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The magnetostriction of holmium-yttrium iron garnets, Ho, Y;_, Fe;0,, (x = 3 and 1.05), has been measured
in pulsed magnetic fields up to 200 kOe at 78 K. It is shown that the magnetostriction constants 4 ,,, and 4 4,
of these ferrimagnets depend on the magnetic field. The magnetostriction constants of the iron garnet

Ho,Fe,0,, increase, whereas the magnetostriction constants of the iron garnet Ho, oY, 4sFe;O,, decrease, on
increase of field. It is observed that the constants A ,,, and 4 ,,, of the anisotropic magnetostriction of the iron
garnet Ho, Y, ,,Fe,O,, have significantly different variations with the field: 4 ,, varies quadratically with the
total effective field, whereas the variation of 4 o, with H is nearly linear. A theoretical analysis is made of
magnetoelastic interaction in rare-earth iron garnets. It is shown that in rare-earth iron garnets, because of the
presence of low-symmetry nonequivalent sites of the rare-earth ions and because of the rather large value of
the crystalline field, the dependence of the exchange integral on the strain leads to a contribution to the

constant 4 o, of anisotropic magnetostriction.

PACS numbers: 75.80. + q, 75.50.Gg, 75.10.Dg

1. INTRODUCTION

It was observed earlier' that the magnetic anisotropy
of rare-earth iron garnets (REIG) depends on the value
of the magnetic field. This is due to the fact that the
molecular field exerted on the rare-earth (Re) ions by
the iron sublattices is comparatively small (Hy =M,
~10° Oe; A is the molecular-field parameter, M. the
magnetization of the iron ions). Therefore an external
field strongly influences the degree of magnetic order-
ing of the rare-earth sublattice, which is determined
by the joint action of the external and exchange fields;
consequently it also strongly influences the value of the
magnetic anisotropy, since the magnetic anisotropy de-
pends on the degree of magnetic ordering.

Everything said above can be extended completely to
the magneto-striction of REIG. But hitherto, data have
been lacking on the magneto-striction constants of
REIG in fields comparable in magnitude with the mole-
cular field that acts on the RE ions. In the present
paper, an experimental and theoretical investigation is
made of the behavior of the magnetostriction constants
of REIG in strong magnetic fields.

2. EXPERIMENT

We made measurements of the magnetostriction con-
stants of REIG in magnetic fields up to 200 kOe at
temperature 78 K, on the same specimens of holmium-
yttrium iron garnets Ho, Y, Fe O,, (x=1.05and x
=3.0) on which the magnetic anisotropy was measured
earlier.! The magnetostriction measurements were
made in pulsed magnetic fields of pulse duration ~10
ms by means of a piezoelectric transducer, a thin
quartz plate cemented to the single-crystal iron-garnet
specimen under investigation along the appropriate di-
rection of measurement.

On the basis of the general formula for the magneto-
striction of a cubic crystal,

AYI="l oo (B Hats" Bt +Bs—s)
+3A111 (d:azﬁiﬁz""agasﬂl5;+a:aaﬁzﬁs) 3

where a, are the direction cosines of the measurement
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direction and B, are the direction cosines of the magne-
tization vector, the magnetostriction constants a,;, and
Aj00 Were determined from measurements of the mag-
netostriction along axes (111) and {100). To eliminate
the effect of domain structure on the results of the mag-
netostriction measurements, the values of A;;; and A4,
were determined from the difference between the lon-
gitudinal magnetostriction 1" (field parallel to the di-
rection of measurement of the magnetostriction) and
the transverse magnetostriction A* (field perpendicular
to this direction) along the respective axes:

] 4 n 4
a/zxiaa=}\(|on,\_}‘-<mn)y ;/2;'“1:}-(“1)—)'(“1)‘

Figure 1 shows the variation of the magnetostriction
constants of holmium iron garnet, He;Fe O,,, with the
field. It is seen that the magnetostriction constants of
holmium iron garnet increase in absolute value on in-
crease of the field. This can be explained as follows.
In Ho,Fe O,, the magnetic compensation point is T,
=136 K; therefore at 78 K the magnetic moment of the
rare-earth sublattice My is larger than the magnetic
moment of the iron sublattice M, and is oriented along
the field. The total effective field is equal to the sum
of the molecular and external fields, He; =H,+H, and
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FIG. 1. Variation of the magnetostriction constants of HogFe;
Oy with magnetic field at 78 K: 1, Ayg0; 2, Aqqy.
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FIG. 2. Variation of the magnetostriction constants of Ho, o
Y;.5Fe;0;, (solid lines) and YsFe;0,, (dashed-dotted lines)
with magnetic field at 78 K: 1, Aygp; 2, Aqqy.

increase of the external field leads to increase of the
degree of magnetic order in the rare-earth sublattice
and consequently to increase (in absolute value) of the
magnetostriction constants.

The magnetostriction constants of the holmium-yttri-
um iron garnet Ho, Y, ¢;Fe,O0,, vary in a different man-
ner with the field (Fig. 2). For this ferrite, the mag-
netic compensation point is T,=36 K; therefore at 78 K
the magnetic moment of the holmium sublattice of this
ferrimagnet is less than the magnetic moment of the
iron sublattice and is oriented antiparallel to the field.
The effective field acting on the holmium sublattice is
equal to the difference between the molecular and ex-
ternal fields Hy = H,—H, and therefore in commnarative-
ly weak fields (H < Hy) increase of the external field
leads to decrease of the effective field and of the degree
of magnetic order in the holmium sublattice, and con-
subsequently to decrease (in absolute value) of the magne-
tostriction constants (Fig. 2). Further increase of the ex-
ternalfield (4 >H,) leads to increase of the absolute value
of H.;; andto increase of the degree of magnetic order inthe
holmium sublattice (when H >H ;, the magnetic moment of
the holmium sublattice is oriented along the field) and
to increase of the absolute value of the magnetostriction
constants. The molecular field acting on the holmium
sublattice at 78 K is 96 kOe?; therefore when H> 96
kOe, the absolute value of the magnetostriction con-
stants should increase. In fact, this is observed ex-
perimentally: the magnetostriction constants of the iron
garnet Ho, Y, 4,Fe,O,, are smallest in fields ~100 kOe
and then increase in absolute value. !’

