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It is shown that all the kinetic coefficients of a metal, including the electric resistivity, have singularities of the
z'? type in phase transitions of order 2 1/2, while the thermoelectric power has singularities of the z ="/ type
(z is the parameter of the proximity to the transition point). Calculation results are presented and indicate that
these effects are appreciable and can be used to observe transitions of order 2 1/2, as well as to investigate the

degree of smearing of the Fermi surface in metals.

PACS numbers: 72.15.Eb, 72.15.Jf, 64.60.Fr

1. INTRODUCTION

Lifshitz’s well known paper! on phase transitions of
order 21 due to change of the Fermi-surface (FS)
topology contains a remark that the kinetic coefficients
of the metal should apparently have in these transi-
tions singularities of the |z|'/2 or |z|™/2 type (ne-
glecting the FS temperature smearing that leads to a
smoothing of the singularities in a narrow vicinity
| 2| < T of the transition). Here z=u—u(u is the
chemical potential of the electrons and p, is its criti-
cal value) is the parameter of proximity to the transi-
tion, and is proportional, for example, to P - P, if the
transition is with respect to the pressure P. Further
more detailed treatments (see the review by Kaganov
and Lifshitz?), however, dealt only with singularities
of sound absorption and of the acousto-emf, which seem
to be quite complicated for quantitative measurements,
especially under pressure. Furthermore, no singu-
larities in the electron mean free path ! were con-
sidered.

We wish to note in this article that, in accord with
Lifshitz’s original remarks,! singularities of type
2'/26(z) or (-z)'/26(-z) connected with I [where 6(x) is
zero at x<0 and 1 at x >0] are observed in all the ki-
netic coefficients, including the electric and thermal
conductivities, while in the thermoelectric power «
this singularity strengthens to (+2)/26(+z). Here and
elsewhere 6(-z) corresponds to the region of “tangency”
of the FS with a face of the Brillouin zone (BZ), and
6(z) corresponds to the “overflow” region, of forma-
tion of a new cavity. We note that singularities of this
type were in fact discussed already by Ziman3 in his
attempt to explain the (later dubbed Kohn) anomalies of
the impurity resistivity p in Cu. Ziman, however,
confined himself to an estimate of p in a crude model
(that admits of analytic solution) and to its application
to Cu, where it was not adequate. Ziman’s argu-
ments® were not noted in the subsequent general
treatments. !+2

It is of interest to study transions of order 2; in al-
loys. The opinion was advanced that they are not ob-
servable there, because the concepts of quasimomentum
and FS have not been formally defined for disordered
alloys.* However, experimental observations of Kohn
anomalies in their phonon spectra,® as well as theo-
retical estimates,® show that the smearing of the FS is
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apparently small in many alloys of metals having close
properties, although quantitative information on the
degree of this smearing is still lacking. It is shown
below that this information can be obtained by observ-
ing the anomalies of p and « in transitions of order 2}
in alloys.

To illustrate the scale of the discussed anomalies,
we present results of the calculation of the functions
p(x) and a(x) in Li,., Mg, alloys, using the methods of
psuedopotential theory.”:® Since the properties of both
Li and Mg are fairly well described by these methods
(see, e.g., Refs. Tand 9), the obtained estimates of
the character of the singularities seem to be sufficiently
reliable and are apparently a feature common of transi-
tions of order 21 in both the concentration and the den-
sity.

In Sec. 2 we present the indicated general results on
the singularities of /, P, and a near transitions of or-
der 21. In Sec. 3 we derive formulas for the calcula-
tion of the resistance of a bcc metal in the two-wave
approximation. 37® These formulas are used later to
obtain quantitative estimates of p and «. They are
also of independent interest and can be used for many
bce metals and alloys with FS close to (110) faces of
the BZ. The answer is reduced to a form convenient
for numerical calculations. In Sec. 4 are presented
and discussed the results of such calculations for the
p(x) and a(x) dependences in Li,., Mg, alloys. These
results show in particular that measurements of p and
a can serve as an effective method of both observing
and determining a topological transition of order 23.
The Conclusion discusses the possibility of using the
considered effects for the investigation of the proper-
ties of FS in metals and alloys.

