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We analyze the kinetic equation describing the four-wave nonlinear interaction for weak-turbulence spectra
for the case where the spectrum is concentrated along a selected direction in k-space. The kinetic equation is
strongly simplified in the quasi-one-dimensional limit and this enables us to obtain simple formulae for the
angular dependence of the spectrum and for the nonlinear energy transfer along the spectrum. We apply the
results obtained to the problem of Langmuir turbulence of an isothermal plasma which occurs when the
plasma is parametrically heated by an oscillating electric field and to the problem of wind waves on a liquid
surface. We suggest that there exist two scales in the angular spectrum of wind waves.

PACS numbers: 52.35.Ra, 52.35.Mw, 68.10.Cr, 47.25. — c

INTRODUCTION

In weak-turbulence theory one often meets with a sit-
uation when the dispersion law w(k) forbids three-wave
processes with a resonance condition:

o (ktk) =0 (k) +o (k). - (1)

Such a dispersion law is usually called a non-decay
law; one can also call the corresponding weak turbu-
lence non-decay turbulence. Langmuir turbulence in
an isothermal plasma, and also turbulence of the waves
on a liquid surface, are examples of non-decay weak
turbulence.

It is well known from the theory of Langmuir turbu-
lence that its spectra as a rule turns out to be singular
(“jet-like”), i.e., they are located in k-space on spe-
cial surfaces, or lines—“jets.”’ In a number of cases,
in particular, when the plasma is parametrically heat-
ed by an oscillating electric field, the jets are straight
lines passing through the origin, i.e., the spectrum is
quasi-one-dimensional. In Langmuir turbulence the
basic mechanism for the interaction of the waves is the
non-conservative mechanism of induced scattering of
waves by ions.

In an other important physical problem of the turbu-
lence of waves on the surface of a liquid, the main wave
interaction mechanism is their scattering by one
another which satisfies the resonance conditions

ok)to(k)=o(k)+to(k), ktk=k+k, (2)

However, also in this purely conservative case the
spectra are often quasi-one-dimensional. Measure-
ments in nature show (see, e.g., Ref. 2) that the typical
angular width of developed sea swell is of the order of
20-30°. An attempt to explain such a small width of the
spectra stimulated the present paper. We show in it
that conditions when the turbulence spectrum is quasi-
one-dimensional can easily be realized in the conserva-
tive case (2). The kinetic equation describing the turbu-
lence simplifies considerably for the quasi-one-dimen-
sional case and this enables us to calculate explicitly
the form of the stationary spectrum. This result is
relevant not only for the conservative situation. In the
problem of the Langmuir turbulence of an isothermal
plasma allowance for only the single mechanism of in-
duced scattering enables us to determine only the gross
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characteristics of the spectrum —the position and inten-
sity of the jets. The fine structure of the jets is, how-
ever, determined as before by processes of the kind
(2). One can therefore say that we solve in the present
paper the problem of the structure of one-dimensional
jet spectra.

The basic technique used in the present paper is the
expansion of the kinetic equation for the waves in pow-
ers of the quantity (62)—the mean square angular width
of the spectrum.

§1. ZEROTH APPROXIMATION

A conservative medium with a non-decay dispersion
law is described by the effective Hamiltonian

H= Im(k)anax' dk +——;—j Tk ki @x0x,
X @k a8 (k+k,—k,—ks) dkdk,dk,dk,. (3)
The statistical behavior of the medium in the frame-
work of weak turbulence is described by the quantity
n,(t) given by the formula
md (k—k') ={axax'>.

