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We consider the motion and pinning of a Josephson vortex in a field produced by random inhomogeneities in
a long junction. We find the distribution function of the force of vortex pinning on the inhomogeneities. We
construct the current-voltage characteristic (CVC) of the junction. For inhomogeneities which are weak

compared to the ohmic losses the CVC has a single hysteresis, in the opposite case it has two.

PACS numbers: 74.50. + r

1. STATEMENT OF THE PROBLEM

The aim of the present paper is a study of the behavi-
or of an isolated Josephson vortex (soliton) under condi-
tions of random inhomogeneities in the junction which
include, in particular, random microcontacts of the
junction sides. Here the junction is assumed to be one-
dimensional and long, i.e., L> X;, where L is thelength
of the junction and A\, the Josephson penetration depth.

It is well known! that the equation for the phase differ-
ence between the sides of an ideal (lossless) Josephson
junction has the form of the sine-Gordon equation:

0 _ 1 ¢ _ sing
0r* ¢ 08 )

(1)

Here ¢ is the velocity of propagation (Swihart velocity)
of an electromagnetic wave in the junction.

A solitary vortex in an ideal long junction is describ-

ed by the one-soliton solution
¢o=4%arctg ((\p/—l(xT_v;—)) . (2)

Here v is the velocity of the vortex and 8=v/c,. In
reality such a solitary vortex is obtained from a rare-
fied chain of vortices in the limit of a low vortex con-
centration. It can also occur in the form of a “shuttling
vortex”? which performs a finite motion, periodically
being reflected from the edges of the junction and re-
versing in that process the direction of the magnetic
flux quantum contained in the vortex. In both cases the
difference in the potentials between the sides is equal to
the velocity of the vortex to within a constant factor:

V=0.nv/Lc, (3)

where V is the potential difference, &, =mfic/e=2x10"
G-cm?® is the magnetic flux quantum, v the vortex vel-
ocity, n the number of vortices in the junction (for a
shuttling vortex n = 1) and ¢ = 3x10!° ¢m/s is the vel-
ocity of light in vacuo.

The presence of random contact inhomogeneities re-
duces in the equations to the fact that x; together with
the factor in front of sin ¢ in (1) becomes a random
function of the coordinate:

A (z) =D 1+f(2) ], (4)

where (A;) is an average of A, along the junction, while
f(x) is the random deviation from the average; thus

f(z)>=0. ‘ (5)
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We can choose the correlator of the random quantity
f is the form

K(z—2)= (@) (') = Srexp( - "‘l"' ). 6)

where the correlation radius ! of the random potential
is assumed to be much smaller than the size of the vor-
tex A,,!” while a is the so-called Gaussian correlation
parameter. As A— 0 we have from (6)

K(z—2') +ab(z—2’).

The parameter @ can be expressed in terms of the mean
squared fluctuation of the critical current density of the
Josephson junction:

a=21((8J.) /1 2.
We shall in what follows use as system of units
(A =co=1.
Bearing (4) in mind and also the presence of ohmic

losses which are unavoidable in real junctions we can
write the equation

R 8
———n—)g=(1+/)sing+/,,
( PrP I dt)¢ (1+sing ] (7)

where 7 is the coefficient of the viscosity in the junction
and is equal to

N=0,co/27c].pdA,,

where p is the ohmic resistivity of the Josephson junc-
tion, d the thickness of the dielectric layer, and J, the
critical current density. .

The uniformly distributed current J, introduced in (7)
compensates for the ohmic energy losses of the vortex
and thus guarantees its uniform motion (when f=0). In
Refs. 2 to ¢4 it was shown that the velocity B of a uni-
formly moving vortex is connected with J, as follows:

Jo=4n/m (1—p?)*". (8)

Eq. (8) is rigorously applicable when Jy< 1, is qualita-
tively valid when Jy <1, and when Jy,2= 1, as was shown
by Todorov,’ it goes over as f— 1 into Aslamazov and
Larkin’s formula®

Jo=[J+(mV)2]"

This can be understood from the following considera-
tions. When J; <1 the voltage in the junction is con-
nected with the motion of a single vortex, i.e., of a lo-
cal region when ¢ changes by 27, while when J;, >1 the
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voltage in the contact is caused by the Josephson gener-
ation, at which ¢ changes with time practically uni-
formly along the whole of the junction.

Equation (8), when (3) is taken into account, is the
current-voltage characteristic (CVC) of the junction de-
scribed here when there are no random inhomogenei-
ties.