2. SINGULARITIES OF THE MEAN FREE PATH,
CONDUCTIVITY, AND THERMOELECTRIC POWER IN
PHASE TRANSITIONS OF ORDER 2%

We consider for simplicity region of low T, where
the principal relaxation mechanism for the electrons is
scattering by impurities [although accurate to T/ and
©,/ KL (O is the Debye temperature) all the conclusions
are valid also for scattering by phonons]. The kinetic
coefficients are expressed here in terms of a certain
mean free path 1(p) satisfying the equation’®
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24’ +v,]. (1)

1) =% [Nen [W (2.2 ®) By

Here N,,, is the impurity density; W is the scattering
probability; E, and v, =9E,/3p are the energy and velo-
city of an electron with momentum p; 7, is the “de-
parture ” relaxation time:

2d°p’

W =Nin [ W (8,0)8(Ey—Ey) 5o

(2)

At the points p’ =p, of the BZ, where FS tangency or
overflow takes place, the function W(p, p’) is generally
speaking finite and regular. Therefore expression (2)
has at small n=E, - 1 and 2 the same singularity as the
electronic density of states,! and according to (1) a
similar singularity is possessed by 1(p):

1(p) =1 (p) +[ (n+2) 101 (n+2) 1L (p), 3)

where 1, and 1, have singularities not stronger than
x6(x) as x=n+2z—0. Since different kinetic coeffi-
cients, particularly the electric and thermal conduc-
tivities 0 and %, are equal to integrals of 1(p) over the
FS with different weighting functions,!! all of them con-
tain the (+ z)'/26(+ z) singularity.

The electronic part a, of the thermoelectric coeffi-
cient a is connected with the conductivity c=1/p by
the relation!®

T 0lno(1|)

=3 3¢ om w—o (4)
i.e., a,~(x z)'”"’e(iz) according to (3). Thus, the
thermoelectric power increases rapidly as z—0, and
this increase is limited only by the smearing of the
transitions. This singularities are easiest to observe
at low T<(©3/u)!/2, inasmuch as at large T the total
a contains a large contribution «,, due to dragging by
phonons!?; this contribution has, just as o, a weaker
dependence ~(+z)!/26(x z).

3. CALCULATION OF THE RESISTIVITY OF ABCC
METAL IN THE TWO-WAVE APPROXIMATION

We derive a formula for p of a bcc metal in the two-
wave approximation, bearing in mind the description
of metals with a FS close to the points N of the BZ
[i.e., to the points g;/2, where g; are the reciprocal-
lattice vectors of the star (1,1,0)27/a, and a is the
lattice constant]. including cases of tangency and over-
flow near these points. For simplicity, we neglect the
smearing of the FS.

We start with the known variational expression for
pll »3

p=——2jj dp dp'8 (Epi— )8 (Byrsr—) (@pu=Oys) Lpuyrsr,  (52)

I1=¢ Y\ [ dpv,10,.8 (Ep—p), (5b)

with the customarily employed trial function ,,= const.
vps- Here Q is the volume of the unit cell; p, s, and

E,, are the momentum, band number, and energy of the
electron; v,, is the component of the velocity v,,=3E,,/
op along the electric field. For scattering of electrons
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by phonons, the quantity L, , is of the form*!

B A
L:A,...=ﬁ v WOqy
e =7 Oy (M) ste (S22,

Yot

and in the case of scattering by impurities (in an alloy)
(6b)

(6a)

Lyiyer=2(1—2) (Mpeyrs')*.

