Instability of surface waves in a nonuniformly heated liquid
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The propagation of waves on the surface of a nonuniformly heated incompressible liquid is investigated. It is
shown that on heating from the free-surface side, there exist in the liquid, besides the usual gravitational-
capillary waves, “thermocapillary” waves produced by the action of thermocapillary forces and having a
linear spectrum. When the density of energy flow at the surface of the liquid exceeds a certain threshold value,
the gravitational-capillary waves become unstable. At sufficiently large flow densities, the instability growth

rate is maximum in the region of intersection of the modes.

PACS numbers: 47.55. — t, 47.20. + m, 68.10. — m, 44.30. + v

1. INTRODUCTION

Physical phenomena due to excitation in a liquid of
acoustic and shock waves under the influence of power-
ful laser radiation have been studied in considerable
detail both theoretically and experimentally.! In the
presence of a free surface on the liquid, besides these
volume waves there also exist surface waves, excita-
tion of which may change the conditions of reflection
and absorption of laser radiation at the surface and
may affect the processes of heat and mass transport
in the liquid. The last fact is especially important in
laser working of metals, when on their surface a melted
layer forms, the transport processes in which may sub-
stantially affect the structure and composition of the
material.

The existing experimental data indicate an anomalous-
ly rapid redistribution of impurities in the liquid phase
during surface alloying of metals, which cannot be ex-
plained within the framework of ordinary diffusion and
apparently is evidence of the occurrence of hydrodynam-
ic flows in the laser melt.>"* The present paper in-
vestigates the stability of a horizontal layer of liquid
heated from the free-surface side; it is shown that at
a sufficiently large density of flow or radiation, there
may occur in the liquid, under the influence of thermo-
capillary forces, a buildup of surface waves.

2. DISPERSION EQUATION

We consider a pure liquid, occupying the layer ¢ >z
>~h, on whose free surface, at z={(x), heat is absorb-
ed with flow density @. In a state of rest we have ¢
=0, and in the layer there is a constant temperature
gradient

dT,/dz=Q/%, ==pcy, (1)

where p is the density, c is the specific heat, and % is
the thermal conductivity of the liquid.

We shall investigate the stability of the stationary state
of the layer with the temperature profile (1), supposing
the liquid to be incompressible. For this purpose, we
linearize in the usual way the Navier-Stokes and heat-
conduction equations; introducing a scalar potential ¢
and vector potential A of the velocity, we get the sys-
tem of equations

/]
Ag=0, — A=vAA, divA=0, (2)
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with the boundary conditions at z=0°
p—‘?g——a(%'{-%—) +pgu.+2n%-o, (3)
T Gzt ) =G ) @
=0 (5)

At z=-h, we have T =const, v=0.
We shall seek a solution of the system (2) in the form

q;——-tp(z)e"“‘", A'=A(z)el'kx-r't, T,=T.(z)e“‘”‘.

Substituting these expressions in (2), we obtain the
equations for the amplitudes:

(j;—k‘)(p(z)=0, (%—k.’)A(z)=0,

& dT, ()
(G ) 0= - (G - wa).
Here k, ,=(k*+v/v,X)'/?; n=pv is the viscosity of the
liquid. By substituting the solution of the system of
Egs. (6) in the boundary conditions (3)=(5), it is not
difficult to obtain a dispersion equation, which, how-
ever, is in general extremely cumbersome. There-
fore we shall hereafter consider certain limiting cases.

3. WAVES ON THE SURFACE OF A DEEP LIQUID
(kh>>1)

In the limiting case kh = », the dispersion equation
has the form

kK da dlorx 1 __odt2yvkk,
nx dT dz Ly Cko(kotk)  eil+y+21vE

x(F - )| — ok I e M
Y ka(ktks) ooy +2yvk? '

where w?=gh+ ak®/p is the frequency of a gravitation-
al-capillary wave. When dT,/dz=0, (7) reduces to the
usual equation for gravitational-capillary waves with
damping.*

