
Metal-dielectric phase transition in matter with localized 
magnetic moments 

S. G. Occhinnikov and S. I. Yakhirnovich 

L. V. Kirenskiilnstitute of Physics, Siberian Department, Academy of Sciences USSR 
(Submitted 19 December 1980; resubmitted 13 February 1981) 
Zh. Eksp. Teor. Fiz. 81,633-641 (August 1981) 

The metal-dielectric transition with spin and charge-density wave formation is considered within the 
framework of the generalized s d  model. A novel mechanism of ordering of the localized spin is described, 
connected with their exchange magnetization in the inhomogeneous intrinsic field of the band electrons. The 
amplitude and critical temperature of the spin-density wave are found to be considerably in excess of the 
parameters of the spin density band wave. Allowance for the spin-phonon interaction leads to coexistence of 
charge and spin density waves and also to a first-order transition with respect to the temperature. 

PACS numbers: 7 1.30. + h, 7 1 S O .  + t, 7 1.45.Gm 

1. INTRODUCTION 

Usually the metal-dielectric transition (MDT) with 
doubling of the period and formation of spin density 
(SDW) and charge density (CDW) waves is considered 
in a system of band electrons (see, for example, Ref. 
1). Such transitions a r e  frequently studied experimen- 
tally in the oxides and sulfides of the transition metals, 
where, along with the band electrons, there a r e  local- 
ized electrons which form localized magnetic moments. 
The theory of a ferromagnetic SDW with account of lo- 
calized spins has been considered by Vol'kov and 
Mna t~akanov .~  The instability of the homogeneous par-  
amagnetic state of a system of localized spins relative 
to the formation of an antiferromagnetic SDW has been 
shown p r e v i o u ~ l y . ~  

In the present work, we have studied the CDW and 
the antiferromagnetic SDW and their coexistence in a 
system with localized magnetic moments. It is shown 
that the reason for the first-order transition can be not 
only the corrugation (anisotropy) of the Fe rmi  su r -  
face114 for band theories, but also the sufficiently 
strong spin-phonon interaction, and without account of 
the lat ter  i t  is impossible to obtain coexistence of SDW 
and CDW. Whereas in the band theory, a dielectric 
s tate i s  impossible in the presence of sufficiently 
strong anisotropy of the Fe rmi  surface, in our theory, 
a new dielectric phase appears and becomes stable 
with increase in the anisotropy. 

2. SPECTRUM OF QUASIPARTICLES IN AN 
ANTIFERROMAGNET WITH A DISTORTED LATTICE 

We write down the Hamiltonian of the interacting 
electrons, localized spins, and phonons 

Here a;, (af,) a r e  the creation (annihilation) operators 
of the electron a t  the lattice point f with spin projection 
o, E is the single-electron energy level in the crystal  
field; k i s  the chemical potential, b(h) i s  the integral of 
the jump over the distance h =  f '  - f ;  Sf and of a r e  the 
spin operators of the localized and band electrons, r e -  
spectively, H  i s  the external field in energy units, 
b:(b,) a r e  the creation (annihilation) operators of the 
phonon with wave vector q and frequency w,, I(h) is the 
effective integral of exchange interaction, the expan- 
sion of which in powers of the displacements of the ions 
leads to the spin-phonon interaction. Physically, the 
manifestation of this interaction i s  the magnetostric- 
tion. In view of the short-range character  of the Heis- 
enberg exchange, we keep only the sum over the z 
nearest  neighbors in H s - s  and H S - p h  The Hamiltonian 
( 1 )  contains both the Hubbard model and the s -d model 
a s  special cases. 

