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Spontaneous emission of radiation from relativistic channeled particles (know as the Kumakhov radiation) is 
investigated for the first time allowing for the energy band structure. A study is made of the band populations 
as a function of the angle of incidence of electrons on a single crystal and of the divergence of the electron 
beam. It is shown that for optimal angles of incidence it should be possible to achieve a population inversion 
of the levels and stimulated emission, giving rise to lasing in the x-ray range. Three possible types of radiative 
transition during channeling are considered: within a potential well, from suprabarrier bands to a potential 
well, and between suprabamer bands. Radiation of the first type is much stronger than those of the other two 
types, and it can find extensive applications in, for example, x-ray lithography. A detailed comparison is made 
between the Kumakhov radiation and coherent bremsstrahlung. It is shown that the theory of coherent 
bremsstrahlung fails to describe any one of the transitions considered. 

PACS numbers: 61.80.Mk, 78.70.En 

1. INTRODUCTION 2. RADIATION EMITTED IN  THE COURSE OF 

Much work has been done on the theory of radiation 
emitted by relativistic channeled charged particles in 
crystals. The paper  of Kumakhov, predicting high- 
power radiation under channeling conditions, was 
followed by others presenting the classical and quan- 
tum theories of this new physical effect representing 
the results of experimental investigatiolls (Wedell's 
revie+ is devoted to the Kumakhov radiation). The 
theoretical and experimental results a r e  in satsifac- 
tory agreement.2ps The cited investigations have been 
concerned with the radiation emitted by particles of 
energies from hundreds to megaelectron volts to tens 
of gigaelectron volts. The number of experiments 
carried out a t  low energies (of the order of a few 

PLANAR CHANNELING OF ELECTRONS. THEORY 

We shall consider the passage of electrons through 
a crystal neglecting secondary dechanneling processes 
and also the energy losses due to the emission of radia- 
tion. The motion of an electron in a continuous poten- 
tial of planes U(x) is  described by the Dirac wave 
e q ~ a t i o n . ~  Since the kinetic energy of the longitudinal 
motion of electrons is considerably greater than their 
potential energy in an interplanar field, the Dirac 
equation reduces to the Schrijdinger equation for the 
transverse motion of a particle whose mass ia relati- 
vistic M = E / c 2 :  

megaelectron volts) is small. 4-6 However, it would where $(x) i s  the wave function of the transverse 
be desirable to investigate this range of energies more motion of the and is the transverse energy. 
thoroughly because one could then use high- current 
electron accelerators, whose main advantages a r e  the 
enormous current in a beam (lo3 - lo4 A) and also 
compactness and relatively low cost. Such an accela- 
rator could be used in a high-power source of x rays 
based on the emission of radiation by channeled par- 
ticles, and also in a new type of laser  operating with- 
out mirrors  and stimulating radiation of channeled 
particles. Construction of such spontaneous and co- 
herent sources of x ray radiation would be highly de- 
sirable because of possible numerous applications, 
particularly in x-ray lithography. 

We shall report the first  investigation of the radia- 
tion emitted by electrons moving in a planar channel 
with account taken of the produced energy band struc- 
ture. We shall consider all three possible types of 
transition: inside a potential well, from supra- 
barr ier  states to a potential well, and between supra- 
barr ier  states. We shall consider the populations of 
the states a s  a function of the angle of entry of an 
electron relative to the atomic planes and also as  a 
function of the electron beam divergence. We shall 
compare the results obtained with those for coherent 
bremsstrahlung . 

The potential U(x) of the transverse motion i s  a 
periodic function with a period d, (d, i s  the distance 
between the planes): 

V ( x )  =C' (x+d , ) ,  (2 

s o  that in order to solve the wave equation we have to 
use the Bloch condition 

$ ( x + d , )  =esp ( ~ k , d , ) $ ( x ) ,  (3 

where k, is  the quasimomentum of an electron in a 
crystal. 

Allowance for  the periodicity of the interplanar 
potential (2) of a crystal and for the Bloch condition 
(3) gives r i se  to the energy band structure of the 
crystal. The band structure i s  determined in Ref. 8. 
The system (1)-(3) can be solved by representing the 
wave function of an electron and the interplanar 
potential a s  an expansion in terms of the reciprocal 
lattice vectors g= 2n/d,: 

U ( X )  =- U, exp ( imgz) ,  (4) 
- 
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when the conditions (2) and (3) a r e  satisfied automati- 
cally. 