This quantity is commonly called the quasi-particle
number density in phase space. It satisfies the kinetic
equation

Ony/0t+ynu=Ix. (4)

Here 7, is the phenomenologically introduced damping
of the wave and I, the collision term describing four-
wave processes:

Be=25 | | Tanoson 8 bk —ki—ks) 8o (K) o (k)
—o (k;) —o (ks) ]["k,nk.("k‘*'nk.) —ngnx, (nx, 0y, 1dk,dk.dk;. (5)
If 7, is negative in some region of k-space, it corre-
sponds to the instability of the medium for the genera-
tion of waves. Non-conservative mechanisms for the

interaction of the waves can be taken into account by
renormalizing 7,:

Yk~ '{rf'j' Vixnx dk,. (6)

In particular, for the induced scattering of Langmuir
waves by ions, the function kal is antisymmetric:
Ve, = = Vixe

1 1

If v,= 0, Eq. (4) has the obvious conservation laws
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N=J' mdk, P= )'kn.dk,

(7)
$=j o (k) nxdk,

which have, respectively, the meaning of the conserva-
tion of total number of quasi-particles, momentum,
and energy of the waves. We shall in what follows con-
sider primarily the two-dimensional case —the gener -
alization to the three-dimensional case is obvious. We
denote by & the coordinate in k-space along the one-
dimensional jet and by £ the coordinate in the trans-
verse direction. We now have for the dispersion law

M=o (k) +s®E+..., sk)= 200

We expand the kernel of the kinetic equation in the
parameter £2/k? and consider the zeroth and first terms
of this expansion. We have
8o (k) to (ki) —o (k) —o (ki) ]=6[w (k) +o (k) —o (k) —o (k)]
+s (k)& s (ki) E*—s (k2) P —s (Ks) 818" [0 (k)
+o (k) —o (k) —o (k) 14... . (9)

(8)

We shall neglect the dependence on the transverse co-
ordinates in the matrix element Txyonyx, and put

Tkk., k,k;=Tn,_ hakae

The zeroth approximation in £2/%#? thus corresponds to
taking into account in (9) only the first term in the ex-
pansion. In that case

(U]

1 = 20 1T a8 0 () + () — (ks)

— @ (ks) 18 (k+ky—k,—Fks) 8 (§+E,—E2—Es) [Mastaliasts (ParH1a,)
—nagPngs (Pasta+Pnsgs) 1dK; Ak, dles dE, dE, dEs. (10)

We can immediately integrate over dk,dk;. We note
that the set of equations

m(k)+m(k,)=m(k2)+'m (ks), k+ky=k,tk, (11)
have just two solutions k,= k,k; =k, and k,= k), k; = k.
Using the symmetry properties of the kernel T we have

(0

[ Taneanl?
Iy =4J'l§ dk;, T——»-:;—,I 8(E+E,—E.—t,)

o' —
X [raenines (g Hra,) —nne g, (mac

+rpg) 1dEdE.dEs. (12)

There is a logarithmic divergence in the integral (12)
and must be cut off at |k ~k, |1~ £ [Our approximation
does not hold in that region and it is impossible to ne-
glect the £-dependence of w(k) and T“ﬂaka']

We restrict ourselves in what follows to the simplest
case n(k, £) = n(k, —£) corresponding to spectra which
are symmetric with respect to the k-axis. Fourier
transforming with respect to ¢ we then get after a few
calculations the simple result:

T::) =I ]::)eivtd§=ﬁ” j Vin (ﬁu.:v—ﬁ:o) dk,. (13)
Here
2
V= 4ﬂ|?’u.,m,, , ﬁ’w:S nagevidE.
l@, — x|

The quantity

Pro= J"ud§=Nu
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is the quasi-particle number density integrated over the
transverse variable £. From (13) it follows that /{3’

= 0. The collision term in the zeroth approximation
(12), (13) therefore does not transfer the quasi-particle
number along the jet and accomplishes only a redistri-
bution of wave energy in the transverse direction. To
establish the nature of this distribution we expand 'r'z.,
in powers of y:

2
Py = J. nusedg= [ mudg— z—j Enad
y‘ 2 'y
ot jg‘n.,.;dg+ ... =N, [ 1— y7<52>h+ :—4—<g~>.+ . ] )

Here (£2),=6% and (£*),=A, are the second and fourth
moments of the distribution n,, with respect to &.
Equating terms «? in the Fourier transform of Eq. (4)
(for the case where 7, = 0) we get

a H
- uz = VMINMZ n.z 1
570 2)‘ 8,2dk (14)