We shall examine what changes in the CVC result
from the presence of the random quantity f in (7). When
f#0 the vortex is slowed down through friction against
the random inhomogeneities, and for a uniform motion
of the vortex it is necessary to introduce a current J;
additional to J; in the junction. We must thus add a
term J, to the right-hand side of (7).

2. VORTEX MOTION IN THE FIELD OF A RANDOM
POTENTIAL

To isolate in a pure form the role of the random in-
homogeneities in the junction we neglect temporarily the
ohmic losses in the junction (n=0) and the current J;
which compensates for these losses. The initial equa-
tion then takes the form

¢ g _ .
-a—zz——-é-t—;-—[1+f(1)]smcp+l.. (9)

Let |f|<«< 1. We look for a solution of the equation in
the form

=Pt @t @z,

where @, is given by Eq. (2), and |g,|< |¢,|«<1.
Equation (9) linearizedin ¢, willthen, inthe coordinates
¢ and 7, which move with the vortex, take the form?

9* 9
Lian(e, 9= [~ = cosn(® 6,0 = () sinee),
=GBl T=(-pa)l, 1=

Hence we find

’

ydt'do
2np

Pu(E, )= j. j-exp( —ior— 9%

T ) esin (8 6. (5.8

where f.,, /s is the Fourier transform of f(x) with wave
vector -wy/B, while G, (&, ¢’) is the Fourier transform
of the Green operator L, with respect to time and is
known from Ref. T:

6u(6,8)= —M(th tq,) (thE'Fa,), (10)
qo“"Qo )
—i(0’—-1)" if o>1
qo=1 i(w?—1)" if o<—-1.
(1—e®)" if lol<t

The upper sign corresponds to the case £> £’ and the
lower one to the case £¢< &',

To second order in f we have from (9)

E+Pr sin @, (§)
b

2

L.g.(t, r)=f( )COS%(E)(V.(E. ks ¢ v+7.  (11)
We change in (11) to the frequency representation and
perform the averaging (f,f,.) under the integral signs,

using the condition I« 1. We get
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(]

)sin(p.,(g’)dg’ exp( )cosq:n('g)

rer

B sinq;o(i) I:EG'"'(%VE/)EXP(_ i(of

) singe(§')dg’ r} +2ad(w)/,.

. (12)
We used the fact that {f,f,,) =276(k +k’')K, where

K, = J?K(z)e““‘ dr =

(o2
1+iqt

Requiring that ¢, be finite, which corresponds to a
uniform motion of the soliton, we get the following ex-
pression for Jy:

Y 2

1 ¢ sin@o(§) o’f )sin(po(g')dE'

1=

[ Kevun |6 G 8 00x0 (-

apd  2ch§
do’ b c cos @, (E) P , T ’
X o ds — Tﬂ_x——ch—g—_ihw'm_{cml (5, %)
Xexp (— imsl )sin o (E") exp (%)i—(‘;’dg (13)

After cumbersome calculations the integral J, takes the
form

(0]

= j 4o K-urs| (0,2-5-) = ~<b:—b-’)m=] . (14)
where
i o 2 fa
z—m, q:—qi?. g=(0’-1)"

We emphasize that the change from (13) to (14) was
made without any approximations.

We give in Fig. 1 the result of a numerical integration
in (14) for different values of the correlation length 7. It
is clear from these curves that J, reaches a maximum
for some B* and that the J,(8) curves are practically in-
sensitive to a change in I at 1 <0.1.

When B<« 1 we can estimate expression (14) using the
steepest descent method:

Ji=ae="//21p", (15)
We shall now discuss the results.

From the very start, the problem was to find a cur-

J, g 1=0.01
w10
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FIG. 1. Current compensating for radiative losses vs. the
potential difference on the junction for different values of i.
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rent J; that would guarantee the motion of a vortex in a
uniform junction with a constant velocity 8. It is well
known' that when a vortex moves along a junction with a
periodically varying critical current it emits electro-
magnetic waves which have a plasma dispersion law w
= k% + 1, which is easily obtained from (1) when ¢ «1.
This means that the emission of such a vortex starts
from a threshold frequency w =1 in the coordinate sys-
tem of the vortex. The vortex emits therefore starting
from some threshold velocity. It is clear that if the
vortex moves along a junction with randomly distributed
inhomogeneities it must emit not a monochromatic

wave but noise. Correspondingly, it has a velocity
distribution of the emission thresholds. As a result the
intensity of the radiation of such a vortex will increase
with increasing vortex velocity, since ever newer fre-
quencies will take part in the emission.

