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Derivation is given of the spectra of high-frequency turbulence of an inhomogeneous magnetoactive plasma
when these spectra are due to the stimulated scattering by ions. It is shown that even a very smooth

inhomogeniety results in a considerable turbulence anisotropy: the number of waves traveling along the

direction of a gradient is considerably less the number traveling in the opposite direction. In the case of
oscillations traveling in the direction of decreasing concentration an inhomogeniety increases considerably the
Landau damping. Consequently, a considerable part of the absorbed energy is transferred to fast electrons and
a current appears along the magnetic field. A study is made of the influence of a stochastic inhomogeneity,
which also gives rise to fast electrons. The role of decay processes is discussed.

PACS numbers: 52.35.Ra

Nonlinear processes in an isotropic plasma result
in the transfer of Langmuir oscillations to the long-
wavelength part of the spectrum and, therefore, a
small change in the wave vector due to a weak inhomo-
geneity cannot alter the damping waves or modify sig-
nificantly their spectrum.

The situation changes drastically in the case of a
magnetoactive plasma. Rubenchik, Rybak, and Stur-
man' showed that in the case of excitation of skew
Langmuir plasmons with w, =w,| cos 6| =wyk,/k (the 2
axis is directed along the magnetic field), nonlinear
processes result in ‘ condensation” of the spectrum in
the region of large wave vectors, where the plasma
damping is strong. A considerable change in the damp-
ing and, consequently, a significant modification in the
spectrum results from just a slight broadening caused
by an inhomogeneity Ak/k = (kr,)%.

We shall show that such broadening appears even as
a result of very small gradients:

2Ars oy (m,)*
(kra)® we; @p ’

Here, L =w,(dw,/dz)™ and A is the Coulomb logarithm.

When this condition is obeyed, turbulence becomes
anisotropic: the number of waves traveling in the
direction of increasing concentration differs consider-
ably from the number of waves in the opposite direc-
tion. The fraction of the energy absorbed as a result of
the Landau damping, i.e., the fraction transferred to
fast electrons, also changes. It is shown that this
fraction can increase severalfold compared with the
case of a homogeneous plasma and can rise to 10-15%.
Fast electrons are generated only by those oscillations
which are traveling in the direction of lower concentra-
tion and, therefore, a plasma inhomogeneity gives rise
to a static current.

Broadening of the spectrum, increase in the Landau
damping, and consequent generation of fast electrons
result also from a weak irregular inhomogeneity of a
plasma associated with the excitation of drift or mag-
netoacoustic oscillations. Such low-frequency turbu-
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lence is found to give rise to electron tails at a very
moderate level of fluctuations.

§1. PRINCIPAL EQUATIONS AND QUALITATIVE
DESCRIPTION OF THE TURBULENCE SPECTRA OF
AN INHOMOGENEOUS PLASMA

We shall consider the steady-state problem of the
turbulence spectrum of magnetized Langmuir plasmons
(We=wk,/k, wh> wl) in an isothermal plasma when
the spectrum is due to the stimulated scattering on
ions. We shall show below that this nonlinear process
predominates in, for example, the majority of experi-
ments on high-frequency heating of a plasma.

The evolution of the spectrum of a homogeneous plas-
ma is described by the kinetic equation for the number
of plasmons #n, (Ref. 1):

on
T;+runk=ﬂtJTn'nk'dk'-ﬂﬂ..z. (1)

Here, the damping I'y=v,; +y includes the colli-
sional v,; and Landau contributions: ‘

n\% @ 1
n=(3) (k) °F (- 2(kr¢)=)'
and the matrix element Ty, is given by the expres-
sion!"

® .,k,)c,'

(or@pr) "

1 Wyt

2nT ox*k*k”
The structure function G can be expressed quite simply
in terms of the permittivity:

Tuxr —i[kk’], ,zImG. (2)

G=¢e.le—1,

where ¢ is the longitudinal part of the permittivity and
€, is the contribution of electrons to the permittivity.
The properties of this function are described in detail
in Refs. 1 and 2. In the case of smooth symmetric
spectra we can simplify T,,. by going over to a differ-
ential approximation (the limits of its validity are dis-

cussed in detail in Ref. 2), so that y,; becomes
2n* d o rpradne »
Yn,,smzaxj B (kK2 nedk’,

where x is the cosine of the angle between the wave
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vector and the magnetic field.