Equation (14) shows (since V.,1_> 0) that the collision
term (12) leads to a broadening in angle of the wave
spectrum. In this connection the problem arises of
how, in general, spectra which are narrow in angle are
possible. One can construct the simplest model of a
narrow spectrum by assuming that the damping in-
creases fast with increasing £. Let, as £~ 0,

ye=—ftaE+ ... . (15)

For sufficiently small £ the damping is negative, cor-
responding to an instability. A stationary spectrum
arises because the collision term “disperses” the
quasi-particles originating in the instability region

£2 <f4/g to the region of damping £2>f,/g.

One can calculate the spectrum explicitly by expand-
ing in the parameter (In%k2/6%)" (for waves on water
this parameter is of the order of 1/3 to 1/5). With
logarithmic accuracy we have

I::) =V,fiy (Finy®—Na2),
(16)

2l Twml® | K ’

Vk— lﬁh”l n(§~

After Fourier transforming with respect to £, taking

into account the first two terms of (15) and (16), Eq.

(4) takes the form

o7 9*

= = s+ —— P iy (s = N3) Vi )
ot oy*

In the stationary case we have

252 _ 2
d A SV l’Lﬁ,,,3=0. (18)
dy & &

Equation (18) has an exact solution
= Z(thvh“fh) " —1 Vkaz —fk B
Foy= _[——Vh ] ch [y(————-g ) ] ) (19)

A

The undetermined quantity f, must be found from the
boundary condition 7y, = N, We have

fi="1.ValVs2. (20)

(The obvious physical requirement f,> 0 for the exist-
ence of a stationary solution in the model considered is
once again clear from this.) Finally we have

Fiy=Nilch [yNy(V/281)"]. (21)
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Performing the inverse Fourier transformation we find

"“=('2£') ch™! [ (zv.) ] (22)

We now have for the width of the spectrum (62),

(0‘). 8. __N.'VA=_ EITu,nI’N.’

T 25k aklwy|

1n¢8®k. (23)

The estimate (23) remains valid in the three-dimen-
sional case.

In deriving Eqgs. (21) to (23) we used the assumption
that the {-dependence of 7,, is much smoother than that
of n,. Indeed, in the opposite case it is illegitimate to
neglect high-order terms in £ in the expansion (15) for
Txe, additional terms appear in Eq. (17), and expression
(21) will no longer be a solution. In that case the angu-
lar width of the spectrum will be determined by the
characteristic angular scale of the quantity y,,. The
solution obtained has in k-space a unique characteris-
tic transverse scale (23). In the more general case
there may occur several characteristic scales. We in-
troduce in Eq. (4) an external force F,=F,, so that it
takes the form

Ona/dt+Hyene=I,+Fy.

In the problem of wind waves the external force F, cor-
responds to that part of the kinetic integral I, which
was not taken into account by us earlier and which de-
scribes the effect of the isotropic high-frequency com-
ponents.

If the external force decreases sufficiently weakly as
£~  we have for large £

ne=Fu/tn. (24)

The quantity n,, can decrease relatively slowly as £

— o, We may assume the spectrum to be narrow in
angle, if the integral [n,d&= N, converges and is “con-
centrated” on a scale §,<<k. However, the integral

] E%ny,dt may diverge or be “concentrated” on a scale
3,> 8, This happens just in the case when Y is given
by Eq. (15)—the scale 8, then is the same as the char-
acteristic scale on which the function F,, decreases. In
the case when F,, = F(k)/2r the spectrum can be found
explicitly. The stationary Eq. (18) now has the form

~3 —_ 2
_é’_'i“?"+.f_‘_l’i1!"_ﬁn+ﬁﬁns+__5(y) 0. (25)
dy 8 &

The solution of Eq. (25) is a continuous symmetric
function of y which has at y= 0 a discontinuity in the
derivative such that

1lim dfip,/dy| =F\/2gy.

y-0

When y>0

Ry

S T2V 1" NeVi—f \ ™ 2

n—[ ] ch [(y aA)(————g’l ) ] (26)

and from the condition on the discontinuity of the de-

rivative and the normalization condition #i,, = N, we find
Ni=flVyt+ (f:/th+sz/2ngA) s

when F,>0 a stationary solution exists, even if f, <0.
For the displacement a, we have
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ay=[g/(N*Vi—f)]" arsh [F\/N:2(2Vagh) *].