2

On the other hand, it was shown in Ref. 7 that the
emission of a vortex moving along a junction with per-
iodic inhomogeneities tends to zero as B—~ 1. It is thus
clear that also when the vortex moves along a junction
with random inhomogeneities the emission by the vor-
tex will be damped as B— 1. It is clear from (14) that
the emission occurs at all frequencies w> 1 and the
mode with frequency w had a radiation amplitude pro-
portional to f.,, /s-

It now remains to connect the vortex radiation with the
current J,. This can easily be understood. Indeed, to
sustain the vortex velocity at a constant value it is nec-
essary to compensate for the radiative energy losses of
the vortex at the expense of the energy of the current
source. Therefore J, increases with B for small values
of BandJ; —- 0 as B—1.

3. PINNING OF A VORTEX BY RANDOM
INHOMOGENEITIES

We consider an unperturbed vortex at rest and local-
ized in the vicinity of a point xy; it is thus described by

the formula
@(x—ro) =4 arclg exp (x—uo). (16)

The equation with a random £, which in the case of a
vortex at rest has the form

s .
——=(1+f)si R
e (1+f)sing

corresponds to the Hamiltonian
H= J' [ (—3) +1 —(1+_/)coscp]d1:,
which for f<« 1 [with allowance for (16)] is equal to

H=8 — j f(z)cos . (z—z,)dz, (17)

The force acting upon the vortex in this case is equal
to

_ OH _ j(z)sh(z .z.,)
F==5 j ch®(z—2,) (18)
We find the distribution function of the quantity F
corresponding to different realizations of f(x). To do

this we shall consider F as a function of y, the upper
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limit of the integral:

sh(z—z,)

—dz.
ch®(z—x,)

F(y)=—4 [ f(z)
We write further

v+ay

h(a—z,
Flyrsg)=F@)—4 | fa) )

ch®(z—za,)

The distribution function W(F,y) of the force F pro-
duced by all inhomogeneities with coordinates less than
y and W(F,y +Ay) are obviously connected, as follows
from the last equation, by the relation:

v+ay

W(F.y+Ay)=<W (F+4 { f(z)—s}l;(iﬂ-dz,y)>’.

ch’(z—z.)

(19)

The averaging in the right-hand side of (19) is done
over the random force f in the interval y <x <y + Ay.
We choose [ < Ay <1 and, expanding the right-handside
of (19) in a series in Ay, we get after averaging and
using (6)

AW (F.y) — 8 sh*(y—z,) *W(F.y)
Ay ch®(y—z,) F*

The solution of this equation has the form
W(F! y)=[2a®(y)] " exp (—F/20 (y)),
sh*(z—z,)

O (y) = 16 I-—(r—-—)(lx

-

For the quantity W(F)= W(F, «) in which we are inter-
ested we have

W (F)=(15/6472) " exp (—13F*/64a). (20)

i.e., the force acting from the random inhomogeneities
on the vortex has a Gaussian distribution with a mean

square deviation of the order a'’?, One shows similar-
ly that in a random potential the vortex energy U which
is added to the energy E,= 8 of the unperturbed vortex

[see (17)] also has a Gaussian distribution:
W(U)dU=(3/8a)" exp (—3U*/8a)dl’. (21)

1t follows from (17) and (18) that the characteristic
scale of the changes in the field of the random potential
(not to be confused with the correlation radius I!) in
which the soliton moves is of the order of unity or, in
dimensional notation of order A,.

It is clear from (20) that the characteristic pinning
force which constrains the vortex is of order @!/? and
fluctuates around that value according to (20).

4. CVC OF CONTACTS WITH RANDOM
INHOMOGENEITIES

We Aiscuss the form of the CVC of a long junction with
random inhomogeneities. The dependence of the total
external current on the average voltage across the junc-
tion can be obtained by simply adding the current J; (8),
which compensates for the ohmic losses in the junction,
and J, [see (15)], which compensates for the radiative
losses of the vortex at random defects. Thus,

](ﬂ) =Jo(§)+"1(ﬂ), (22)
where according to (3) B=LcV/&,cy =V/V,.

The shape of this CVC is shown in Fig. 2. Whether or
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FIG. 2. CVC of a junction with random inhomogeneities; the
continuous curve corresponds to 7 < «, the dashed curve to
a= 0, and the dash-dot curve to n = «a,

not JPB) is monotonic depends on the relation between the
damping 7 and the force a of the random defects. In
particular, if n<«< a (in dimensional units nA; < a) the
CVC will be non-monotonic (Fig. 2, continuous curve).
When 7> a the CVC is monotonic and differs little from
the case a@ =0 shown by the dashed curve in Fig. 2.
When 1= a a characteristic plateau is formed on the
CVC (Fig. 2, dash-dot curve). As the value of J,(B) is
exponentially small when f<« 1 and the current J,(8)—~ 0
asf - 1, it is clear that in those extreme regions the shape
ofthe CVC is determined by the currentJ, that compensates
for the Ohmic losses.