Under steady-state conditions Eq. (1) is a Fredholm
integral equation of the first kind,

Yn=Dh, ' (3)

and, therefore, the solution is largely arbitrary.
Clearly, we can add an arbitrary odd function of the
wave vector to the steady-state solution (3).

In order to find the steady-state solution we must
supplement Eq. (3) by the stability condition'

Ym<I'x when n=0. (4)

The conditions (3) and (4) can be given a simple geo-
metric meaning.! They denote that the Ya1 CUrve lies
below the I', curve and is in contact with the latter only
at the points where the solution is concentrated. In our
case, the y,; curve is a parabola and I',, equal to v,;
when k7, < 1, begins to rise strongly at high values of
k because of the Landau damping (Fig. 1). Therefore,
it is obvious that the two curves can only be in contact
at one point and the distribution of oscillations is a
singular function of the wave vector n, < 6(k — k) or,

as is usually said, is of streaming nature. The wave
vector k, describing the position of a stream is clearly
governed by Eq. (3) and the contact condition

dr, _ d'Ynx
(W) ,._.,,_( dk )._..'
The Landau damping is then weak compared with the
collisional contribution: y =v,;(ky74)?. We then have
1/2(ky7 9)* ~1In w,/v,; and for the usual plasma param-
eters we obtain kyry=1/7-1/5.

In general, Eq. (1) should include the source of oscil-
lations y ,(x). We shall assume that turbulence is ex-
cited parametrically by a field E cos w,f. The param-
etric instability increment is concentrated in a narrow
region near ¥, =w,/w, and the length of the resultant
stream is much greater than the characteristic width
of this increment. Therefore, in finding the spectrum
we need consider only the inertial interval and regard
pumping as the boundary condition.

When we consider turbulence in an inhomogeneous
plasma, we note first of all that the transverse inhomo-
geneity does not alter the phase velocity of oscillations
along the magnetic field w,/k, and, consequently, does
not alter their damping. Therefore, it is natural to
assume initially a plasma with a longitudinal inhomo-
geneity.

The kinetic equation for waves in an inhomogeneous
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FIG. 1. Dependences of I, and v, on the wave vector k for
a fixed value of 6 in a homogeneous plasma.
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It is convenient to separate oscillations traveling in
the direction of increasing concentration n;(y) and in
the opposite direction ny(y), where y = |x|. Generally
speaking, they correspond to different nonlinear terms
yi- We shall first consider a plasma in a very strong
field wywy > w?, when we can limit Eq. (2) to just the
first term. Going over to the differential approxima-
tion, we obtain

d d d
t—kty — yCoty — yCot2ky* — y*C,,
Ynt kydyyca ydyyC. y dyy \

Coma [ K+ (m= (y) + (1) 'ma* (1)) dk, (5)
a=n*Mn, i=0,1,2.

The narrowness of the distribution in the % space
allows us to ignore the spatial migration of oscillations
and to assume that 3/0k,=x3/0k. Consequently, the
steady -state kinetic equation simplifies to

dwy Ony*:
¥ 9z 9k

The structure of the solution (6) is shown qualitatively
in Fig. 2.

=(‘Yn1*"‘rk)"l*- (6)

Since oscillations migrate away, the steady-state
conditions are obtained if y;;> T, i.e., if the curves
ys; intersect the curve I, at two points and the distri-
bution of oscillations is no longer singular (Fig. 2).

In the case of oscillations traveling along the concentra-
tion gradient we find that nj} for k> k_ is of the order of
the thermal noise n). The wave vector of n} decreases
along an inhomogeneity, but it begins to rise in the re-
gion v} >T,. The maximum of the distribution of n, obvi-
ously coincides with the point », and then in the range
ymi < T, there is a rapid fall to the thermal noise level.
A distribution of n, is of similar form, except that the
fall in the range k> k_ is steeper because of the strong
Landau damping. Thus, the spectrum has the form of
two streams representing waves traveling in the oppo-
site directions. A reduction in the gradient reduces the
thickness of the stream and causes them to coalesce
into one.