According to Kopaev and T i m e r o ~ , ~  a s  a consequence 
of the Bose condensation of phonons we have in the di-  
electr ic  phase A = 2go(b d ~ - ~ ~  # 0 and the electron - 
phonon interaction reduces to an external field H A .  
Since the matrix element of the intraband electron- 
phonon interaction i s  purely imaginary,"he quantity A 
can be complex. In the absence of other order param- 
e ters ,  the phase of A is unimportant, because the di- 
electr ic  gap E,= 2 1 A l but since we want to consider 
the coexistence of several  forms of the ordering, then 
the phase of A i s  important. If we write H A  not in the 
momentum representation, a s  i s  the usual case, but in 
the coordinate representation 

H~=AC nloe-s: 
lo 

then, from the condition that the Hamiltonian for a 
crystal  with a center of inversion is Hermitian, At 
= A. It will be shown below that only r ea l  combinations 
of the matrix elements gQg; and g,&+ enter  into the 
theory. 
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Let the mean density of the e lec t rons  be  n. In a s ta te  
with a CDW, we distinguish two sublat t ices:  

We assume that the dielectr ic  s t a t e  can a l s o  b e  ant i fer-  
romagnetic : 

<aa,e , )=  * ( a ) ,  < S A c e , > - f  ( S ) .  

The spectrum of the e lec t rons  and the filling fac tors  
a r e  found f rom the s tandard se t  of equations of 
Gor'kov7 : 

El.*=.?-p+Un/2*vk., v ,d?=bZ(k) +A:, 

b ( k )  =z b ( h ) e Z k h ,  An-A+U(6n-q  ( o )  (o>)l- '/a J q ( a )  <S>, 
h (2) 

The parameters  A, (u), @), and p should be found in 
self-consistent fashion. 

3. EQUATIONS OF SELF-CONSISTENCY AND THE 
CLASSIFICATION OF THE SOLUTIONS 

The equation for  the chemical potential is 

I 
n =-x [ f ( E k . + ) 7  j ( E k . - ) I ,  f ( E ) = [ e E I T + l ] - L .  

lV ka 

(3) 

The amplitude of the CDW is determined by the expres -  
sion 

and the amplitude of the band SDW i s  

In the mean field approximation, 

Here Bs  is the Brillouin function f o r  the spin S.  

To obtain self-consistent equations relat ive to  A we 
use a method proposed in Ref. 5. A s  a resu l t ,  we find 

A = - 2 g Q [ 2 . g g c 6 n f A Q + z ( S ) ' ] / w ~ .  (7 

Before analyzing the possible solutions, we  note that 
for  n = 1, i.e. ,  when the  initial metal l ic  band is half - 
filled, i t  follows f r o m  Eq. (31, which is represen ted  in 
the form 

that @ = E + ~ / 2  a t  a l l  values of the temperature.  If we 
introduce the notation 

then the s e t  of equations (3)-(7) can b e  reduced to th ree  
equations relat ive t o  A +, A , ,  and (S): 

A.=(4 1 ~ Q I ' / ~ Q - U )  ( L + + L + )  f q ( o )  U ( L , - L J  (10) 
- ~ Z ~ ~ Q + ( S ) ~ / ~ Q - ' / ~ I J I  q ( a )  ( S ) ,  

If localized sp ins  a r e  absent,  then a transi t ion in the 
l imit  t o  the band theory follows f r o m  (10) a t  (s)= 0. A 
symmetr ic  solution At = A+, L t  = L+ is possible, which 
corresponds t o  the CDW and which descr ibes  the  th ree  
dimensional analog of the P e i e r l s  t ransi t ion,  as is a l s o  
a n  ant isymmetr ic  solution A+ = - A + ,  L t  = -L+ with a 
SDW that descr ibes  a dielectr ic  with ant i ferromagnet ic  
ordering.  The coexistence of the SDW and the CDW 
within the framework of band theory h a s  been consid- 
e r e d  in Ref. 8. At T =  0, these solutions a r e  described 
by the formula 

f o r  the symmetr ic  solution, X =  X,= UN(0) for  the ant i -  
symmetr ic ,  N(0) is the density of s t a t e s  a t  the F e r m i  
level  of the initial metal l ic  band of halfwidth W =  I b lz. 