Since the coefficients of the expansion of the poten- 
tial Urn decrease rapidly on increase in m ,  the ex- 
pansion given by Eq. (4) may be truncated a t  the term 
which satisfies Um/U,, << 1. Substituting Eqs. (4) and 
(5) into Eq. (I), we find that instead of a second-order 
differential equation we now have a system of alge- 
braic equations: 

The number of the equations considered, i .  e .  , the 
number of Bloch waves in Eq. (I) ,  should be suf- 
ficiently large s o  that the energy band structure goes 
over into a continuous spectrum. Therefore, n is 
governed by the conditiona 

In Eq. (6) the symbol j labels the energy bands. We 
shall use the ~ o l i 6 r e  p ~ t e n t i a l , ~  although-in prin- 
ciple-one could utilize also other types of potential. 
Solution of the system (6) gives the values of C11, and 
the energy band structure E,. 

The band populations can be found by matching the 
electron wave functions inside and outside a crystal. 
Then, the probability of occupancy of a level k, loca- 
ted within an energy band j is governed by the square 
of the matrix element 

and the wave function of the transverse motion of 
electrons is 

We can calculate the number of photons emitted by a 
channeled particle employing the formulas obtained 
by Kumakhov, because-as shown in Ref. 10-right 
up to electron energies of a few gigaelectron volts 
we can use the dipole approximation discussed in 
Ref. 7. Then, in the case of the radiation directed 
along the electron motion (this is the most interesting 
case) we find that the number of photons emitted by an 
electron per unit distance in a solid angle d 0  is  

where 

and the matrix element of the transition pje, can be 
found by direct calculation: 

The calculation factor ti,_,,& _, (kl and k' correspond 
to the states $1 and $*') demonstrates that in the dipole 
approximation the electron quasimomentum is con- 
served during emission of radiation. 

:::rz 
- 24 1 

FIG. 1. Energy band structure of electrons with E,,,= 4 MeV 
in a (110) plane of Si. 

3. RESULTS OF CALCULATIONS 

Our numerical calculations were carried out for 
electrons with a kinetic energy of 4 MeV moving in a 
(110) channel in silicon. Figure 1 shows the transverse- 
energy band structure obtained in this case. The 
dashed line represents the top of a potential well. It 
is clear from this figure that two bands a re  formed 
inside the potential well and a re  separated by a wide 
gap. The f i rs t  band is narrow and it can be regarded 
a s  practically a level, i. e . ,  the transverse energy is 
independent of the quasimomentum. Above the poten- 
tial well there a r e  suprabarrier bands whose width 
increases rapidly on increase in the transverse 
energy, but the gaps between them decrease. The de- 
pendence of E, on the quasimomentum is nearly 
parabolic for these bands, and the deviations from the 
parabola decrease on increase in the band number. 
The lower suprabarrier bands correspond to quasi- 
channeling. 

The energy band pattern indicates that there a re  
three types of radiative transition in the Kumakhov 
effect: 1) transitions within a potential well between 
strongly coupled states; 2) transitions from supra- 
barr ier  states to a potential well; 3) transitions be- 
tween suprabarrier states.  The last  type of tran- 
sition corresponds to the emission of radiation in the 
course of quasichanneling analyzed classically in 
Ref. 11. The radiation which appears a s  a result of 
all  three types of transition may be investigated within 
the framework of a quantum theory developed in Refs. 
7 and 12. 

Figure 2 shows the dependences of the band popula- 
tions on the angle of incidence of electrons on a 
single crystal. The beam divergence i s  ignored and 
the populations a re  normalized to unity. The angle 
is expressed in units of the Bragg angle, which in 
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FIG. 2. Band populations vs the angle of incidence of elec- 
trons. The numbers of the curves are the same as the num- 
bers of the bands in Fig. 1. 

our case is cp,, = 0. 35cpc, (cpcr is the critical chan- 
neling angle). It is clear from Fig. 2 that in the 
range cp < (ocr the channeling i s  dominated by the first  
three bands and a suitable selection of the angle of 
incidence can ensure preferential population of any 
one of them. It is thus possible to achieve a popula- 
tion inversion immediately on entry of electrons into 
a crystal. 