Here M} .., and M}T . are the matrix elements for
scattering by phonons and impurities, and will be dis-
cussed below; q=p-p’, v, and w,, are the wave vector,
polarization, and frequency of the phonon; M is the ion
mass. In the description of a disordered alloy A,_ B,
we shall use the approximation of an “average” (or
“yirtual”) crystal,®” and replace M and Q by their
mean values:

M=1—z)M,+zM,, =a%/2=(1—2) Qs +2Q»

[the latter is usually close to the experimental (x),
Ref. 12].

We break up the BZ of a bce lattice into 12 equiva-
lent sectors adjacent to the faces with centers g,/2
(see Fig. 1), and in each sector we use for the elec-
tron wave function y,, the two-wave approximation®

\p”=a'.e"v'+5"el'(l—y)r, (7)

where aZ,+B85,=1. It is known that for p close to p,
=g,;/2 account must be taken of the second term of (7),
corresponding to reflection from the opposite face of
the BZ, whereas other reflections can be neglected in
considered weak-pseudopotential approximation. 7+®

We introduce in each sector a cylindrical coordinate
system with center at p=0 and with z axis directed
along g; (I'N axis on Fig. 1), and change from p and
E,, to the dimensionless variables p/p, =k =(z, 7, ¢)
and&,,=E, /&2, where

p-=g/2, &’=p’/2m,
8= | g‘l =2,/:ﬂ/'a,
and m is the electron mass. The expressions for g,,,
a,, and B, in each sector then take the form

exa=1+r*+ (1—z)*
F[u+4(1-2)]"%, (8a)
1 1—z "
“""=(2—i'[u2+4(1—z)=]"' )
(8b)
p1a=F (1=0tp1.2) * sgn v (g).

Here v(g)=V(g)/&(g) is the matrix element of the
pseudopotential (which we assume for simplicity to be
local), with account taken of the screening function

" FIG. 1. One of the 12
equivalent sectors of the
Brillouin zone of a bcce lat-
tice.
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&(g) (Refs. 7 and 13) and u=|v(g)| /2. For an alloy we
have in the average crystal approximation v(g)

=(1-x)v,(g) + xvp(g).

When integration is carried out in (5a) with respect to
p’ and p that lie in the sectors with vectors g; and g,,
there are only five nonequivalent relative orientations of
g and g,. Thus, if v, =2'/%g,/g is equal to v, =(1,1,0),
the v; of these nonequivalent sectors can be chosen
to be v,=(1, 1, 0), »,=(1, 0, 1), v,=(1, -1, 0),
v,=(0, —1,,—1), and y;=(-1,-1,0). The contributions
made to (5a) by the integration over the equivalent sec-
tors can then be multiplied by their numbers N,: N,
=N,=1, N,=N,=4, and N;=2.

Bearing the foregoing remarks in mind, and inte-
grating in (5a) with respect to the variables » and 7’ and
in (5b) with respect to » and 2, we arrive at the follow-
ing calculation formulas for p:

p=CR/J?, (9a)
2% ¥

R=2N" Z SS d(‘gffi S" a2’ (Vis — Ve Lhoww,  (9D)

=1 s48=1 0 zl(o) (@)
7= 20 -) (9¢)
) om 1y a\Y,) ]

The superscript j of L{, ,., means that the vectors k
and k’ lie in the sectors with v, and v, indicated above
Y, =30€,,/ 9k, and the following notation was introduced:

Con=hn*/16e*a(e’)?,  Cim=hn’a/32¢*(e.)?, (10a)

2 2 PN
J,(y)=(i+;1)y——;arctg—L‘—y+—g—ln[y+(y‘+uT) ] s (10b)
1(y)=0-J,(—y)+0.J,(y), 6.=0(xfi—u), (10c¢)
p=(n—e’) /e, y,=1-zt(e), y~1-zt (104)

