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A microscopic theory is proposed for orientational phase transitions in systems consisting of two magnetic
sublattices. One sublattice is magnetically ordered, while the magnetic moments of the second (paramagnetic)
interact only with the magnetic moments of the first. Two physical mechanisms of the orientational phase
transition are considered: the anisotropy of the interaction between the sublattices and the crystallographic
anisotropy. The temperature spectrum of the spin waves above the reorientation temperature is found and
contains a soft magnetic mode in the vicinity of the phase transitions. The equation of state and the threshold

conditions are obtained for the start and the end of the reorientation.

PACS numbers: 75.30.Ds, 75.30.Gw, 64.70.Kb

1. INTRODUCTION

The existing theory of orientational phase transitions
(OPT) are either based on a phenomenological expansion
of the thermodynamic potential,! or on the use of the
molecular-field approximation.!™ The first approach,
naturally, does not deal with the identification of the
interactions in the crystal that are responsible for the
reorientation of the magnetization or of the nature of the
temperature dependence of the anisotropy constants.
The molecular-field approximation does not make it
possible to examine the dynamics of the OPT.

We consider here OPT in systems consisting of two
magnetic sublattices, using quantum field theory
methods. One sublattice is magnetically ordered,
while the magnetic moments of the other sublattice are
coupled only to the magnetic moments of the first. The
interaction between the moments of the disordered sub-
lattice are assumed to be negligibly small. The mag-
netically ordered sublattice will hereafter be referred
to as the main one, and the other as the paramagnetic
one. From these points of view, we consider in this
paper OPT in compounds of a rare earth with metals
of the transition group, for example in the intermetal-
lies R,Co,, or R,Fe,. The magnetization reorientation
will be governed by the competition between the crystal-
lographic anisotropies of the main and paramagnetic
sublattices with the anisotropy of the exchange interac-
tion between the sublattices.

We assume furthermore that the temperature of the
orientational transition is much lower than the temper-
ature of the magnetic ordering of the crystal

kT, (1)

where I is the exchange interaction between the magnetic
moments of the main sublattice. This condition
simplifies the problem radically, since the magneti-
cally ordered sublattice can be represented in the

form of non-interacting spin waves. We arrive thus

at a paramagnetic subsystem coupled with a boson field,
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a subsystem whose thermodynamics and dynamics have
been investigated in detail.*® We can accordingly ex-
pect in our problem that when a threshold condition is
satisfied there exists in the system a phase transition
that leads to Bose condensation of the magnons, mean-
ing a spontaneous rotation of the magnetization of the
main sublattice. The dynamic singularities of the
phase transitions should manifest themselves in the
spin-wave spectrum as a soft mode and as a Goldstone
mode below the transition temperature.

2. THE EQUATION OF STATE
The Holstein-Primakoff transformation

Se=—S+bitb,,
Sit=(28)" (1—b:*b:/28) "b*, (2)
Si=1(28)"b:(1—b:*bi/2S) ™",

customarily used to effect the change from spin opera-
tors to spin-wave creation and annihilation operators
call for an indication of the ground state of the mag-
netically ordered system, i.e., an indication of the
magnetization direction in the main sublattice. Con-
sequently, before representing the magnetically or-
dered sublattice in terms of spin waves, it is neces-
sary to examine the thermodynamic stability of the
ground state in the crystal.

In compounds of transition and rare-earth metals,
it is reasonable to regard the rare-earth ions as a
paramagnetic subsystem interacting with a mag-
netically ordered transition-ion sublattice. We shall
take into account here the following interactions that
influence the OPT: 1) one-ion anisotropy of the main
sublattice; 2) crystallographic one-ion first-order
anisotropy of the rare-earth ions; 3) anisotropy of the
exchange interaction between the transition and rare-
earth ions. The first two interactions were considered
in the molecular-field approximation?:3 for RCo, com-
pounds. Allowance for the anisotropy of the exchange
interaction between the sublattices seems natural, be-
cause of the strong spin-orbit interaction in the f shell
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of the rare-earth ions. !:5:7

On the other hand, we disregard in this papar the
following: 1) the antisymmetry of the exchange inter-
action between the sublattices; 2) the anisotropy of the
exchange interaction between transition ions; 3) the
crystallographic anisotropy of second order and higher
in both sublattices; 4) exchange interaction between the
rare-earth ions; 5) dipole-dipole interaction between
the ions of the sublattices, and 6) the influence of the
phonons on the OPT. By the same token, we disregard
here the possible magnetostriction anomalies in the
vicinity of the OPT. Inclusion of these relations in the
theory considered below does not entail any fundamen-
tal difficulty.