§2. STRUCTURE OF THE STEADY-STATE SOLUTION

We shall assume that the concentration profile is
linear: dw,/dz=w,/L. For simplicity, we shall con-
sider fairly low oscillations obeying y? < 1. We can
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FIG. 2. a) Dependences of Yp;, Yni,» and I';, on the wave vec-
tor k. b) Dependences, on k, of the number of waves n; and
n, traveling in the direction of increasing and decreasing
concentration, respectively.
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thenassumethat y,; =y = Vpi, ke =k =k, andn, =%n_=k,,

Since the dependence of y,; on %k is known, Eq. (6)
can be integrated, which gives

R L
nt=n,’ expj' (Ym—T)——dk;
M Y
(M
£ L
n=n’ exp J (’Ynl—rh) —dk,
I (78]
where the limits of integration are selected in accor-
dance with the qualitative nature of the solution de-
scribed above and 7] is the thermal noise level, Going
over to dimensionless variables and integrating, we
obtain

. .
lnn.+(y)=l{ kz3 k,*

-(5)" (“P(*%) ~exp(~ )}
In n.‘(y)=l{k= k'

d d
Ty G VO (k) (y—yc,—i)

—(—’5—)"’\“3—.“.(“?(-2%)-“1’(-%))}-

Here, n; are orthonormalized to n) and all the frequen-
cies are normalized to v,;; k is understood to mean
kry, whereas C,, C,, andC, are still described by the
formulas in the system (5) but with other values of the
coefficient a: & =m°22/Mnvyr5.

d yCo+(k, k) (yin,—i)

(8)

Knowing the explicit dependence of »n; on the wave
vector, we can integrate in Eq. (5) and obtain a closed
system of equations. Obviously, the main contribution
to the integral of n} is the region of the maximum
where k ~k, and the integral of »n, is dominated by the
region near k~k,. We thus obtain

nt=exp l(f*—b.2 (Ak.)?),

Aky=k—k, Ak_=k—k, 9)
d
f"zk‘hzy——yCo, h=m,—k,;
dy
d A\ 1
2 = o (2 0 [ — .
bty gy ¥Cn  b- ( 2/ vk P ( 2k ) ’ (10)
kst
C"N“( 2 ) ( ot 5 )“"(l’n)’
‘ (11)

cra( ) (34 e,

The system (9)-(11) can be closed by adding the con-
ditions for the intersection of y}; and T',, which deter-
mine k; and k,:

d d
2y — yCot+y — yC,=1,
k,ydyya ydyyCz 1

g = )"L ! (__1_)
W rm yc, (2 vk P\ Tt )

When oscillations are excited in a homogeneous plas-
ma, we have y =v,,(ky7,)? (Ref. 1). If the broadening
of the spectrum is small (2 < k%), the nature of the
solution and the value of y; change only slightly.
Therefore, we shall be interested in the opposite limit-
ing case > k®. Streams n} and n} then diverge to the
left and right of k). The collisionless damping increas-
es in the case of n,;, whereas for n} we can ignore the
term representing this damping.

(12)
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It is clear from Eqs. (5) and (11) that the order of
magnitude of If° is equal to the logarithm of the ratio
of the oscillation energy W to the thermal noise energy
in the region where the oscillations are excited.

Since W/W, is large, it follows that ln(W/W,) is al-
most independent of the noise level. Moreover, the
condition nT/W, > W/nT is practically always satisfied
and, consequently, we have In(W/W,)=ln(nT/Wy)=A
(A is a Coulomb logarithm, A =10 -15),

IfP~A. (13)

Since the n; streams are narrow compared with n}, Eq.
(11) yields the expression C,~kC,, and then from Eq.
(12) we obtain

d
3 1
ky 3o yC, (14)

i.e., the integral characteristics of the distribution
remain the same as for a homogeneous plasma. The
distance between streams follows from Eqs. (13) and
(9):

h=(2AkJ/1)™, (15)

and the position of a stream is obtained from Eqs. (12)
and (15)

w2 (3) ] (16)

We can also see that the distribution of n} and n,
have the same amplitude and their characteristic widths
Ak, and Ak. are much smaller than the distance between
the streams if > k° or (2A/1k%)!/2>> 1:

Aky~ (1%0,) =t~ (2k/1)",
Ale_~ (L4b_) =t (U, /1) "hes (2k,/A) ™, (17
Ak Jh~A"",  Ak_[REA-",

As assumed above, a stream nj is wider than n,:

Ak, b- A\
Ak by (Zlk‘) > 1
We shall now calculate the LLandau damping for a
stream n;:
{

11.“("“":’) "::L (_ﬂ_ ) kl—‘ exp _'1_) Vukz’—ﬁ‘,—
et

2 2k g7 > vkt (18)

We can see that there is a considerable increase in the
Landau damping compared with a homogeneous plasma.

