Inverse Faraday effect in a relativistic electron plasma
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An analytic demonstration is given of the excitation of strong quasistatic magnetic fields in a collisionless
relativistic electron plasma when strong circularly polarized electromagnetic radiation is propagating through

it.

PACS numbers: 52.40.Db, 52.60. + h

1. Considerable attention is currently being given to
possible mechanisms of generation of strong spontane-
ous magnetic fields in a laboratory plasma subjected to
linearly polarized electromagnetic radiation!~% and in a
cosmic plasma.®” The interest in the appearance and
growth of quasistatic magnetic fields is largely due to
their dominant influence on the nature of penetration of
electromagnetic radiation into a plasma®® and on the
rate of transport processes in a plasma,®-1!

There is natural interest in the generation of spon-
taneous magnetic fields in a relativistic plasma when
high-power electromagnetic radiation propagates in it.
Under laboratory conditions this electromagnetic radia-
tion can be provided by lasers: the power density can
be ¢ 210% W/cm? for CO, lasers emitting at 3 =10.6 p
and ¢ 210'%- 10"" W/cm? for Nd lasers emitting at A,
=1,06 u (see, for example, Refs. 12 and 13). Under
astrophysical conditions similar fields may be pro-
vided by electromagnetic radiation of strong radio
sources (cores of radiogalaxies, pulsars,4 ete.).

Our results relating to the generation of spontaneous
magnetic fields in a collisionless inhomogeneous rela-
tivistic plasma are in qualitative and quantitative agree-
ment (in the nonrelativistic approximation) with the
available experimental results,!® ¥ particularly those
demonstrating the absence of magnetic fields in a plas-
ma irradiated with high-frequency linearly polarized
radiation,

2, We shall consider an inhomogeneous relativistic
electron plasma of density 7,(x,y) subjected to strong
circularly polarized electromagnetic radiation, The in-
tensity of the electric field of this radiation (pump
wave) is

E(z, t) =Eq{ex cos (0ot—koz) FAe, sin (0ot—Fkoz)}. 1)

Here, E;, w,, and &, are, respectively, the electric-
field amplitude, frequency, and wave number of the
external electromagnetic radiation; e, and e, are unit
vectors along the x and y axes; A=1 applies to the
right-handed polarization and A = —1—tothe left-handed
polarization., In the case of linear propagation of the
pump wave of Eq, (1) in a relativistic plasma, we have

2
O =g esr ke,

where w,, . = (4m,e%/m,)1/? is the effective Langmuir
frequency; ¢ and m, are the electron charge and mass,

In describing the nonlinear interaction of an external
electromagnetic wave with a relativistic electron plas-
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ma we shall use a system of relativistic hydrodynamic
equations for electrons and a system of Maxwell equa-
tions for the fields
0p./0t+ (v.V)p.=e (E+[v.xB]/c),
on/ot+V (n.v.) =0,

1 B @)
P-=meoV=/(1—v,'/c‘) "’, rot E=— ——,
c ot
a
e 1 JE div B=0,

rotB =——n.yv, + ——,
c c adt

where p,, v,, and n, are, respectively, the momentum,
velocity, and density of electrons; m,, is the rest mass
of electrons; E and B are the electric-field and the
magnetic-induction vectors, respectively.

Under the action of the high-frequency field of Eq. (1)
the variables in the system (2) are characterized not
only by a slow time dependence but also by a fast de-
pendence with the characteristic time 71/ wg. There-
fore, the momentum, velocity, and density of electrons,
as well as the electric and magnetic fields can be repre-
sented in the form (a similar procedure was used by
Gorbunov? in the case of a nonrelativistic electron-
ion plasma)

P=<POHPs,  Ve=(VOHV,,  ne=(n)+,

_ 3)
E=(E>+E, B=<B)>+B.

Here, (...) represents averaging over a time interval
which is short compared with the characteristic time of
changes in the slow quantities but long compared with
T.

Then, the equation describing the excitation and evolu-
tion of a quasistatic magnetic field can be derived from
equations for the slow motion of electrons (here, Kv,)|
«c, v, where v,, is the phase velocity) and Maxwell
equations for quasistatic fields:

."_%‘;L) + (V) P=eC) +— [VOXB I @Y+ <[7XBD,
(4)
' 1 9<B>
By=— — ",
rot — o ()
rot <B>=4nc~! (e<n.Y<v.> +Hie), (6)
<{pe>
el < ¢> v
T W po/maie) @
Pcnz=eon=/(ﬂuz- (8)