Taking the foregoing into account, we express the
Hamiltonian of the intermetallide in the form

H=—Z 1,880 — 221,,%31%0,‘ Z r)?

ij @ jumi (3)

, —DZ<S.~')=+lu|f1..2sx+m.,lmz,f,-.

Tmmd Tt Jumt

where N and n are respectively the numbers of the
transition and rare-earth ions, I,;.is the exchange in-
teraction between the ions of the main sublattice, I;
are the anisotropic parameters of the R-Co or R-Fe
exchange, D, and D are the constants of the one-ion
anisotropy of the rare earth and main (Co or Fe) sub-
lattices, and S; are the spin components of the Co or Fe
ions. Owing to the strong spin-orbit interactions, the
good quantum numbers in the rare-earth ion are the
values of the total angular momentum J=S,+ L. ®

The simplest and most lucid way of dealing the ther-
modynamic stability of the ground state of the model (3)
is within the framework of the macroscopic description.
Recognizing that the first term in the Hamiltonian (3)
is rotationally invariant, we express the macroscopic
invariant in the form

Ho=—VEM}+ 2 [A(0)M.J,+B(0) (MJ+M,J],) ]+DRZ‘ LA Q)
where VEM? is the anisotropy energy of the main sub-
lattice and V is the volume of the crystal. The exchange
anisotropy is taken in the simplest form

I =(B,B,4), 40)=Y\4¢), BO)=Y'B¢), k=DN/V,

the value of gup is set equal to unity, and the classical
components J,,; and M, are assumed.

Allowance for the excited state of the main sublattice,
which are described by gradient terms, will be made in
§3. As shown by Belov et al.,! the contribution of the
orientational fluctuations to the thermodynamic poten-
tial of the system is small.

The stable directions of the magnetization of the main
sublattice will be determined from the condition that the
thermodynamic potential be a minimum. The partition
function of the model (4) in a spherical coordinate sys-
tem, with allowance for the constancy of the magneti-
zation of the main sublattice in the considered temper-
ature region (1), is of the form®
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Z= j d® sin 0 d exp (pVEM® cos? 0) Q™ (8, D),
(5)

Q(6,D)= j dg dcos aexp[—p (DrJ? cos* a+AMJ cos 9 cos o

1
+BM/J sin 6 sin « cos (p—®@) ] =4n* !dz exp(—BDrJ*z*)ch(BAMJ z cos 8)
a
(6)
XI,(BBMJ(1—z*) " sin 0),

where I (x) is a modified Bessel function.
We confine ourselves here to the case D J, <1. Ex-

panding exp(—BAD xJ?x%) in a series and retaining only the
terms linear in D, we obtain®

sh (a2+b‘) "
L<(a‘+b*>>%]},
b=BAIM,,

Q (B, M.) = exp(—pDx*)—
(M

a* 4 2b*—a?
Y (@b

a=pBI(M*—M 2",

+8DRS [

where L is the Langevin function. The integral (5)

takes the form

Z=G j dM, exp[pVkM *+n1n Q (B, M.) ). 8)

—M

The integral in (8) can be exactly calculated in the
limit as n— = and at constant n/V by the saddle-point
method. This yields the equation of state for M,:

B* N J2 L(pBMJy) B 6DzJ
———M’ Dp— = — L (—— J - ——
2D 2Dy y‘ [( 2 1)BM ﬁBM i B}

Mt
=[1_(1" )M‘ ] :
Before we analyze this equation of state, however, it

is meaningful to consider the case of isotropic ex-
change, A =B, for which the equation of state is

Eq 3L(BAMI)