We shall seek a solution of (7) on the assumption that
xk?/lyl< 1 but P=y/x~1. In the zeroth approxima-
tion, neglecting all terms that contain a small param-
eter, we get

(1 +0d%) (Y+ck) =0,

1 | da | dT (8)
cz:?lﬁ (1P
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This equation has solutions v, =+iw, and v, = ick;
¥, corresponds to the usual gravitational-capillary
waves, whereas v, represents the frequency of a new
surface mode, which occurs only under nonuniform heat-
ing of the liquid, when dT,/dz>0. With the opposite
sign of the temperature gradient, ¢ becomes pure imag-
inary, which corresponds to the aperiodic thermocapil-
lary instability of a liquid found by Pearson. ¢ We note
that, in contrast to a gravitational-capillary wave,
during propagation of a “thermocapillary” oscillation
with ¢%k® < w? no displacement of the liquid surface oc-
curs.

We shall find corrections for the discarded terms in
the frequencies v, ,. Substituting in (7) ¥, ==iw,+8,,
where 10, | < w,, we get

1 c*k*(1+P" )(x)o
2 wS—ck?

/(ﬁ_)/ 9)

s=—vic (2+ LAl )+ x

@' —c*k?
It follows from (9) that when w,> ck, for waves with a
prescribed value of % there is a threshold value of the
density of heat flow, such that when it is exceeded the
wave becomes unstable. The minimum threshold cor-
responds to an oscillation with k =k,=(5a)"/% and w,
=w,(k,), where a*=a/pg, and is equal to

A
—zeme () T
On nx e

Near the threshold of instability,
R ~Pog? (kY 00) "€,

In this case, an expression for the growth rate (9) can
be obtained from simple energy considerations. Name-
ly, we assume that on the surface of the liquid there is
propagated a gravitational-capillary wave described by
the velocity potential

¢=Re[qoexp(ikz—iwit+kz)]. (10)

The propagation of the wave is accompanied by a slight
change of temperature of the liquid, 7,=T - T,, which
is determined by Eq. (6) and the boundary condition
(5):

Re[ k(pf, daT,
@ dz

With such a distribution of temperature, the surface of
the liquid is heated nonuniformly, and there arises a
thermocapillary force acting on the liquid

(e'" - .I?:.e"i’) exp (ikz—iw,t) ] . (11)

da. 9T,
dT oz
The change of mechanical energy of the liquid under
the action of this force is given by the expression

do 6T‘

—Emech"‘Idzvz ar 61 .

On substituting (10) and (11) and allowing for the usual
viscous damping, we find for xk®< w,

d da K
—Emech =——>

(12)
dt dT Y2pwe \ ®,

k* \'a dT,
( x ) — Emecn—4vk* E mech
¥4

It is easy to see that the expression for the instability

growth rate that follows from (12) agrees with (9) when
ki< wl. .
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Substituting in (7) ¥,= —ick + §,, we get

vkt IHP% . of
62=T—2(1+ —(3+==))

k 4P k (13)
L ck(1+P")

1 i ( XK\

2 w,"—ck* ( ck) ( k+= k:)

As follows from this expression, the surface thermo-
capillary mode is weakly attenuated at small &, i.e.,
IRed,] < ck; and in the region where #k*> w3, it be-

comes unstable.

In the region of intersection of the two modes, when
w?=c?k?, the expressions (9) and (13) are no longer ap-
plicable. The instability growth rate increases abrupt-
ly on approach to resonance, and for w?=c%? it is given
by the expression

— 90 4 piyngin T (LY
Reb=-2 (1+P’)’sln8(m ) . (14)

The wave spectrum and growth rate in this case are
shown in Fig. 1. The branches of the oscillations that
have the larger frequency are unstable.

4. WAVES IN A LIQUID LAYER OF FINITE DEPTH

In the long-wavelength range, when k2 < 1, the gener-
al dispersion equation can be simplified in the same way
as was done in the preceding section for k—~«. As-
suming that (x#?/y)!/2<« 1 and (x/h*)'/?«< 1, we get in-
stead of (7) .