The self-consistency equation (10) i n  the band l imit  
h a s  the fo rm of the BCS equation and descr ibes  a s e c -  
ond-order  phase t ransi t ion a t  the point T,, = y~,,/n. 
The anisotropy of the F e r m i  sur face ,  which is connect- 
ed with jumps to not-nearest  neighbors, l eads  to  the 
appearance of dielectr ic  s t a t e s  that a r e  metastable  a t  
T =  0 (Ref. 5) and to a f i r s t -o rder  t ransi t ion in the t e m -  
p e r a t ~ r e . ~  F o r  the  account of th i s  anisotropy, i t  suf - 
f i ces  to  redefine 

where  u << W is the integral  of the jump t o  the not-near- 
e s t  neighbors. 

The second important type of solution corresponds to  
a n  ant i ferromagnet ic  dielectr ic  with localized spins. If 
S + 0, but A ,= 0, then there  is a n  ant isymmetr ic  solu- 
tion b)+ 0,  (S)+ 0 ,  A = 0,  determined f r o m  the s e t  of 
two equations 

A,=2UL,+'I2I I I ( S ) ,  

( S ) = S B ,  ( S  [ H + 2 J L + - I z ( S ) ] / T } .  (13) 

Under these s a m e  conditions, a CDW phase can a l s o  
exis t ;  the phase real ized is the one for  which the c r i t i -  
cal  t empera ture  is higher. A s  we  shal l  s e e  below, a c -  
count of the localized sp ins  i n c r e a s e s  T ,  fo r  the SDW; 
there fore ,  the condition X,> X, is sufficient for  the ex-  
is tence of the SDW. 

Finally, a t  S # 0 and A,  + 0, the solution of Eqs. (10) 
and (11) descr ibes  a dielectr ic  with ant i ferromagnet ic  
p roper t i es  and with distortion of the la t t ice ,  i.e., the 
coexistence of CDW and SDW. The argument  of the 
Brillouin function in (11) a t  H = 0 shows that there  a r e  
s e v e r a l  spin-ordering mechanisms in the  considered 
model: 

a )  The usual  Heisenberg order ing  with the exchange 
integral  I ,  determined both by indirect  exchange and by 
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direct exchange. This spin ordering leads to magnet- 
ization of the band electrons due to s -d exchange; 

b) Formation of a band SDW can order the localized 
spins even in the absence of Heisenberg exchange. 
Here the inverse effect of magnetization of the localized 
moments in the inhomogeneous molecular field of the 
band SDW takes place; 

c)  Formation of a CDW and distortion of the lattice 
due to spin-phonon interaction (magnetostriction) can 
lead to ordering of the spins even at  J=  I =  0; 

d) A new mechanism of indirect exchange through 
phonons appears in second order  inA ,. 

In the following, we need the thermodynamic poten- 
t ials  of the corresponding phases for the analysis of the 
solutions that a r e  obtained; therefore, we write out 
hereg the expression for the difference in  the thermo- 
dynamic potentials of the electrons and the non-inter- 
acting spins in the effective field 

in the dielectric and metallic phases 

4. EXCHANGE MAGNETIZATION OF THE LOCALIZED 
SPINS OF THE BAND WAVE SPIN DENSITY 

We consider in more detail case b), which i s  de- 
scribed by Eqs. (1 3) at  H = I = 0. The second of Eqs. 
(13) a t  T =  0 gives ( S ) =  S signJ, while for the solution 
of the f irst  we change from summation over the quasi- 
momentum to integration over the energy with density 
of s ta tes  N ( E )  = $W (the rectangular band model). Then 

We denote the larger solution by A +  (T = 0) = A, and 
the smaller  by A,  (T = 0) = A,. They a r e  determined 
from the equations 

ln2W 4-lJlS/2Ao 
-= 

A a  a s  ' (14) 
In 2W - - l-IJlS/2Aj 

u + ( u ~ - A , ~ )  '" a. (15) 

At J =  0, we then get the resul t s  of Kopaev and Timer-  
0v5: 

Since A,>O, i t  is seen from (14) that the inclusion of 
the s -d exchange is equivalent to an increase in the 
Coulo.mb interaction: 

As  a result,  the gap i s  increased. A graphic solution of 
Eq. (14) shows that for u<Aoo/2, there i s  one solution 
A,( J); for ~ , / 2  <u <A,( J) there a r e  three solutions 
A ~ ( J ) ,  A,(J), A2(J), if J<J , (u) ,  and one if J>J,(u); for  
u>A,(J) there is also one solution A,(J) [ ~ i g .  l(a)]. In 