M‘[i_'E.“( T pAMI )] 0 (10)
Here

Ex=nDyJ?, Ex=VEM? (11)

are the anistropy energies of the rare-earth and transi-
tion sublattices, respectively. It is seen from (10)

that in the absence of exchange anisotropy the threshold
condition for the OPT takes the form

Ex>Ew. (12)

If this condition is not satisfied, the thermodynamic
potential has a minimum at M,=M at all temperatures.
When the threshold condition (12) is satisfied, there
exists a temperature T,, defined by the equation

3L(B.AMJ) )= 0 (13)

En—Ex (1 ~ a7

at which the thermodynamic potential
F=—o(T—T) M}

reverses sign and the magnetization lands jumpwise in
the basal plane (Fig. 1a). It is clear that so simple a
behavior of the magnetization is due primarily to the
fact that no account was taken from the very outset of
the higher-order crystallographic anisotropies of both
sublattices. Even this analysis, however, makes it
possible set in correspondence the expansion of the
thermodynamic potential®
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FIG. 1. Temperature dependence of the orientation of the

magnetization of the main sublattice (a) and of the magnetiza-
tions M, and (J,) ().

F=K,(T)M+K,(T)M.* (14)

with the constants of the microscopic Hamiltonian and
obtain thus an inverse dependence of anisotropy con-
stant K, on the temperature

3L(BAMI) )_ . ]

K(T)=pVk [ET:( BAMT

Allowance for second-order crystallographic aniso-
tropy in the Hamiltonian (4) adds to the thermodynamic
potential (10) terms proportional to M and makes it
possible to calculate the temperature dependences of

K,(T).

We proceed now to the analysis of the equation of
state (9) with allowance for the exchange anisotropy,
A+#B. In this case, if the threshold condition

2B*M*DN/n—24*1*D,,
JBM (B'—A%)

<1 (15)

is satisfied, the projection of the magnetization on the
z axis of the main sublattice changes from zero to M

in the temperature interval T, <T <T, (Fig. 1, curve
2). The variation of M, with temperature includes then
two second-order phase transitions—the beginning and
the end of the reorientation. Accordingly, the tempera-
tures of the phase transitions are determined by the
equations

2002 — oD, et 3,5M0) [ (5~ 1) B - :I;; (16)

ZDM‘%—I—ZD,J‘-—-L@,AMJ) [(1——1?—2—)AMI—W], 17

Using the saddle-point method, we can obtain the tem-
perature dependence of (J,):
JD=J -—d——l M,
25 RQB. My).

In the approximation with BD,J2% <« 1 we have expres-
sion (7) for Q(8,M,). The plot of the temperature de-
pendence of (J,) for this case is curve 4 of Fig. 1. The
temperature dependence of (M,) is shown by curve 5.

If the condition (15) is not satisfied, but the condition
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2A’M*DN/n—2B"*Dy
JAM (B*—A*)

<! (18)

is, there is no phase transition at the lower tempera-
tures, and the magnetization of the main sublattice does
not reach the basal plane (Fig. 1, curve 3). A com-
parison of (16) and (17) shows that the existence of two
successive phase transitions is due to the anisotropy

of the exchange interaction between the main and para-
magnetic sublattices.

The foregoing analysis, carried out within the frame-
work of the classical description of a magnetically
ordered crystal, shows that when condition (18) is sat-
isfied there exists a temperature region T > T, in
which the ground state of the entire system is deter-
mined only by the constants of the main sublattice.
This result can be easily understood by recognizing
that with increasing temperature the magnetization of
the paramagnetic sublattice decreases and accordingly
its contribution to the orientational state of the entire
system decreases.