We note that in the employed model the point I=-u
corresponds to tangency, and =« corresponds to
overflow of the FS at the point N. Therefore 6~ in
(10c) corresponds to the region ahead of the tangency,
and 6, to the region past the overflow. The quantities
2% and 2} in (9) and (10) denote the limits of integration
with respect to z. The upper limit 2z} is determined
from the equation E,,= pat »=0:

ze=[1F C+p—2(1+p+u¥/4)") 10 (Igl—u) +0 (u—Igl). (11)

The lower limit z} =1, and 2!} is obtained from the
condition that the surface E”= p intersect the lateral

faces of the sectors (of the type I'PH in Fig. 1). This
yields for 2! =2}(¢) the equation
@)@+ (-2 —p=[w+4(1-21)"]", z'=, (12)

where

f(@)=(]cos @| +2"|sin@])~*.

The matrix element of the phonon scattering in (6a)
for the plane waves p and p’ is of the form MZ},
=(q-e,,)v(q), where q=p-p’ and e,, is the phonon
polarization vector.” For impurity scattering of
plane waves we have in the employed approximations!!:’
M”:vA(q) —vg(q). Therefore, taking into account the
mixing of the states (7), we can express the matrix
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elements in (9) and (6) can be expressed in the form
Mol v =0mirs EanW (@) Fomubus EaransW (4 +g))
+ Bretnr o Ea-g; W (q—85) TBrePro s Earag, W (g +gi—g), (13)

where we have for the phonon and impurity scattering
in the alloy, respectively,

B =qeq, W™ (q)=v(q)=(1—2)va(q)+2zv;(q), (14a)
Eom=1, W™(q)=va(q)-vs(q). (14b)
To calculate the vectors q=k -k’ and v, - v, in (9)

we must also change over to a single coordinate frame
for all sectors. We choose it to be the system XYZ
connected with the first sector j=1 and indicated in
Fig. 1. Then a transformation of the components of
the vector k from the cylindrical frame (z, 7, ¢) con-
nected with the sector j into this system for the com-
ponents k,, k,, k, at j=1,2,3,4, 5 yields respectively

@ b¢), (bca), (b—a0), (c—a=b), (- -bc), (15)
where
a=2""(z+rcosq), b=2""(z—rcos@), c=rsing. (16)

Analogously, the velocity components v, for each of
the sectors are determined by formulas (15) with «a, b,
and c replaced by the values a,, b, and c,, which are
connected with a, b, and ¢ of (16) as follows:

. 1 + 2'd by b — 1 2"d
=0 - —+* — —————
1,2 9 (uz+4d‘)'/' ’ 1,2~ 2,, (uz+4d‘)‘h ) (17)
cia=c, d=1-2""(a+b).

Finally, when calculating p(x) of an A,_, B, alloy with
valences z, and 2z, the dependence of the chemical po-
tential p on x is determined from an equation that con-
nects the volume bounded by the FS with the average
number of electrons per atom, Z=(1 - x)z, + x2g:

3an —-f - [*("')”(‘1’)“:@1)]+I=(y..> (18)
where
v ut \ " 2y byt '
I.(y)=ﬂy—3—+y(-”z+4—) +Z—ln[u (1+__) ]' (19)

L (y)=6.1,(y)+6-1,(—y)

and 6,, 2!, y,, ¥,, and f(¢) are the same as in (10) and
(12).

4. CALCULATION RESULTS FOR Li-Mg ALLOYS

For the alloys Li,..Mg,, the total pseudopotential
V.i(q) in (14) was taken from Ref. 9, and V,,(q) was
obtained by the same method as in Ref. 9, using the
Geldart-Vosko approximation of the screening function
€9). %% These pseudopotentials were used also in the
calculations of the frequencies and polarizations of the
phonons in (6a) and (14a), thereby ensuring apparently
a sufficient accuracy of these quantities.”"® For the
components v(g) (or u) in (8)-(12) and (17)-(19), how-
ever, which determine in the employed model all the
phenomena connected with the 23 -order transition, it is
desirable to use the most realistic values available. At
the same time, the simple local-pseudopotential
approximation may be quite inaccurate here, especially
for Li.” We therefore used for the quantities u;
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=|v,(g)| /€2 (where i stands for Li or Mg), values ob-
tained by fitting v;(g) to the data on the FS of these
metals,” namely u,;, =0.18 and u,,=0.09 (set a). To
investigate the sensitivity of the results to the values
of u;, we used also values half as large, u;, =0.09 and
thy, =0. 045 (set b).