We shall now consider oscillations of lower frequency
characterized by wywy < w’,, when Eq. (2) is dominated
by the second term describing the scattering on velo-
city fluctuations caused by the drift in the wave field.
In this case, vy,; is described by

dC, dC,

+-——:1:2kyinl

Ynt e e d

As in §2 we can simplify y%; by dropping the term with
C, and this gives equations analogous to Eqs. (8)—(12),
except that the operator y(d/dy)y is replaced by d/dy,

and the definitions of C, and C, contain a different co-

efficient a = (nz/ZMn)wi/wf,.

We can easily show that the positions of streams #;,
and n,, their widths, and the distances between the
maxima are given by Eqs. (15)—(17). The ratio of the
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collisional damping to the collisionless Landau damp-
ing remains the same as in the case when wywy > wz,.

§3. RANGE OF VALIDITY OF THE RESULTS AND
DISCUSSION OF THE SPECTRAL BROADENING
MECHANISM

We shall now discuss the range of validity of the re-
sults obtained. It follows from the condition & 2 k% that
an inhomogeneity affects significantly the structure of
turbulence if I <2A/k® or, in terms of dimensional
variables,

2A o, ,

(kra)® V_-(

Such negligible concentration gradients can occur in
any real plasma.

LSR (19)

There are several conditions which set the lower
limit to the size of an inhomogeneity described by the
above results. The most stringent of these conditions
is related to the fact that in the case of high gradients
we cannot regard the profile n; as Gaussian and the
next higher terms in the expansions have to be inclu-
ded in the calculation of C, and C, by the steepest des-
cent method . We can easily find the conditions that the
gradient has to satisfy:

1/10AK* SIS2M/KS. (20)

At high gradients the strong Landau damping makes the
structure of n, asymmetric but the turbulence pattern
described above remains the same. If, moreover, the
condition y ,> Av,,/L ~Aw,/kL is satisfied, it then fol-
lows from Ref. 4 that the inhomogeneity does not affect
the absorption and the energy flux reaching the plasma
is given by the expressions derived in Refs. 1 and 2,
and the boundary condition for the spectrum at x =x,
can be set using the results obtained for a homogene-
ous plasma.!+?

As pointed out above, a homogeneous plasma is char-
acterized by y =v,;(ky7s)?. This means that aimost all
the energy is transferred to the bulk of electrons by the
collisional damping process and the fast electrons re-
ceive the fraction of the total energy amounting to 7,
~y1/vei~2 -4%. However, if the plasma concentration
is inhomogeneous, the relationship between the colli-
sional and collisionless damping changes. As shown in
§2, the Landau damping should be allowed only for the
stream n,. Then, the fraction 7 of the energy trans-
ferred to fast electrons is

- ‘h(kz), s ny~dk

Ve S(m-tmt)dk’ (21)

We shall now calculate this fraction. The amplitudes of
the n, and n,; peaks are the same and, therefore, we
can express the ratio of the integrals in Eq. (30) in
terms of the stream widths Ak, and Ak. (Ak, > Ak.).
Using also Eq. (21), we obtain

L A Y S S
" Ak, e (Zk:z) k> (22)

We can see that an increase in the inhomogeneity (on
reduction in l), increases 1 and then at the limit of
validity we have n~10-15%.
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At first sight the reason for the broadening of the
spectra of an inhomogeneous plasma is obvious: the
wave vector of oscillations traveling in a medium with
an inhomogeneous concentration changes in accordance
with the equation ok,/9¢t=-0w,/d9z. However, if we
estimate the change in the wave vector also during an
oscillation lifetime v;}, we find that this change is con-
siderably less than the broadening obtained above. The
answer is as follows: ina homogeneous medium the
contraction of a spectrum into a stream is due to non-
linear processes, associated with the Fredholm struc-
ture of the equations, and this is why the spectrum is
so sensitive to the change in the structure of these
equations. It follows that even a weak inhomogeneity
can influence significantly the process of stream “con-
densation.”