3. DYNAMICS OF HIGH TEMPERATURE PHASE

In the high temperature phase T = T, the magnetiza-
tion of the main subsystem in the ground state is directed
alongthe z axis. We canuse therefore the transformation
(2) in the Hamiltonian (3), and the angular momentum
of the rare-earth ion can be represented in terms of the
Fermi operators

= Y Mant o, V‘ U +1)— M (M+1) 1" 8,
pY M——J (19)

= Z [JJ+1)— M(M—1) 1" ah—, ape.
Taking the Fourier transforms of the Bose operators
(2), we obtain

H= 2 o (k) be*by + 2 Exnt Gy
k i

1 .
N Z ZZA (@) Mby* buyaain* @y exp (igr;)

jet kq M

,/’ n Al °
+(2_fv_ ) ; 2.: Zu:B(q)‘[l(J'H)— M(M+1))* (a5, abq expligr)+Hee.];
(20)
o (k) =28D+| p. | Hotak?’=A+| p. | Hotak?,
ex={|un| Ho—A (0) S) M+D:M*, (21)

4@=Y amew, B@=Y By

We have left out of the Hamiltonian (20) the terms that
describe scattering of spin waves by one another,

since they can be neglected in the considered tempera-
ture region (1).1°

We introduce the magnon Green’s functions and the
fermion Green’s functions of the rare-earth angular
momenta J (Ref. 11):

" s
D(k, 0n)= [ e/ (T {bu(x) be* ()} dr,
[
Gaun (55 @2) = [ £ (T {ape (Da* (0))> dr, (22)
Om=2rmkT,

On=02n+1)nkT, m, n=0, 1, £2,....
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FIG. 2.

The respective Green’s functions will be designated in
the diagrams by wavy and straight lines.

It follows from the Hamiltonian (20) that the Feynman
diagrams contain two types of bare vertex functions

INMm+

=B (k) (S/2N) [ (J+1) —M (M+1)]" exp (ikr;),

=A(k—K)N='M exp [i(k—K')r],

where the first diagrams describes magnon absorption
by a RE ion, and the second magnon scattering by the
RE angular momenta.

We determine the poles of the magnon Green's func-
tion (22), analytic continuation of which determines the
transverse dynamic susceptibility of the ferromagnet. !!
We shall show first that under condition (1) it suffices
to retain in the diagram equations only the bare vertex
functions (23). Let us take by way of example the dia-
grams of Fig. 2. All these diagrams contain one or
more internal magnon lines. Diagram a of Fig. 2 is

equal to
AB‘S_L MJ(JH)-M(M+1)]
2 qu i0n—o(q)

(24)

X(im..—im,,.—e.:) (i@ —i0n—iOm —Ex41) 7 .
The sum over m in (24) converges like m™ and can
therefore be discarded. As for the sum over g, it is
seen from (24) that the principal role is played by the
term with m =0.

The question of estimating the vertex functions in Fig.
2(a) reduces thus to an estimate of an integral of the
form

as =/a dsq

p(2n)* 7 w(q) (25)

The main contribution to the integral is made by the
region 0 <ga <[A/2SI(0)]'/2, where a is the dimension
of the unit cell of the cubic crystal. Putting A << 2SI(0),
" we find from (21) that we can confine ourselves to a
quadratic dispersion law in the spin-wave spectrum

@ (q) =A+S51(0) g*a’+| p. | Ho. (26)

Integrating (25) with the aid of (26) we readily find that
the integral as well as the vertex function (24) are of
the order of smallness 1/8I(0). The other vertex func-
tions are similarly estimated. Summarizing these
estimates, we can state that those diagrams which con-
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tain one or more internal magnon lines are small of
the order 1/8I(0). We note that a like smallness para-
meter appears when scattering of spin waves by one
another is considered. '°

As a result, the Dyson equation for the magnon
Green’s function takes the form

DK, W) = DB = s +»~qu + m»Oan:xs . (27

where the fermion Green’s functions coincide with the
zero functions
Bvu’

Gaen (13, 05) = — ——
W, —exy—H

(28)

because any mass operator in a fermion Green’s func-
tion has an order of smallness 1/8I(0) or higher. The
parameter u in (28) is introduced to avoid the contribu-
tion of extra states in the spin states with the aid of the
projection operator!?:!3

P=Z,~' lim [exp(Bp)], (29)

e oc

where Z, is the partition function of the paramagnetic
subsystem:

Z,= Zexp(—ﬂey). (30)

With the aid of (20), (22), and (28)-(30) we get

M
1S ~ 4 e T A 3D

M+1 _ () B8 10D -M D)
- 2 iOmtermst—En
M XP{exp[—B(ex+p)]—exp[—p(exstp)1}.  (32)

Equations (27)~(32) yield an equation for the spin-wave
resonance frequencies:

noo._ B‘(q)S_rL J(U+1)—M(M+1)
Q-0@-40) 7V =—"—5 — " Qextens,
X [exp(—Bex) —exp(—Beas) ] [ZeXP(—ﬁeu) ]- , (33)

I =Z M exp(—Bey) /‘\: exp(—pex).