The influence of the high-frequency fields on the slow-
ly varying fields can be allowed in our case simply by a
nonlinear current
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eipe>
Moo (1+Des?/Mmeic?) "

je= 9)

found earlier for a nonrelativistic cold plasma, ¥

We shall obtain a closed system of equations by con-
sidering the rapidly varying quantities 7, and p,. We
shall initially assume that the following inequalities are
obeyed:

(L, M) > [<VD [[00, @0 P Oce o =€<B>[cm0Y, (10)

where w,, ., is the relativistic gyroscopic frequency of
electrons; L and ), are, respectively, the characteris-
tic distances over which there are significant changes
in the slowly varying and rapidly varying quantities;
y=(1+p%/mlc?!/? is a relativistic factor. We then
obtain the following system of equations:

p./dt=¢E, (11)
aft,/0t+div<n,Sv,=0, (12)
MyVe=Po (1 Pec?Mmooc?) . (13)

The representation of the pump wave in the form of
circularly polarized radiation of Eq. (1) allows us to
apply the procedure of Eq. (3), sincep Z; does not contain
the fast time dependence.

3. The equation describing the evolution of a quasi-
static magnetic field (B) in time, deduced from Eqs.
(1)-@3), is

9

{p.>
-—(<B>+irot<p.>)+m:[<B>+-‘_rot<p.>,—"— -0, (14)
at e e Moo

where
CMyoY MaYje
{po= (B>— N 1
P 4medn,> rot elnyd (15)
e Eg? /] ']
=t [ (.- __) .
I 2m,*y* [mo’ (e dy e'ax (n (16)

In a hot plasma the thermal pressure does not influ-
ence generation of magnetic fields if the temperature
distribution is homogeneous and isotropic, but in the
presence of a constant anisotropy of the thermal pres-
sure in a plasma’ there may be a source of excitation
of spontaneous magnetic fields additional to or com-
peting with the nonlinear current of Eq. (16). It follows
from Eqgs. (14) and (15) that the dependence of the mag-
netic induction vector on the slow quasistatic current is

(By= 'rr:.oc' { %(mt i )_rot(<Tl.>—rot(B>)}. an)

ne? (n

We shall estimate the amplitude of spontaneous mag-
netic fields by considering two limiting cases of plasma
inhomogeneity. In the case of a strong inhomogeneity of
the plasma density corresponding to w,, .L/¢ <1,
which is comparable here with the characteristic homo-
geneity length of the magnetic field (B, (x,y)), we ob-
tain

(BY=A ___.Zne: < E—":n. (z,y)e.. (18)
CMeo " o
It is clear from Eq. (18) that inthe ultrarelativistic case
v>1 the dependence of the amplitude of a quasistatic
magnetic field on the value of E; becomes weaker but
the dependence on the plasma density inhomogeneity is
still retained.

It should also be noted that a magnetic field expected
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in the nonrelativistic approximation is directed, as
found experimentally,“'16 at right-angles to the plane of
rotation of the electric field vector and its direction is
reversed on reversal of the rotation of the electric field
vector E,;. In the case of linear polarization of the ex-
ternal radiation (\=0), Eq. (18) predicts no magnetic
fields, 15

In the opposite case of w,, .; L/¢>1, when the spatial
structure of the field changes little over a distance ~c/
Wpe «r» W can ignore the spreading of a magnetic field
in the XY plane, We then obtain the following expres-
sion for (B):

2 2 2 >
e E, (6 In ¢n,) + 9*In<n, )e,, (19)

c
(B>=A —_—
2ym., @' oz oy

It follows from Eq, (19) that in the ultrarelativistic limit
1 «y<«<w,L/c the magnetic field intensity is largely
determined by the amplitude of the external pump wave
E, and, which is self-evident, in a homogeneous plasma
the source of spontaneous magnetic fields disappears.
This corresponds to mutual compensation of the circular
currents, analogous to the diamagnetic current in a
homogeneous plasma,

There are as yet no experimental data on the genera-
tion of magnetic fields by circularly polarized electro-
magnetic radiation traveling in a laser plasma, How-
ever, as pointed out above, in the microwave range of
pump frequencies!™ ® a well-designed experiment was
carried out on a laboratory plasma and it was intended
to simulate the interaction of laser radiation with a
dense plasma, In this experiment an.inhomogeneous
plasma (L,=L,=6.5 cm) with P=6x 102 Torr was sub-
jected to circularly polarized electromagnetic radiation
of frequency f=3x 10° Hz. The power of this radiation
was 1 MW and it was applied in the form of pulses of
~12 usec duration, This pulse duration was consider-
ably greater than the growth time of a magnetic field.
Two magnetic field pulses were observed on an oscillo-
scope screen: the first (larger) was the result of a
change in the density and electric field, whereas the
second (smaller) was due to switching of the field. In
addition to its qualitative agreement with the experimen-
tal results, the numerically determined magnetic induc-
tion B~1072? G was in good qualitative agreement with
Eq. (19) for a nonrelativistic plasma giving an estimate
of B~0,5x1072 G,