We shall illustrate this by a simple estimate of the
characteristic inhomogeneity length L in which an in-
homogeneity begins to affect the structure of a solution.
In this case the width of the streams and the distance
between them are of the same order of magnitude: 6k
and 6k ~ky(kyr,)?. Bearing in mind the smallness of the
inhomogeneity, we shall expand Eq. (6):

292 O
y L ok ak,('Ynz T,) 8k*ns.
Substituting here

9* Veild
o (=D~ gy

we obtain a result which agrees with Eq. (19):

0y Tyt
Ves (kra)® )

L

If the gradient is high an estimate of this kind is
more difficult to obtain because the spectrum is char-
acterized by three different scales: the widths of the
two streams and the distance between them.

§4. INFLUENCE OF A TRANSVERSE INHOMOGENEITY

We have shown above that the effect of an inhomogen-
eity is to alter the structure of the equations, giving
rise to an effective “noise” so that a transverse inho-
mogeneity should also deform the spectrum. Since in
real experiments such an inhomogeneity is consider-
ably greater than a longitudinal inhomogeneity, and
also because oscillations travel mainly across the
magnetic field, this aspect is very important.

We can easily show that if

W, Ta
Voo (krs)®

the oscillation spectrum is greatly modified. How-
ever, an inhomogeneity results primarily in an angu-
lar change in the spectra, disturbing their axial sym-
metry, but may not give rise to fast electrons. We
shall demonstrate this for the case when wyw, > w?.

We shall select the following coordinate system: the
k., axis is directed, as before, along the magnetic field,
the k, axis is along the concentration gradient. The
distribution of oscillations n, =n,(x, ¢) should satisfy
the symmetry relationships (here, ¢ is the azimuthal
angle measured from the k, axis):
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m (I, (P) ="’h(_zv q))“=nh(zv —‘P) .
Equation (5) becomes

@y On,
T:'E"i: nx(Ym—Th), (23)

and then y,; is readily described by
‘ a
Yot (K, 7, @) = -;l—‘;z;;z [ (k) s (2, @) R dg”
25 v 0 , ’s ’ ’ r oy,
—m-x(l—:t‘) "a-:c(i—z‘) "kjk e (2, 9’) cos (@' —g) dk’ do’. (24)

In this case the scattering of oscillations is through
an angle 7. Therefore, we shall consider the solution
of Eq. (23) in the form

ny(z, @) =n, () [6(cp+%)+6(q>——g-)]. (25)

Then, vy, is given by Eq. (5) and is independent of ¢, so
that for all values of ¢, we have y,; =v,;. Inhomogenei-
ty gives rise to additional damping for all angles ¢ #7/

2 and, consequently, Eq. (25) is a stable solution.

If wywy < wz,, so that the scattering occurs through an

angle n/z, it is not possible to obtain the solution so
that an inhomogeneity clearly generates fast electrons.
However, the long-wavelength stochastic plasma in-
homogeneity may be more important.

§5. INFLUENCE OF A STOCHASTIC INHOMOGENEITY

We have confined ourselves so far to a regular inho-
mogeneity. However, from the practical point of yiew
a study of a stochastic long-wavelength inhomogeneity
is of greater importance. Such an inhomogeneity can
be due to, for example, drift or magnetoacoustic oscil-
lations, which always occur in real experiments. The
scattering of oscillations by such an inhomogeneity re-
sults in the diffusion in the k space, so that the steady-
state equation (1) can be written in the form

*nx

D,
ok *?

+ D, A me=nx (Tx—Ym1). (26)

Since such a low-frequency turbulence can naturally
be assumed to be axially symmetric, the most impor-
tant effect is the diffusion in the transverse direction.
The diffusion coefficient D, can be obtained consistently
from the kinetic equation for waves, but in our case it
is sufficient to obtain simple estimates. Let the change
in the concentration in an inhomogeneity be 6n and the
characteristic transverse wave vector be ¢g. Then, the
order of magnitude of the diffusion coefficient is D,
~(dk,/3t)*T, where T is the time for high-frequency
oscillations to travel a scale distance ¢~!, 7 ~(qv,,)‘l
~ky/quwy, and 9k, /3t is governed by the condition dk,/
d0t=-V,w,, so that the diffusion coefficient is

D, ~aygk, (6n/n)*.