This result is important from the point of view of 
stimulated emission. The appearance of an inversion 

FIG. 3. Band populations plotted vs. the angle of incidence of 
an electron beam: a) beam divergence 0 . 3 ~ ~ ;  b) 0.5qC,, c) 
0 . 7 ~ ~ .  The numbers of the curves are the same as the num- 
bers of the bands in Fig. 1. 

observed in a certain range of angles of incidence. 
An increase in the divergence flattens the humps 
and reduces the inversion. Therefore, stimulated 
emission i s  obtained for beams of angular divergence 
- 0 . 3 ~  - 0 . 3 ~  o r  less, which should be possible to 
ensure in practice. 

a s  a result of a change in the angle means that there is Figure 4 gives the number of photons emitted by an 
no need fo r  pumping. Moreover, one should point electron per unit path length as a function of the angle 
out that the bands 2 and 3 a re  longer-lived from the of incidence. For  each transition there is an opti- 
point of view of inelastic scattering and, therefore, 

ma1 range of angles within which the number of the 
allowance for inelastic processes will clearly increase emitted photons is maximal. For  angles of incidence 
the population inversion. 

smaller than the critical channeling angle the strongest 
If the angle of incidence i s  cp=O, almost half the radiation corresponds to the transition 2-1 (curve 1 

particles (-4'7%) a r e  captured by the third (supra- in Fig. 4a), exceeding the number of bremsstrahlung 
barrier)  band, indicating that the f i rs t  suprabarrier photons by more than one order of magnitude. A 
states play an important role in the channeling pro- comparison of the number of photons emitted as a 
cess . result of this transition with the maximum numbers 

* generated by other transitions gives a ratio of 4-10 o r  
If cp > cpci , then the weakly coupled suprabarrier greater. We shall show later that allowance for  the 

bands begin to fill in turn and they now capture prac- electron beam divergence increases this ratio. 
tically all the electrons. 

Figure 3 shows the results of a calculation of the 
populations of bands 1-4 a s  a function of the angle of 
incidence of an electron beam whose divergence is Acp 
=0.3cpo, 0.5qc,,  0 . 7 ~  ,:i. The populations of the fifth 
and higher bands do not exceed 2% if cp c cpci . 

If allowance i s  made for the beam divergence, i t  i s  
found that the population of the second band differs 
from zero already a t  c p = O  (Fig. 2) and i t  increases 
on increase in the divergence, becoming practically 
comparable with the population of the first  band when 
Acp = 0. 7qo (Fig. 3c), whereas the population of the 
first  band decreases. In contrast to a parallel beam 
(Fig. 21, the divergence has the effect that not only 
the third but also the fourth band captures a considera- 
ble number of particles if cp < cp;". 

A characteristic feature of the spectra is  that a 
change in the angle of incidence affects less the num- 
ber  of photons generated as a result of the 2-1 tran- 
sition than the number of photons resulting from all 
the other transitions. These changes a r e  due to a 
steep rise and fall of the populations of the supra- 
barr ier  bands a t  specific angles of incidence (Fig. 2). 
A comparison of the transitions between suprabarrier 
bands (third type) and from suprabarrier states to a 
potential well (second type) shows that transitions of 
the second type a r e  the more intense (curves 2 and 3 
in Fig. 4a, curves 1, 2 and 3 ,  4,  5 in Fig. 4b). The 
5-4 and 5-2 transitions a r e  not shown in Fig. 4b be- 
cause the intensities of the corresponding radiations 
a re  fa r  too low, i . e . ,  the transitions of the third type 
with an odd value of A j  a re  not very likely. 