The behavior of the vortex in the field of a random po-
tential seems to us to be as follows.

The vortex is at rest until, in accordance with (20),
the current supplied in the junction reaches a value J*
of the order of a!/?, as a result of which the vortex
breaks loose and starts to move. The vortex will accel-
erate until it reaches a velocity p* at which the Lorentz
force produced by the external current and accelerating
the vortex is not compensated by the ohmic friction
force which, -although assumed to be small, becomes
important, according to (8), when the velocity has in-
creased sufficiently. Since the maximum current con-
nected with the emission J,(8) <a « 1 (see Fig. 1) and
the rupture current is J*~a!/2> a [see (20)], a sta-
tionary regime of vortex motion cannot be reached via
radiative friction alone, but is established because of
the ohmic friction given by Eq. (8).

The process described here has a mechanical analog.
The vortex is at rest, pinned by the junction inhomogen-
eities, until the external current reaches the magnitude
J*. At that moment the static friction force will be
overcome by the Lorentz force applied to the vortex,
which will be accelerated until the Lorentz force is bal-
anced by the gliding friction force.

On the section between 8; and B, in Fig. 2 we have
3J/3V <0, so that the CVC on that section shows hys-
teresis as is shown in the same figure. We estimate
now the order of the velocity B, for which Eq. (15) is no
longer applicable. It follows from the above that a vor-
tex moving in a random field spends energy only on ra-
diation (we have thus an active resistance to the cur-
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rent) while the effective field of the random forces
which, as we have mentioned, changes over distances
of the order A,, plays the role of a reactance in the
sense that the soliton velocity fluctuates, but does not
decrease on the average during the motion along such a
relief. The minimum velocity with which the vortex can
still “roll over the hump” of the effective field of the
random forces can easily be estimated by equating the
kinetic energy of the soliton [the mass of which is equal
to 8 according to (17)] to the height U of the energy bar-
rier produced by the random potential:

(23)

It is clear from (21) and (23) that the quantity B, has a
broad distribution, the asymptotic behavior of which
for B,> {(B,) can be obtained by substituting (23) in the
form of an equality into (21):

4B~

P (Bo)dBo=APo exp (—24p."/a)dps, A~1. (24)

We now determine the average stopping power j,. If
at B~ B, the ohmic-loss current (8) dominates in (22),
the value of jj is as to order of magnitude determined
by substituting into (8) B =8, ~ (UH/ 2~ al/?:

jo~ma, (25)

In the case when the radiative losses are more import-
ant, j, is determined by averaging J,(B) from (15) with
the distribution function (24):

Aa a 24pe
jo= j'?ﬂu-”’exp(—l~ B )dﬂn

Bo %
=1a’/’exp[——%‘—(%)_”’] , A~1, (26)

When evaluating the integral in (26) it turns out that B,
>>a!/? are the important values. This justifies the use
of the asymptotic formula (24).

We now discuss the conditions for observing the pre-
dicted effects. Firstly, the ohmic losses in the junction
must be sufficiently small, viz., the condition

n<a/k, (27

must be satisfied. A characteristic value is n=(1 to 3)
x107%, The quantity a is determined by the mean square
fluctuations in the critical current density

a 21 <(8J)»

N A T2
(I is the characteristic size of the inhomogeneities), and
it depends strongly on the way the junction is prepared.
Since 1<« 1, the condition (27) can be satisfied when
a/)\, <1, i.e., in the region where the theory developed
in this paper is applicable. Secondly, the length L of
the junction must be much larger than the characteristic
size of a vortex A,;.

Recently Ref. 8 has appeared in which the CVC of a
long (L =20 \;) Josephson junction with a strongly pro-
nounced plateau was observed. Such a form of CVC is
described by our theory when a~7 (Fig. 2, dash-dot
curve). In conclusion we note that the CVC obtained by
us contains a “large” hysteresis between the points B,
and B* and in the non-monotonic case (n<« a, continuous
curve in Fig. 2) a “small” hysteresis between the points
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B, and B,.

The authors are grateful to B.1. Ivlev and K.K. Lik-
harev for a useful discussion of this work.

1) The characteristic value of [ is of the order of the size of
the granules of the superconducting films which make up the
junctions, i.e., IS 1074 cm. A characteristic value is A,
~10"2cm. Thus!<<A,.

%) Here we neglect the current J; which, as will become clear
in what follows, is of second order of smallness iny.
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