This diffusion broadens a stream by an amount 6k,
which can be determined from Eq. (26) exactly as has
been done in the preceding section:

D,

o . Ve (SR
s~ g (i TI8K ~ s (_) :

k

A considerable increase in the Landau damping occurs
when 6&/k 2 (ky74)?, S0 that the intensity of long-wave-
length oscillations corresponding to the onset of signi-
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ficant heating of electrical tails is given by

(2)}:’_':5 (kro)*. (27)

n

We can see that the fluctuation level defined by Eq. (27)
is very low. In the case of characteristic parameters
of tokamaks at frequencies of the order of the lower
hybrid, low-frequency fluctuations have a considerable
influence on the spectra of high-frequency turbulence
even for on/n < 1% and they increase considerably the
number of fast electrons.

It should be stressed that even if a transverse in-
homogeneity dominates generation of fast electrons, an
analysis of a longitudinal inhomogeneity is very impor-
tant because it makes the heating of electrons and gen-
eration of the current anisotropic.

§6. ROLE OF DECAY PROCESSES

We have assumed above that the main sonlinear pro-
cess governing the level of turbulence is the stimulated
scattering by ions. However, there are many other
processes that limit the oscillation amplitude, the main
of which is the decay of a plasmon into two other
plasmons (for a discussion of other nonlinear processes
see Ref. 2):

Oh > Op T Op,e (28)

This process is due to electron nonlinearities and,
therefore, its description contains a small quantity
(k74)*. The stimulated scattering is characterized,
because of the smallness of the step of energy trans-
fer in the case of spectra of Ax, by a small term
(¥414/8%)?. The width of the spectrum increases on in-
crease in the instability increment y,: Ax o Xq4(y »/v41).
Therefore, for large values of the excess above the
threshold we can expect decay processes to play an im-
portant role: for example, it is concluded in Ref. 5
that decay processes determine the characteristics

of high-frequency plasma heating. They are also im-
portant in the case of beam heating of a plasma, when
even a small excess above the threshold results in the
excitation of oscillations in a wide range of angles.
When the excess above the threshold is small, decay

is unimportant. It can also be ignored in the most in-
teresting case (from the practical point of view) of the
excitation of oscillations with frequencies close to the
lower hybrid. This occurs because of a reduction in the
characteristic increments of the process (28) when

wr < w, (see, for example, Ref. 5). Moreover, when
wp~wry, decay processes become forbidden by the
nature of the spectrum.

The mechanism of stabilization of a parametric in-
stability can be determined experimentally by record-
ing the turbulence frequency spectra. If stabilization
is due to the scattering on ions, the spectra of high-
frequency oscillations are broadened in the direction
of red wavelengths by an amount of the order of several
acoustic frequencies. Decay processes give rise im-
mediately to oscillations of frequencies 2-3 times less
than the pump frequency. The spectra recorded in all
the experiments on high-frequency heating demonstrate
the dominant role of the stimulated scattering, but so -
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far there is no experimental evidence of the impor-
tance of decay processes. It follows that the results
obtained above have a wide range of validity and are in
agreement with the published experimental evidence.

CONCLUSIONS

It is shown that the spectra of high-frequency turbu-
lence are very sensgitive to plasma inhomogeneity.
This inhomogeneity gives rise to anisotropy of the
spectra and, which is more important, increases the
proportion of the energy transferred to fast electrons.
These fast electrons, which contain 10-20% of the
absorbed energy, have been observed in a number of
experiments on the lower-hybrid plasma heating.®"’
Their origin is not yet clear, In our opinion, the above
results show that the generation of these electrons may
be due to a real inhomogeneity of the plasma which
occurs in these experiments.

Another point should be noted. As shown above, fast
electrons are generated only by waves traveling in the
direction of decreasing density, i.e., a regular longi-
tudinal inhomogeneity in a closed trap gives rise to a
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current. Such an inhomogeneity can be created in a to-
kamak in the absorption region by modulation of the
longitudinal magnetic field. Then, a considerable pro-
portion of the absorbed energy is expended to generate
the current.
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