Equation (33) has in the general case 2J + 1 roots,
constituting in Fig. 3 the points of intersection of the
straight line and the curves. The dashed verticals
mark the zeros of the denominator in the right-hand
side of (33), equal according to (21) to

FIG. 3. Graphic solution of the equation for the resonant fre-
quencies of an intermetallide.
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FIG. 4. Dispersion spectrum of collective oscillations in an
intermetallide.

0x=A(0)S—| pz| Ho— (2M+1) Dy, (34)

The oblique straight line is the left-hand side of (33) at
q=0. As seen from Fig. 3, it is possible to choose
directly 2J — 1 solutions, represented by the points lo-
cated between the dashed verticals and having weak
dispersion and temperature dependences (Figs. 4, 5).
There exists one solution represented in Fig. 3 by
point on the extreme right, with strong temperature
and dispersion dependences, but not exhibiting a criti-
cal behavior (hard mode). Finally, the solution on the
extreme left is critical (soft mode). The appearance
of a null solution leads to thermodynamic instability in
the system considered. It is seen already from Fig. 3
and Eq. (34) that the instability can set in when the
temperature is lowered both because of the crystallo-
graphic anisotropy of the “easy plane” of the “easy
plane” type in the system, and on account of the aniso-
tropy of the exchange between the sublattices.

We obtain the temperature T, of the orientational
phase transition assuming the crystallographic aniso-
tropy to be small compared with the exchange between
the sublattices

JDz<A\0)S.
Expanding the denominator in the right-hand side of
(33):

1 ot

. D.(2M+1)
Q—6u+2u+| Q—Eo

(Q-E)* '

where E,=A(0)S- | hR|H,, and using the commutation
relations for the operators J*, J*, and J-, we obtain

J=1

Y )M+ ) exp(—pen)

Me=—J

— exp(—Bexss) ] / 2 exp(—pen) =—2¢J,

— (35)
2 [ (J+1) =M (M+1) ] (2M+1) [exp(—Bex)

Mem—J

— exp(—Bens)] /Zexp(—ﬁzu)=2[1(l+1)—3< @»]1.

FIG. 5. Temperature dependence of homogenous oscillations
in an intermetallide.
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. Q-o(q) -_—A(O)—:TU’)—B’(q)S%{

Equation (33) for the spin-wave resonance frequencies
takes therefore the form

g + DRI (J+1) -3¢ (]')l>]1=0.
Q—E, (Q—E,)? J§

(36)

We put D, =0 in (36). The equation for the phase-
transition temperature T, then takes the form

N A(0) (2SD+1ulH,
JB:[ﬂz(A(O)S—lualHo)]=‘n—%((a‘:Zzl(—:-l)—)

where B,(x) is a Brillouin function. In the general
case, at D,#0, the equation for the temperature T, of
the OPT is

—IZ—A(O) (28SD+plH,) = (B2(0) —A%(0) ) <J*> lpsps

DB (0) 2
T [J(J+1) =3¢ (I%)*> ] g (37)

It is easy to change from this equation to (17) by
recognizing that at J >1

<(J‘)2)=]Z( 1— 2LI(I) )

where x =8A(0)SJ. At A =B we obtain Eq. (10). Thus,
the existence of a soft mode is a characteristic of an
OPT of either first or second order.

In the case of the experimentally investigated RCo,
compounds,?+**:!5 the quantity 8D J? is comparable with
unity in the vicinity of the OPT temperature. There-
fore the temperature behavior of the magnetization
(J,) of the rare-earth sublattice will differ noticeably
from a Brillouin behavior, !* as is seen from (21) and
(35).

4. COMPARISON WITH EXPERIMENT

We did not consider in §2 the magnetization of the
rare-earth sublattice at 8D J2~1. Equation (37) allows
us to fill this gap and compare the results with the ex-
perimental data not only on the temperature dependence
of the magnetization orientation of the entire system,
but also on its value at the point T,.