FIG. 1. Dependence of the SDW amplitude on the anisotropy of 
the Fermi surface at T= 0 and J+ 0 (a),  J =  0 (b). 

this  connection, we reca l l  that in the band theory, a t  u 
> A,,, the ordered phase is absent [Fig. l(b)]. Expan- 
sion of the solution (14) in powers of IJIS/2Ao shows 
that the la rger  solution increases linearly a t  small  J: 

The values of J,(u) and the solutions A,,, can also be 
found approximately a t  smal l  J. Assuming that 
l A, -Alo I << A,, we obtain 

whence 

I J, IS=h.Aro[(l+(A,o/~)2)"-11. 

As is seen from Fig. 1, the phase transition in the 
anisotropy parameter of the F e r m i  surface (it changes 
a s  a function of the pressure,  of the deviation from 
stoichiometry , etc.) a t  T = 0 is a f i r s t  order  phase 
transition from the dielectric s tate A, to the metallic, 
if J= 0, but from the dielectric state A, to the dielec- 
t r i c  state A, if J# 0. The magnetic moment in the sub- 
lattice at  T = 0 i s  

According to Eq. (12), the jump in the gap A leads to a 
jump in the moment. 

The quantities (a) and (S) change with increase in the 
temperature. The self -consistency equations (13) were 
solved numerically for different values of u (Fig. 2). 
The remaining parameters chosen were: I =  A ,= 0; 
U=0.8;  g Q = O . l ;  wQ=0.04; J = 0 . 2 ;  z =  6, S =  1. The 
energy parameters a r e  measured in units of the half- 
width of the band W. The elliptical density of s tates 
N ( E )  = 2(1 - ( E / w ) ~ ) ' ~ / ~ w  was used. It is seen from 
Fig. 2 that the jumps of the moment and of the gap take 
place a t  the same time, while the temperature of the 

FIG. 2. Temperature dependence of the average spin and gap 
&, for u= 0 (a),  and u= 0 .2  (b). The dashed lines correspond 
to" the metastable phase. 
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transition decreases  with increase in u. The obtained 
temperature dependence of (S) differs sharply, even a t  
u = 0,  from the usual magnetization curve for the sec-  
ond order transition. This i s  connected with the special 
character of the ordering of the spins, the reason for  
which here  i s  not the spin-spin interaction, direct  o r  
indirect, but the magnetization of the spins by the mean 
field of the band electrons. 

At u =  0, when we have a second order  transition, we 
have (a) = (s) = 0 a t  the point T,. The quantity T, i s  
determined by the equation 

which i s  s imilar ,  a s  i s  a l so  (14), to the corresponding 
BCS equation, but with a renormalized coupling con- 
stant, while the renormalization depends on the tem-  
perature. A similar  result  was obtained in Ref. 2 for a 
ferromagnetic SDW. We note that the renormalization 
of the coupling constant in Eq. (18) i s  proportional to 
J 2  while in (14) i t  i s  porportional to J; therefore the 
increase in T,/T, a s  J -  0 turns  out to be l e s s  than 
A,/A,,. Actually, in this  case,  

If the indirect interaction between the localized spins 
were absent, and they were magnetized only in the field 
of the band SDW, then the temperature of the ordering 
would be T,. The increase in T, i s  connected with the 
usual indirect interaction in the s -d model, which i s  
proportional to J 'N(0). 

5. SOLUTION OF THE SELF-CONSISTENCY 
EQUATIONS IN THE GENERAL CASE 

It i s  seen from the formulas (12) that account of the 
spin-phonon interaction makes the construction of a 
completely antisymmetric solution impossible. There-  
fore, at  smal lA ,, the principal effect from the spin- 
phonon interaction consists in the appearance of a dis-  
tortion of the lattice and of the CDW, simultaneous with 
the formation of a SDW. With increase in the interac- 
tion constant A , the character  of the temperature 
curves of A, and (S) also changes, and the tendency 
toward a symmetric solution i s  established, and to- 
wards a first-order transition in the parameter A ,  be- 
comes ever stronger even in the absence of anisotropy 
of the Fe rmi  surface. 