The tangency of the FS to the point N of the BZ, de-
fined by the relation J(x)=-u with [I(x) taken from (18),
takes place for set a at a concentration x,=x}=0.247
and for set b at »2=0. 353 (in the free electron model,
%,=x2=0.48). The overflow regions {i(x)=>u, on the
other hand correspond to large x=x_,~0.7 (x%,=0.75
and x2, =0.65), whereas at x=0.70 the alloy Li,_, Mg,
already loses in fact its bce structure. ? In addition,
calculations at x >x_, are made somewhat more elabo-
rate by the addition of the s — s’ interband transitions
with (s,s')=(1,2), (2,1), and (2,2). The calculations
were performed therefore only for x < x_, while for
the region x <x,, we confined ourselves to a qualitative
discussion.

The calculation results are shown in Figs. 2 and 3.
To decrease the influence of the inaccuracies connected
with the choice of the pseudopotential and of other ap-
proximations of the model, we present the results for
the relative quantities p*,,(x)= p,,(x)/p,,(0) in the case
of phonon scattering and p*,,.(x)=p,,(x)/B;.(0), where
Bim(x) =P, (x)/x(1 = x) in the case of impurity scatter-
ing. In the coefficient a,(x), on the other hand, the
inessential factors drop out in accord with the definition
(4). For impurity scattering (6b) and (14b) the results
shown in Fig. 2 are for values of ; from both sets a

Plm x)
—f a
2
Xcl F P
1 _7

: n
b 04

FIG. 2. a) Plot of relative reduced resistivity p¥,(x) =
Pim(x)/Pim(0), Where fy,(x) = pipux)/x(1 —x) for impurity
scattering in an Li;-, Mg, alloy in the model of Sec. 3. The
inset indicates the qualitative behavior of p*(x) near the over-
flow point x,. b) Plot of reduced thermoelectric power co-
efficient @y, (x) = Ol:"' (x)/a,, where @ =72T/3 |el €2 and Ol:”‘

is given by Eq. (4) with o0=1/p;,. The inset shows the quali-
tative form of &, (x) near x=x,,. The solid curves cor-
respond to the values of ;; and uy, from seta, and the
dashed ones, from set b, see the text.

833 Sov. Phys. JETP 53(4), April 1981

/;;1()() &, (x)

FIG. 3. Plot of py, (x)=pp(3/py,(0) and of &y, (x)=ah(x)/a,
for the phonon mechanism of scattering in the alloy LI;_ Mg,
at T=80 K and uy, and uy, from set a. Solid curve—py,(x),
curve with break—ap, (x).

and b; for phonon scattering (6a) and (14a), the results
of Fig. 3 are for T=80 K and for u, from set a.

It is seen from Fig. 2a that as the transition point
x, is approached the impurity resistivity increases
rapidly, by approximately 1.5 times, whereas at
x> x, it varies weakly and linearly with x. The ano-
maly of the coefficient a,(x) in Fig. 2b is correspond-
ingly very abrupt. For both sets of parameters u,;, the
variation of p(x) near x, is described with good accuracy
by the formula

p—p | —Be
5(f)=i’(ze)[1—f1 (e—.,) 6 (p.—pn)—B ueunu 9(#-%)], (20)
where p, = u(x,), A®=1.75, B®°=3.2and A*=1.9, B
=2.7. The magnitude of the anomalies is thus not
very sensitive to the parameters of the model.