When the beam divergence is low (Fig. 3a), the curves Figure 5 is the emission spectrum representing 
obtained have humps, i. e.  , a population inversion is transitions between the various bands, calculated for 
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four  angles of incidence of the  beam.  The  ordinate  
gives the number of photons emit ted p e r  unit path 
length in  a unit s p e c t r a l  interval  p e r  second.  The  
beam divergence is assumed to be  0.3cp-, . All the 
levels  within the bands become filled f o r  th i s  beam di-  
vergence. Since the s u p r a b a r r i e r  bands a r e  v e r y  
wide, the  l ines  represent ing t ransi t ions f r o m  t h e s e  
bands a r e  a l s o  wide. The dependence of the number 
of photons on t h e i r  energy f o r  s o m e  transi t ions (for 
example,  4-3 and 5-3) is c lose  t o  a constant value 
extending f r o m  z e r o  t o  a ce r ta in  energy l imi t .  In 
con t ras t ,  the 2-1 l ine is much n a r r o w e r  and s t r o n g e r  
(in s o m e  p a r t s  of Fig.  5 i t  is reduced by a fac tor  
indicated alongside the  l ine profi le) ,  because photons 
a r e  emit ted in  a nar row s p e c t r a l  interval.  Such 
broadening of the emiss ion  l ines  of s u p r a b a r r i e r  par -  
t i c les  demons t ra tes  ineffectiveness of the  t ransi t ions 
in  question compared with the  2-1 case .  Line nar-  
rowing could b e  observed if b e a m s  with angular  di- 
vergence Acp< cp,, a r e  used.  One should point out 
that we have ignored the intraband relaxation, whose 
influence is c lear ly  low. 

It  is interest ing t o  compare  the total  number of pho- 
tons emitted in  the c o u r s e  of var ious t ransi t ions.  
The  resu l t s  a r e  presented in Table I .  T h e  l a s t  column 

1 Z 3 hw, keV 

FIG. 5. Number of photons emitted, per unit length in a unit 
spectral interval, in the forward direction, a s  a result of ex- 
citation with an electron beam of 0.3qc, divergence incident 
at the following angles: a) 0; b) 0.5qm; c) 0 . 9 ~ ~ ~ ;  d) 1.2qm. 
Transitions: 1) 2-1; 2) 3-2; 3) 3-1 ; 4) 4-1; 5) 4-3. 

FIG. 4. Numbers of photons 
emitted per unit path length vs. 
the angle of incidence of electrons 
for the following transitions: a l )  
2-1; a2) 3-2; a3) 3-2; b l )  4-1; 
b2) 4-2; b3) 4-3; b4) 5-1; b5) 
5-3. 

of th i s  table  gives the  ra t io  of N,_, to  the total number 
of photons emitted as a resu l t  of a l l  the o ther  t ran-  
s i t ions .  

It  follows f r o m  these  resu l t s  that  a t  energ ies  of the 
o r d e r  of a few megaelectron volts and angles  of inci- 
dence of a n  electron beam not exceeding the c r i t i ca l  
channeling angle,  the main emiss ion  mechanism in 
the p r o c e s s  of channeling i s  in the f o r m  of t ransi t ions 
between s trongly coupled s t a t e s  lying within the poten- 
t i a l  well (radiation of the f i r s t  type). Calculations show 
that  a t  low angles  of incidence t h e r e  is a n  increase  
in  the' r a t io  of the total number of photons emitted as 
a resu l t  of t ransi t ions within a well t o  the number of 
photons emitted a s  a resu l t  of t ransi t ions f r o m  the 
s u p r a b a r r i e r  s t a t e s .  

4. COMPARISON OF THE KUMAKHOV 
RADIATION WITH COHERENT BREMSSTRAHLUNG 

The Kumakhov radiation has  been compared with co- 
herent  b remss t rah lung  in a number  of studies. F o r  
example ,  the radiation emitted by  a part ic le  moving 
i n  a transient  channeling regime and incident a t  a 
s m a l l  angle to  the ax i s  and plane of a c rys ta l  i s  con- 
s idered  in Ref .  13 .  It  i s  found that  coherent  b r e m s -  
s t rahlung cannot general ly  b e  described adequately 
without allowance f o r  the  channeling. Akhiezer  ef 
~ 1 . ~ 4 . ' ~  compared the channeling radiation and coherent 
b remss t rah lung  a l s o  under  conditions of t ransient  
channeling, but the two types of emiss ion  have been 
considered as independent p r o c e s s e s .  A comparison 
of t ransi t ions of the f i r s t  type with coherent b r e m s -  
s t rahlung was  a l s o  made by Wedell.2 

TABLE I. Ratio of the number of photons emitted along all  
directions due to 2-1 transition to numbers of photons emitted 
as a result of other transitions. 