The tendency toward a transition from antisymmetric 
solutions to symmetric a s A  , increases  can be seen 
from the se t  of equations ( lo) ,  (11) a t  J= 0 andA ,- 0. 
If furthermore, A Q =  0, then we have two uncoupled 
systems-the band electrons can form an  SDW or  a 
CDW with i t s  own critical temperature T,,, while the 
localized spins a r e  ordered due to the effective ex- 
change I, and their Nee1 temperature is determined 
from the usual equation of the mean field 

which has  a nontrivial solution a t  Z<O (antiferromag- 
netic character of the exchange). The connection be- 
tween the band and spin subsystems a r i s e s  from the 
spin-phonon interaction. 

At T =  0, Eq. (10) has  the form 

and Eq. (11) gives (S)= &S if 

In the opposite case,  (S)= 0. 

Let A,> A*, SO that Eq. (20) has  the antisymmetric 
solution A +  = A,,, A +  = -Aoo. At smal lA , we seek a 
solution in the form A +  = A,, - 6 ,  A +  = -Aoo -6, ao0/6 
>: 1. Linearizing Eq. (20), we easi ly find 

The condition of antiferromagnetic ordering of the lo- 
calized spins (21) is satisfied not only for Z<O but a l so  
for  weak ferromagnetic exchange: 

In the general case,  the reasons  for the f irst-order 
transition can a lso  be the spin-phonon interaction and 
the anisotropy of the F e r m i  surface. Moreover, a t  u 
# 0, new solutions appear in the vicinity of T,, with a 
smaller  gap and with l e s s  magnetization of the sublat- 
tice. A comparison of the thermodynamic potentials of 
the two dielectric phases shows that the phase realized 
is the one with the la rger  value of 6). The SDW and 
the CDW coexist in th is  phase, i.e., the localized spins 
a r e  ordered antiferromagnetically, the band electrons 
and the spin and charge densities both form double sub- 
lattice s t ruc tures  with the same period, and a static 
distortion of the lattice exists. A change in the effective 
exchange integral Z changes the transition temperature 
significantly. 

6. DISCUSSION OF THE RESULTS 

The considered model i s  applicable to the oxides and 
sulfides of the transition metals, in which a metal-di- 
electr ic  transition accompanied by structural  and mag- 
netic transformations i s  observed. Even if there is 
some doubt about the existence of localized moments in 
the oxides of vanadium, there a r e  localized spins in the 
sulfides FeS, CrS and their  solid solution Fe,C,-2. 
This same model can obviously describe the Verwey 
transition in magnetite Fe30,. Our theory does not pre-  
tend to a description of any specific substance, since 
the sequence of phase transitions i s  determined by the 
particular se t  of interaction parameters.  Nevertheless, 
we can draw the following general conclusion: in crys-  
ta l s  with localized spins the value of the gap and of the 
cri t ical  temperature increase in comparison with pure- 
ly band systems. Actually, in sulfides the metal-di- 
electr ic  transition takes place a t  much higher tempera- 
t u r e s  (T,- 103K) than in oxides (T, -1ffK). 

The second conclusion i s  the following: almost al l  
mater ia l s  of these c lasses  have a clearly expressed 
f i r s t  order transition. The spin-phonon interaction 
contributes to this  transition. Moreover, without the 
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spin-phonon interaction, it is impossible to obtain dis- 
tortions of the lattice in the antiferromagnetic phase. 

In conclusion, we note that the metal-dielectric tran- 
sition is possible in our mode also in the case of ferro- 
magnetic ordering, on account of the exchange splitting 
of the narrow conduction band. The theory of such a 
transition i s  given in Ref. 10 for a specific case. This 
case, too, i s  characterized by high values of the criti- 
cal temperature. 

The authors a re  grateful to E.V. Kuz'min and V.I. 
Ponomarev for discussion of the results. 
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