(Y+ctki+2 vk +ckivkt (1+P") /24P") ({’+m‘+2vk"{
k y
- k—l('{' th kh+2vk*y th kh+m0‘)) = (o' +2vkk,Y) ( ¢k (1+P") (15)

x% (1——%thkh) +2vk'1(mkh-ki)) :

where w?=w}tanhkh.
We seek a solution of (15) in the form y = —iw +9§,.
For Reb, we get the expression

Re b, =

(K@) | Kol (1+P") ( Xk ) (16)
T VIsh2kk 2120 (0'—ckY)
from which we can find the threshold value of the den-
sity of heat flow for excitation of a wave with wave
number k:
-t (1+a*k*)th kh (1+P")
k(1 +(1+P-")ch*kh)

a7

()c(k)-pxgl =

Hence it follows that when-
a>h [+ (1+P%) (1+2P"%) )

Im y Re 4

—

T ; k

FIG. 1. Frequency (a) and instability growth rate (b) of sur-
face waves for large excess of the density of energy flow above
the threshold value.
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the minimum value of the threshold is attained when 2
=0 and is

Q.(0)=

pxgh(1+P"%) I%I" (18)

1+2p*

We note that under the conditions of applicability of the
approximations made, i.e., (x/h*w)!/?« 1, the value of
Q, (0) exceeds the value of the threshold power €, for an
mﬁmtely deep liquid. This is due to an mcrease of
dissipation near the bottom. When

@ <k (ot (1+P")/ (142P"))

the minimum value of the threshold power corresponds
to a finite value of k, determined by the expression
(17).

With increase of the density of heat flow, the frequency
of gravitational-capillary waves may become less than
ck; in this case Red, <0, but the thermocapillary waves
are unstable. The instability increment in the limit
c’k?> witanhkh is given by the expression (13) with w,
replaced by w.

5. NONLINEAR STAGE OF DEVELOPMENT OF
INSTABILITY

For small excesses over the instability threshold,

it may be supposed that only one surface wave is formed
and that the growth of its amplitude lS described by the
equation

d 2 2

alq’ul =21I‘PAI . (19)
The value of the growth rate y in this expression can be
expanded in powers of the amplitude®:

y=Re §,+B|q|?+... . (20)

In order to find the coefficient 8, we shall use an ener-
gy method and shall calculate the difference between

the workper unit time of the thermocapillary forces
acting on the nonlinear wave and the power of the energy
being dissipated. We consider the case kh>> 1.

To solve this problem, it is convenient to go over to
variables ¢ and i (the potential and the stream func-
tion), in terms of which the coordinates x and z in a
reference system attached to the traveling wave are
expressed as follows”:

k k k k K
kz=——¢—ee p(——i)sm—(p—Ae exp(—z—w-)si 2q’+....
Uph Uph Uph Uph Uph
k k k k 7
kz=——!’—+eexp (——i)cosl—e-f-Ae (exp(—z—‘p) cos—z——‘—g— 1)
Uph Uph oh Uph Uoh
A=(2—k*a*)[2(1-2k*a%),
(21)

where £ =k¢,, ¢, is the amplitude of the displacement
of the surface, and vy, is the phase velocity of the wave.
In (21), terms of order £* have been retained.’

The heat-conduction equation in the variables ¢ and
y takes the form

oT a2 o
2y (--+—) T,
99 dg* oy

and the boundary condition at the surface, which ex-
presses the law of conservation of energy, reduces to

(22)
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the expression

dar _(_)_ cos 6

(23)

ar o= 2
. o — cos f=v g
Here we have assumed that outside the liquid, the ener-
gy-flow vector remains constant.