4, In investigating nonlinear propagation of strong
electromagnetic fields in a laser plasma with a particle
density n,(z) it is very interesting to consider the self-
interaction of the pump wave, Strong relativistic non-
linearity observed in our case because of the dependence
of the electron mass on the amplitude of the incident
field may give rise to three-dimensional, localized,
transverse, and circularly polarized electromagnetic
pulses.! These pulses travel in a plasma at a frequency
w,, Which can be larger or smaller than the carrier
frequency w. The intensity of the electric field in a
pump wave can generally be described by

E(r, t)=E(z, y) {e.sin (ot—kz+@)+Ae, cos (ot—kz+q)}, (20)

where ¢ is the phase, which we shall assume to be con-
stant,
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We shall use a system of equations for the rapidly
varying quantities (11)- (13), in which the relativistic
factor is a function of the arguments x and y, and the
profile of the plasma electron density varies in the di-
rection of propagation of a three-dimensional soliton
along the Z axis. This gives the following expression
for a quasistatic nonlinear current

. ctelned ] a

Je= ""—ZOY \P(eva_x_e:b?)\l’r-
Here, ¥=eE/m,wc is a Lorentz-invariant function of
the relativistic nature of the electromagnetic field and
¥, =¥/ (1+9?)1/?is a nonlinear term due to the nonrela-
tivistic nature of particle motion,

@1

We can now write down the spatial evolution of a spon-
taneous magnetic field directed parallel or antiparallel
to the Z axis and considered to be a function of the in-
dex A:

MaoC’ {\p 9y + 9y
2e0 oz* ay?

0y \* Oy \*
#(50) +(5) ) e
It follows from Eq, (22) that in the case of formation and
propagation of a stable two- or three-dimensional ro-

tating electromagnetic pulse, we can expect excitation
of quasistatic magnetic fields.

c*y
{B>+—rot rot{B>=A
Ope

(22)

5. In order to estimate the magnitudes of spontaneous
magnetic fields, we must find the amplitude of a local-
ized pulse and its characteristic inhomogeneity length.
The system of the Maxwell and hydrodynamics equa-
tions for the rapidly varying quantities together with
an allowance for the excited magnetic field yields the
following wave equation for y:

(7 o () [

¢t or o Fe)™ | g™ (23)

Here, w,=e(B)/m,c is the gyroscopic frequency of
electron rotation and

e,=e, sin (ot—kz+¢)+e,cos (ot—kz+g).

A parabolic equation describing the propagation of a
localized three-dimensional pulse, similar to the
steady-state nonlinear Schr8dinger equation, can be
obtained from Eq. (23)

26’1;)_3" . @p’ Wee/ ® )
ST I G [ +(1+\p’)"'] (1+y)*’ (242)
0y , @ dY kK¢t \*
ot =(1-5) (@40)

In Eq. (24a) we have neglected longitudinal perturbations
of the particle density because it is assumed that the
relativistic nonlinearity® predominates over the stric-
tion nonlinearity.

Since a detailed investigation of the system (24a)-
(24Db) is not at this stage necessary, we shall determine
the amplitude of spontaneous magnetic fields in a laser
plasma by a numerical analysis in the spherically sym-
metric case assuming that the influence of (B) on the
evolution of solitons is not the dominant effect.!? We
shall first note that for specific eigenvalues ! =w/c8,
varying in the interval 0 </ <1, soliton solutions appear
as a result of self-channeling, i.e., when the power of
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circularly polarized electromagnetic radiation has the

critical value p., = Nc/327%}/? [see Eq. (3.2) in the re-
view by Akhmanov et al,2]; here, €,= (ew,,/ My Cw?)?

and ), is the wavelength of the incident radiation.

This critical power of a three-dimensional electro-
magnetic pulse determines, in fact, the minimum value
of the amplitude of the generated magnetic field. In the
case of the newly formed nonlinear normal modes (see
Fig. 1 in Ref. 19) the intensity associated with the first
soliton at the wavelength of the incident radiation ),
=1 p is ¢~1.4%10"® W/cm?, so that the characteristic
inhomogeneity length in the transverse direction is 7
~5¢/wy,. Without allowance for the diffusion term it
then follows from Eq. (22) that (B) 210 MG.
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