For a comparison of the results with experiment, we
have chosen the well-investigated compound DyCo,.
The total angular momentum of the Dy** ions is J=15/2;
the one-ion anisotropy energy of the Co ions is D,S?
=35 K/atom,? and the magnetic moment of the Co sub-
lattice per formula unit is 5M =7. Tu,.'® Recognizing
that the total magnetic moment per DyCo, cell as T —0
is =1.1p5;% we obtain for the moment of the Dy3* ions
m=8.8 py. The transverse exchange between sublat-
tices can be estimated from measurements of the tem-
perature at which the total magnetization of the ferri-
magnet vanishes (the compensation temperature)
T,=125 K (Ref. 15) under the assumption that the
magnetization of the rare-earth sublattice at this tem-
perature is close to the Langevin function, which yields
BM =133.3 K. The parameters B/A and D, are obtain-
ed from the equations at the temperatures of the start
and end of the reorientation [ Eqs. (16) and (17)] in
DyCo, in the case when the external magnetic field is
turned off. Substituting 7,=310 K in (16) and T,= 360
K in (17) we obtain
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B/A=1.0676, Dy=7.5K. . (38)

Knowing now all the parameters of the spin Hamiltonian

~(3), it is easy to determine the temperature dependence
of the angle between the magnetization of the main sub-
lattice and the c axis.

The last stage in the comparison of the theory with
experiment is the substitution of the obtained values
of (38) in Eq. (37), which enables us to find (J,) at
B=B,. We use here the approximate equality

C(I)H=T(T+1) 3+ T2,

which is valid in the considered temperature region.
We obtain ultimately

(J*)p=p,~3.63.

Recognizing that(J*) —15/2 as T —0 (this corre-
sponds to a magnetic moment m =8.8 up), we obtain
the magnetic moment of the ion at T=T,:

(MY gy, x4.26 5,

which yields the total magnetic moment per formula unit
at T=T,:

SM—(mdp_p.~3.4415.

This result agrees with experiment? with good accuracy
and indicates that allowance for the anisotropy of the
exchange interaction between the ions of the transition
and rare-earth groups is important for the analysis of
the OPT.

5. DISCUSSION

We did not consider the influence of an external mag-
netic field on the OPT parameters. It follows from (37)
at first glance that the OPT temperature can be raised
by directing the external magnetic field H, opposite to
the z axis and by the same token decrease the gap in the
spin-wave spectrum. In this case, however, the ground
state of the magnetically ordered sublattice, in which
all the electron spins were directed downward (the mag-
netic moments, upward) become unstable, since the
state with lowest energy is realized already for the up-
directed electron spins.?’ This type of problem per-
tains to an OPT induced by an external magnetic field,
is outside the scope of equilibrium thermodynamics, and
can be solved by the methods of Tomita and Murakami
as well as of Patashinskii and Shumilo, 167

The fact that the analysis of the orientational phase
transition with the aid of the bare vertex functions (23)
of the diagram expansion is correct within the frame-
work of condition (1) indicates that the condition (1) is
the criterion for the applicability of the approximation
of the mean-field theory. The physical reason is that
in the absence of magnon scattering by one another the
effective radius of the interaction via the spin waves is
limited only by the dimensions of the crystal, i.e., the
interaction is long-range.

It is easy to transfer the approach developed in the

present paper to magnetically ordered systems, in
which the orientational phase transition is due to the
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anisotropic interaction of the electron and nuclear
spins. 1°

It must be emphasized that research into the dynamics
of the intermetallides R,Co,, and R,Fe,, can yield val-
uable additional information on the thermodynamic par-
ameters of the system. As seen from Figs. 4 and 5,
it is possible to determine directly the angular momen-
tum of a rare-earth ion, the transition temperature
the anisotropy constants of both sublattices, and the
magnitude of the exchange between the sublattices.

The authors thank V. A. Ignatchenko, G.M. Zaslav-
skii, M.I. Kaganov, and A.Z. Patashinskii for a num-
ber of helpful and fruitful discussions.
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