The work per unit time by the thermocapillary forces,
R, and by the viscous forces, R, , can be transformed
to the form

ds a
pomd [y, 9T _dag o
daT al ar de (24)
Ro— jd wt
=1 ‘Pa )

where dl is an element of length of the distorted sur-
face of the liquid. The modulus of the velocity lvl,
which enters in (23) and (24), is expressed in terms of
the variable ¢ (=0)":

ko

.vl—-u,,,{i+—-—cos ” h(e +—;-5=__;.M31) (25)
P

2 1 2 2kq’ — 92,2
—(em - T* )cos u,,.,]‘ M=3/2(1-2ka%).
Solving the heat-conduction Eq. (22) with the boundary
condition (23) and substituting in (24), with the help of
(25) we get an expression for the instability increment:
Q-Q. , & 2—k'a* ( 3 1)
+

0. | 2" 1—2ka \1—2ka 2
al 2

+T(_12_— 1-—31:1 2)-Ez_(1 2k= *_1)

7&2 8+k*a*+2k'a*
T3 (ke (1—- 2k’a’)]

y=2vk’

(26)

Here Q,(k) is the threshold value of the density of ener-
gy flow absorbed at the surface. For the value 2=k,
=1/aV5, corresponding to the minimum threshold of
the heat flow, one can get from (26)

yoe=2vk.} (g—o-i?_ -27k%7). @mn
As follows from this expression, in the system con-
sidered there occurs soft excitation of a surface wave,
whose amplitude is limited by nonlinear hydrodynamic
effects (basically in consequence of strong damping
of the higher harmonics because of viscosity), at a level

co"'a(Q/Q' - 1)1/2.

It is easy to see that the development of instability of
surface waves leads to a lowering AT of the tempera-
ture of the surface of the liquid; that is, to an effective
increase of the coefficient of thermal conductivity in the
surface layer. On averaging the value of the tempera-
ture along the surface, we find

AT=—e' - (Zm)

We note that the expansion (26),(27) is correct under
the condition 2?2« 1, whereas {*w/0 may be arbitrary.
Solution of the heat-conduction equation with this ac-
curacy in powers of the surface displacement would re-
quire summing an infinite number of terms of a series
of the form Z a,(t%w/ X /2 Transformation to the var-
iables ¢ and ¥ in Eq. (22) enabled us to avoid this.
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6. CONCLUSION

We shall give estimates of the threshold for occur-
rence of instability of capillary-gravitational waves for
values of the parameters typical for laser processing of
metals.?™ Taking into account that in these experiments
the thickness of the liquid film is usually less than the
capillary constant, we shall use the expression (17) for
estimates of @,. Thus in the case of iron with 2~0.1
cm, hk~1 we get Q, = 3 kW/cm?, which is below the
usually used densities of radiation flow.

In this paper we have neglected processes of evap-
oration fromthe surface of the liquid. As was shown in Ref.
8, allowance for evaporation leads to instability of the in-
terference between phases at power flows larger than 10°
W/cm? (for metals). As is shown by the estimate given, in-
stability of the liquid surface may occur at considerably
smaller densities of radiation flow.

We note that formation of capillary waves on the sur-
face of a metal melt was observed in Ref. 3. We shall
estimate the values of the wavelengths corresponding to
the maximum instability growth rate for the conditions
of the experiment of Ref. 3. The largest growth rate
corresponds to waves that are in resonance, ck =w,.
Hence

k z—g; I%"TL l / (14+P") ~ 510 cm -2

for @ ~5- 10° W/cm®. The instability growth rate cor-
responding to surface waves of such lengths is equal,
according to (14), to Re6~5- 10*sec™. The wavelength
values A=27/k£=3-10° cm are close to those observed
experimentally, while the corresponding instability
growth rate exceeds the reciprocal of the time of action
of the laser beam on the metal surface.®? Thus we see
that under the conditions of the experiment® the instab-
ility investigated in this paper could occur.
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In conclusion, we note that at large excesses over the
threshold radiation power, there may originate in the
liquid nonlinear waves or turbulence of the surface
waves. In both cases, this may lead to a substantial
change of the conditions of reflection and absorption of
radiation at the surface and may affect the processes
of heat and mass transport in the liquid.

The authors thank A. A. Vedenov for constant atten-
tion to the research and S.1I. Anisimov for useful dis-
cussion of the results.

Dn the calculation of dx/d¢ from (21), terms of the order
g% are proportional to sin 3k¢ and, with the accuracy under
consideration, make no contribution to the integral (24).
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