I 2%" I A N , - /  N2-,,N2-, I N2-, lN4- .  I N - , m , - .  / N 2 - m  

I .  
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In the present section we shall discuss transitions of 
the third type, i . e . ,  the case when the angle of inci- 
dence of a beam relative to a plane i s  outside the 
range of the critical channeling angle, whereas the 
angle between the beam and the atomic chains forming 
the plane is large. As pointed out earlier,  the de- 
pendence of the transverse energy on the electron 
quasimomentum in subbarrier states i s  nearly 
parabolic. Consequently, we face the question of 
whether transitions of the third type can be described 
using the existing theory of coherent bremsstrahlung. 
Such bremsstrahlung is usually investigated in the Born 
approximation and the wave functions of electrons a r e  
represented in the form of plane waves. l6 We shall 
show that the Born approximation i s  inappropriate for  
suprabarrier transitions. 

According to Ref. 16, the interference effects appear 
in bremsstrahlung when the momentum transferred 
to a medium q = k,, - kf - kp (k,, i s  the initial electron 
momentum, kf i s  the final electron momentum; k, i s  
the momentum of an emitted photon) is close to the 
reciprocal lattice vector. The contribution of the 
emitted radiation is made only by those reciprocal 
lattice vectors which lie in a pancake-shaped layer 
characterized by the following parameters: the 
plane of the layer is perpendicular to the direction of 
k,,, the radius i s  of the order of the electron mass m ,  
and the distance from the origin of the coordinate 
system to the nearest layer surface i s  m2kJ2kokf and 
is equal to the layer thickness (for convenience we 
a r e  employing units with ti= c=  1). We shall now 
foilow Schiff9s treatment.17 The energy of a f ree  
electron is related to i ts  momentum by 

if the allowance i s  made for the periodic potential of 
the crystal planes, the above relationship changes to 

where E' denotes the influence of the interplanar poten- 
tial. This modification shifts the pancake and alters 
m24/2k,kf to 

The validity of the Born approximation is now governed 
by the ratio of the first  to the second term in Eq. (13). 
The Born approximation can be used if the second 
term is smaller than the first ;  otherwise, the layer 
in question becomes smeared out and the predictions 
of the theory of coherent b r e m s s t r a h l ~ n g ~ ~  become 
inaccurate. 

In our case, we find that the various suprabarrier 
transitions a r e  characterized by m2kJ2kokf = 13-20 eV, 
EA - E; is of the order of the band gap and it amounts 
to AE,,=92 eV, AE,, =66 eV, and AE,_,=58 eV; 
we thus find that the theory of coherent bremsstrahlung 
gives incorrect results. 

The wave function of an electron in a suprabarrier 
state cannot be represented by a plane wave. If it 
were close to a plane wave, one of the coefficients in 
the expansion (5) would have been of the order of unity 
and the others would have been very small. In fact, 

we find that a t  least two coefficients of the expansion 
a r e  comparable withthe maximumvalue. For  example, 
the highest values of the coefficients for the third 
band a r e  0.53, 0.82, and 0.2,  for the fourth band they 
a re  0.18, 0.92, and 0.35, and for  the fifth band they 
amount to 0.26, 0.95, and 0.16. Deviations from a 
plane wave a re  sufficiently strong, i.e., the influence 
of the interplanar potential i s  considerable. An 
increase in the band number reduces these deviations 
and the states with a large transverse energy (in the 
region of the tenth to twelfth bands) can be described 
by plane waves. However, a t  these transverse energies 
the above method for calculating the band structure 
i s  clearly invalid because the approximation of a con- 
tinuous potential of the planes i s  no longer obeyed. 

Our conclusion of the invalidity of the theory of co- 
herent bremsstrahlung in the case of transitions of the 
third type i s  supported also by the fact that the positron 
and electron emission spectra a re  identical in the 
Born approximation. This is  obviously incorrect in 
our case. The potential well for  positrons i s  wider 
than that for electrons, and, therefore, the influence 
of the neighboring wells in the former case is greater. 
This means that the energy bands of positrons a re  
wider than those of electrons and their distribution 
is different. Hence, it i s  clear that the emission 
spectra must be different. In the case of the bands 
corresponding to large transverse energies the band 
gaps a re  practically zero and the difference between 
the spectra disappears. 
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