The discontinuity of the derivative at zero determines
the asymptotic behavior of the spectrum n,e-'F./g.gz
as £~ =, The quantity

6,2= j' E*nadt

is infinite in this case, or, strictly speaking, is deter-
mined by the cutoff boundary of the function F,.

Of course, the entire analysis in the logarithmic ap-
proximation has a meaning only if Ty, m#0.

§2. FIRST APPROXIMATION

When calculating the next approximation it is, in gen-
eral, impossible to neglect the dependence of Ty ,y,y,
on the transverse coordinates. However, only
allowance for the next term in the expansion (9) of the
frequency 0-function in powers of £ leads to a princi-
pally new effect. Therefore we shall consider only
those terms. We have

I =2n J‘ I Tamorans 26” [0 () + 0 () — (kez)
—o(ks)] [s(k) §z+3(kl) g«z_s(kz) §22—-—s(k,) §32]

X8 (5+E1—E2—Es) 6 (kt+ky—ko—ks) [nagama,
X (gt 1a,) — e, (Past, T 1nge,) 10k dkeodlesdE A8 dEs. (27)
The integration over two of the longitudinal variables,
for instance, over %, and k,, can be performed in the
same way as was done in §1. However, the expression
obtained is very complicated and we restrict ourselves
to a simplified variant of the study. In fact, we evalu-
ate the quantity 8N, /8¢ which is zero in the zeroth ap-
proximation in £2/k%. Integrating over d§, d,, d,,
d&,, and after that over dk,, dk,, we get

”__ ” 1 0 0
f_]!f.sj‘ ,dka i i [(l)k, mk:, Fuu_—(—"}'_“‘)pu,],
at b (0x —n") |0 —an," | L 0)' —ay, 2 \ok Ok,
(28)
where
Fku=8ﬂ|Tn,,n.|lNaNh[ A Nuaahz’l’—kk—:‘}vhsa] . (29)
3

As before, the right-hand side of Eq. (28) contains a
logarithmic divergence for k2= %;,. This divergence
must be cutoff at (k —k,)*~ 8. With logarithmic accu-
racy we can write

== — ——

Bt ok [klm al
Here

Ry= j. dg[—funet+Fldg

is the term caused by the pumping, the damping, and
the external force. The quantity 82 must be determined
from the zeroth approximation equatlon. After multi-
plication by &2 and integration over £ in agreement with
Eq. (14), this approximation takes in the logarithmic
approximation the form

V.s.wk] +R,. (30)

—Z—t— (Ny6:2) =2V,6,2N,>+8,.
(31)
= 5 8 (—mnat+Fa) dE.

In the conservative case when R,= 0, S,= 0, Egs. (30)
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and (31) conserve the integrals of motion

N=j Nk, P= j' kN, dk,

, 32

&= j(m,,+ i‘z’“;a:)mdk. (52)
The integrals N and P in (32) correspond to the con-
servation of the number of quasi-particles and of the
momentum of the waves, while the integral & is the
energy of the waves, taking into account the £-depend-
ence of wy.

Kolmogorov-type solutions play a very important role
in weak turbulence theory; for them the flux of one of
the integrals of motion is constant in the system con-
sidered. We shall discuss for what circumstances
Kolmogorov solutions can exist for quasi-one-dimen-
sional spectra. Let the solution be a “single-scale”
one with respect to the transverse wave number [such
as, e.g., solution (21) in §1]. In that case the integral
for S, converges at £~ 8, so that S,~6%R,. One must
understand this relation in the rough sense that R,
stands for different terms occurring in it. Indeed, it
now follows from Eq. (31) that in the stationary case
VyNi=R,.