It is seen from Fig. 2 that the singularities of p and
a appear in the concentration interval Ax ~3-5%, which
corresponds to the interval Az=p - p_ =0.1-0.15e€V.
Allowance for the concentration smearing At of the FS
in the alloy leads to a certain smearing of these sin-
gularities. They will, however, be sufficiently pro-
nounced if Az = Ag, (the temperature spread is At
~T <« Az). Estimates of A¢ by the coherent-potential
method® yield Ag,~0.06-0.08 eV for CuZn alloys and
Ag, ~0.1-0. 15 for CuNi; if these estimates are used,
then Az 2 At,. The described anomalies of p and « in
alloys are thus apparently fully observable, and the
degree of their smearing can yield information on the
values of Ag,.

In scattering by phonons (Fig. 3), the singularities
pf p are smaller than for scattering by impurities:
Ap),~20%. The singularity of the coefficient a, is
clearly pronounced, as before, but the absolute values
of a?* are smaller by one order than those of the
impurity a!™. p'™ also predominates in the total
resistivity p=p'™+ p** of the alloy at x that are not
small and at T that are not too high. The results
shown in Fig. 3 for the alloys in question are thus more
readily methodological. All the results of Figs. 2 and
3, however, seem to illustrate the general character of
the anomalies of p and o for transitions of order 23,
with respect to both concentration and pressure. Fig-
ure 3 can therefore describe the anomalies of p and a
for transitions in pure metals, say under pressure,
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and indicate in particular that in transitions of order
2} these anomalies are noticeably smaller for the
phonon scattering mechanism than for the impurity
mechanism.

The insets in Figs. 2a and 2b illustrate the charac-
ter of the anomalies in the case of overflow of the FS
through a Brillouin zone face. It is seen, in particular,
that o, has now a strongly asymmetrical minimum in
place of a maximum. The forms of the anomalies of p
and o make it therefore possible to determine also the
character of the variation of the FS topology in the tran-
sition.

Finally, a note concerning the possible connection
between the effects discussed and the peculiar depen-
dence of p on the pressure P observed in Li.!® When
P increases from 0 to P ,~70 kbar, the value of p in
Li, in contrast to other alkali metals, does not de-
crease but increases by approximately 30%. The FS
of Li is noticeably elongated towards the (110) faces
of the BZ,!® and upon compression this elongation
seems to increase (just as in the calculations of Ref.
17 for Cs). Therefore, with increasing P, the FS can
rapidly approach the point N of the BZ, and then the
growth of p(P) can have the same appearance as in
Figs. 2 and 3. To be sure, the abrupt decrease of p
at P=P_, observed in Ref. 15, is not explained by the
described picture of the transition of order 21, but it
is apparently connected with some sort of first-order
transition, to which a proximity of the FS to BZ faces
can contribute.’

5. CONCLUSION

We note once more that according to the presented
discussion the anomalies of p and a can serve as an
effective tool for the identification of transitions of or-
der 2. This is topical, in particular, because hypo-
theses postulating the presence of such transitions are
being recently invoked to explain other observed phe-
nomena. Thus, for example, in Ref. 18 these hypo-
theses are used in a discussion of the anomalies in the
dependences of the superconducting-transition tempera-
tures of Mo—Re alloys on concentration and pressure.
As seen from the foregoing, these hypotheses can be
quite simply verified experimentally by measuring p and
a (in the normal state).

Another important application of the considered ef-
fects may be their use to investigate the degree Ag, of
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the spreading of the FS of alloys. These questions are
attracting great interest,® particularly in connection
with known with the Hume-Rothery opinions concerning
the connection between the FS and BZ in alloy theory.’
At the same time, experimental information on Ag, as
already noted, is extremely limited. According to the
foregoing remarks, an investigation of the form of the
anomalies of p and particularly of o in the region of a
transition of order 23 can serve as the source of quan-
titative information on the spreading of the FS, and
hence on the applicability of the quasimomentum con-
cept to the description of electronic states in alloys.
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