and the circular polarization in
the absorption regime. Thus, with respect to stability
of the radiation polarization we have for a transition in
which the quantum number J changes a situation that is
the converse of the situation in the case of the J-J
transition.

The numerical calculation of the dynamics of the ra-
diation polarization in an amplifying medium for the
A =1 transition was carried out on the basis of Egs.
(4.11) and (4.12). Its results are shown in Fig. 4. The
character of the change of the polarization in the
course of propagation is practically the same as for
the J-J transition, the only difference being that the
polarization tends in the upshot not to circular but to
linear. The characteristic spatial scale of the change
of the polarization is, as before, the reciprocal gain.

5. LIMITS OF APPLICABILITY OF THE “CLASSICAL"
EQUATIONS

We discuss in greater detail the limits of applicabil-
ity of Egs. (3.2). We consider for the sake of argument
the transition J-J and change over to the M represen-
tation in expression (3.8) for the population difference:

No
{[1+x;sin*®][1+%x, sin?®]}"
{ [ (%y—3,)sin* 8]"* ) ".
(14, sin* ) "+ (1+x, sin* )"
M="/,(M+M’),

N(M, p)=pu(M,pn) —ppm (M, p) =

(5.1)

uw=M-M', cos®=M/].
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Here u takes on only even values. From the obtained
equation it is seen that the coherence of the magnetic
sublevels M and M’ decreases exponentially with in-
creasing u, since the base of the exponential function
in (5.1) is always smaller than unity. The effective
correlation interval is

Petr~In—*

(14, sin* 8) "+ (14, sin*9) "
[ (%y—x,)sin®*8]% }

(5.2)

As already noted, for the transformations carried out
in Sec. 2 to be valid, the condition p,,<< AM must be
satisfied. The most unfavorable situation is realized at
9=m/2, »,~0, and »,> 1, when

s
Weff ~%y -

(5.3)

Under the same conditions it is possible to obtain from
(5.1)

AM~T[x,". (5.4)

The requirement u,.,<< AM is satisfied under the condi-
tion

<,

(5.5)

which is in fact the criterion for the validity of Eqs.
(3.2). The physical meaning of this criterion can be
easily understood by comparing it with relation (3.9).
From (3.9), with allowance for (5.5) follows A9 > 1/
J*2. This means that the characteristic angle scale of
the population distribution in the directions of J should
exceed the quantum uncertainty of the direction of J.
Such a condition is perfectly natural in the classical
description of the orientation of the angular momentum.

The criterion (5.5) is obtained in natural fashion also
from an analysis of the angular distribution of the in-
duced dipole moment; it remains in force also for
transitions with change of the quantum number J.

We note that despite the restriction imposed by the
condition (5.5), the radiation intensity can still be large
enough to give rise to nonlinear effects. In particular,
effective equalization of the populations takes place al-
ready at n~1.

In experiments on nonlinear spectroscopy and non-
linear optics, the distributions of any quantity with re-
spect to the directions is not measured directly, and
certain properties averaged over the angles are regis-
tered. For example, the absorption (emission) prob-
ability w is given according to (3.2) and (3.5) by

2 n

r
[do [ sin ® d01V... (89) 1N (89).

v STy ] (5.6)

As shown above, the strongest dependence on 9 and ¢
in N(9¢) is observed in the vicinity of angles that cause
the quantity vV, (9¢) to vanish, and it is precisely in
this vicinity that N(9¢) is least accurately described by
Egs. (3.2). In(5.6), however, this angle region is dis-
criminated by the factor |V, (9¢)|%, and the errors in
N(9¢) influence the value of w to a much lesser degree.
In particular, for linear or circular polarization of the
radiation, the exact quantum-mechanical solution for w
(see Ref. 1) goes over into the solution obtained from
Egs. (3.2) merely under the condition J>> 1, without the
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additional requirement (5.5). For other polarizations,
the condition should obviously remain the same. We
note also that the population difference integrated over
the angles which is connected with w by the relation

Ziz—tj"dwfsin0dﬁN(ﬁq>)=No—(—1——+L) w, (5.7)

I'm T.
is seen to be calculated with the same accuracy as w.
In other words, the integrated values of the selective
angle structures discussed in Sec. 3 have a smaller
error than the angular distributions themselves.

All this gives grounds for hoping that when solving
nonlinear-spectroscopy or nonlinear optics problems,
equations of the type (3.2) with a classical description
of the orientation of the angular momentum are valid
under a condition less stringent than (5.5). Namely, it
sufficies to assume the only condition, which is natural
for the classical approximation, J> 1.

It is easy to verify that processes of exchange of
angular momentum between the radiation and the reso-
nant particles are excluded from Eqs. (2.8) and (3.2).
The action of the radiation reduces to transitions be-
tween energy levels without change in the direction of
the angular momentum. Such an approximation is justi-
fied for many systems, and the condition of its appli-
cability is a sufficiently rapid relaxation of the angular
momentum with respect to the directions. It is possi-
ble, however, to include in the consideration the trans-
fer of the angular momentum, and remain nevertheless
within the framework of the classical description. To
this end it is necessary to take into account in equa-
tions of the type (2.7) the small deviations of the quan-
tities M, and A—dz from M. In the upshot we obtain in
place of (2.8) the following equations for the density
matrix:

d .
( T+ = ) Omm (BG) =Q,,.+Re{ 2iVinn (8Q) prma (B9)

Opmn O Vma' ]} .

1 [ Vmn" | 0Pmn

T Lacost o9 dcosd g
(1‘,. + -;—t ) Pan(B9) =Qn—Re{2iVm' (09) pmn (B9)

1 Vma' 0Pm»
J Ldcos® dg

0pmn Vo' ]}

0cosﬁ’ﬁ6cp (5'8)

(r+ %)pm (8) =1V 1n (09) [ (89) —pon (69) ]

11 0Van (6p...,..+ 6p..,.)_( Pmm + Pan )0V,....]
21[60056 dp [ dcos® Odcosd/ B¢

883 Sov. Phys. JETP 54(5), Nov. 1981

Compared with (2.8), we have added here terms of dif-
ferential type to the dynamic parts of the equations.
They describe the change of the direction of the angular
momentum under the influence of the radiation. It can
be verified that when condition (5.5) is satisfied their
contribution remains small.

We note that the differential terms in Egs. (5.8) are
reminiscent in form of the classical Poisson brackets.
This similarity is not accidental. Assume that the in-
teraction operator causes transitions only between
magnetic sublevels of one energy state. For this pur-
pose it is necessary to put formally m = n in Egs. (5.8).
By virtue of the property in (2.6), the only dynamic
terms that remain in these equations are those of the
differential type. The equations themselves take the
form of the known Liouville equations with classical
Poisson brackets, as they should. The canonical con-
jugate variables are cosd and ¢.

UThe range of validity of the equations derived is additionally
discussed in Sec. 5.
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