On the other hand, the flux term in (30) is of the or-
der of (62/k?)V,N3 and hence is negligibly small com-
pared to the individual terms in R,. In the stationary
case there follows now therefore only a balance equa-
tion for the number of quasi-particles R,= 0. The flux
of the number of quasi-particles along the spectrum is
then small.

Let, however, the spectrum have two scales so that
S,=Lb%R,where L>1 is a large parameter. In that
case, if Lk?/6%>>1 we can neglect the term R, in Eq.
(30). The stationary Eq. (30) has now the solution

loy”|

A
m) (Qk+T)". (33)

N= (
Here (6%),= 62/F is the square of the angular width of
the spectrum.

In the solution (33) @ has the meaning of the flux of
the number of quasi-particles in the region of small
wavenumbers as £— 0 and 7 the meaning of the momen-
tum flux in the region of large wavenumbers as k= «,
The solution corresponding to a constant energy flux is
not present as in the transfer process along the spec-
trum the energy is dissipated in the region of large £2.
As before, it is necessary for the determination of
(62), to use the zeroth approximation Eq. (17). An ex-
ample of this solution for which a Kolmogorov situation
can be realized is given by Eq. (26).

§3. APPLICATIONS

We consider physical applications of the results.
They are the simplest for the Langmuir turbulence of
a plasma. In that case a “single-scale” situation is
realized as the N, distribution is completely deter-
mined by a process of lower order in comparison with
the four -wave interaction—the induced scattering of
Langmuir waves by ions. The four -wave interaction
only determines the shape of the jet. We have for the
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matrix element of the interaction (see Ref. 3)

wp° [ (kk,) (kk;)
4nnT kkykoks

Tk ok =

G (0r— 0 ki—ks) + (k< ky) ] . (34)

Here w, is the plasma frequency, n and T the electron
density and temperature, w?= w31+ 3(kxp)* the Lang-
muir wave dispersion law, and G(w,k) the low-frequen-
cy plasma Green function which is the dimensionless
response of the ion density to the slow external force.
In the hydrodynamic approximation

G (0, k) =k’c?/(0*—k%c, +2iy.c.k).

Here cg and ¥, are the ion sound speed and damping.
The quantity T z» depends on the relation between the
quantity (2)p)? and the ratio of the electron to the ion
masses m,/m;. In the case of most interest, (kxp)?

> m,/m,, we can in the denominator of the Green func-
tion neglect the terms w® and yscsk as k~0, w=0 so
that G(w,k)= -1. In that case

T, = (@z2/4nnT)> ' (35)

The induced scatfering changes the damping rate which
now has the form

‘r;.z=_f Ty dk,.
Here
(or (kk,)*
Tew= Srnl Wk Im G (0x—ox, k—k;).

The factor (k °k,)?/k?k? determines the main angular de-
pendence of the growth rate. When (kXp)?> m,/m, the
“differential approximation” is valid in which

gAk‘~’hz 0Nk (m' )]l’ 1

4unT \m; | Tkro
We now have from Eq. (23) for the angular width a
transcendental equation

@pNyk [ moy % 1
e =—__—(— ——In (6%,
0=~ m') o In <0, (36)

the solution of which gives the answer when (%), < 1.

As regards wind waves on a liquid surface, the situa- '
tion is more complicated for them since effective growth
rate for the instability and the damping rate of the
waves, determined by the interaction with the wind, are
not known with sufficient accuracy.

The magnitude of the instability growth rate, given by
Miles’ well known theory,* leads, if one uses the con-
cept of a “one-scale” spectrum, to a value of the wave
energy in the energy-carrying region which differs
from the experimental data by one and a half orders of
magnitude. This fact, and also a number of other con-
siderations (shape of the frequency spectrum, nature
of the dependence of the energy and wavelength on the
temporal dependence of the wind action) leads to the
hypothesis that the narrow energy-carrying section in
the spectrum of wind waves is “two-scale” in charac-
ter and that in them there occurs a Kolmogorov flux of
the number of quasi-particles to the region of small
wavenumbers.
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