There is a striking difference between the field varia-
tions of the two magnetostriction constants, a,;; and
Moo, Of holmium-yttrium iron garnet Ho, .Y, o;Fe O,,:
whereas 1,,, changes sign at H~ My, A,,, does not
change sign at this field, remaining negative both in
fields H< \M . and in fields H> \M,,.

Usually the anisotropic magnetostriction of REIG is ex-
plained inthe single-ion model by interaction of the aniso-
tropic cloud of 4f electrons of the RE ion withthe crystalline
field that acts on it. In addition, it is supposed that
the anisotropic magnetostriction of REIG may receive
a contribution from anisotropic exchange interaction
between the RE ions and the iron ions (R—-Fe interac-
tion). As regards the isotropic part of the exchange in-
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teraction, it has hitherto been assumed that in cubic
crystals this interaction leads only to an isotropic
volume magnetostriction, independent of the direction
of the magnetic moments with respect to the crystallo-
graphic axes. This conclusion was drawn for magnets
in which all the sites occupied by magnetic ions (of a
given type) are equivalent, and it was furthermore sup-
posed that the energy of interaction of the magnetic ions
with the crystalline field was much smaller than the
energy of isotropic exchange interaction. PBut for REIG
these conditions are not satisfied; as we shall show be-
low, this leads to the result that the isotropic R-Fe
exchange interaction also makes a contribution to the
anisotropic magnetostriction, proportional to the effec-
tive field acting on the RE ions. For this purpose, we
shall consider in greater detail the crystallographic
structure of REIG and the exchange interactions between
the magnetic ions that enter into their makeup.

3. CRYSTALLOGRAPHIC STRUCTURE AND
EXCHANGE INTERACTIONS

REIG have a cubic crystal structure and are de-
scribed by space group O}, In the crystal lattice of a
garnet (the unit cell contains eight formula units
R,Fe,0,,, where R is a rare-earth element or yttrium),
the Fe®* ions are located on sites with an octahedral
oxygen environment (a sites) and on sites with a tetra-
hedral oxygen environment (d sites). Between the a
and d sublattices of Fe®* ions there is a strong antifer-
romagnetic exchange interaction (the effective field of
this interaction is H,_,~2 -10° Oe), which leads to anti-
parallel orientation of them, so that in fields H< H__,
the iron sublattices may be regarded as a single re-
sultant magnetic sublattice, with a magnetic moment
M,. equal to the difference between the magnetic mo-
ments of the a and d sublattices (M, = 5u, per formula
unit at T=0 K).

The RE ions are located on sites with a dodecahedral
environment (¢ sites). The symmetry of the environ-
ment of the ¢ sites is determined by the point group
D, (222). The group D, has one-dimensional irredu-
cible representations A,B,,B,,B,. Products of any two
quantities transforming according to the same irredu-
cible representation transform according to the repre-
sentation A, i.e., are invariant in operations of the
symmetry group D,.

The basis functions of the irreducible representations

TABLE 1. Basis functions of irreducible representations of
the group D, [(E is the strain tensor; Y§ are the irreducible.
tensor operators (spherical harmonics with choice of phase
in accordance with Condon and Shortley?)].

Irreducible I tap ()2
representation
1
4 — | faa |[(KA7 == O+ Yy, m=0...n .
vz
By J, 2 ey (KBl)1’:‘=V_’§._ (Yir—Y;2™), m=0...n
B JV v Exz (KBx)”?='V‘§_ (Y;"m—l_y;:mﬂ)v m=1...n
By I,z e | (Kp)l= Vif (V1 yAmy mey . n
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TABLE 1. Orientation of crystal axes with respect to a
crystallographic system of coordinates.

Local Nonequivalent sites

axes 1 2 3 & 5 [}
e [110] [110] [o11] [011] [101] [101]
°; [110] [110] [011] [011] [101] [101]
e [001] [oo1] [100] [100] [010] [010]

of the quantities of interest to us are given in Table I.
In the structure of the iron garnets there are six such
nonequivalent ¢ sites, differing from one another in the
directions of the dodecahedral axes. Table II gives the
orientations of the local axes of symmetry for all six
nonequivalent sites. In general, therefore, it is neces-
sary to consider six different rare-earth sublattices.

Magnetic ordering of the RE ions is brought about by
negative exchange interaction with the iron sublattice,
which we shall for simplicity consider isotropic. The
effective field of the R-Fe exchange interaction has the
order of magnitude 10° Oe. We shall neglect exchange
interaction between Re ions, since its value is an order
of magnitude smaller than the value of the R-Fe ex-
change interaction. The RE ions in garnets are subject
to significant crystalline fields, whose energy of inter-
action with the Re ions in most cases exceeds the energy
of the R-Fe exchange interaction.*

Because of the large value of the spin-orbit interac-
tion in RE ions (the splitting of the multiplets ~10* cm~!)
we may restrict ourselves to consideration only
of the ground multiplet with a given value of J. This
multiplet is split under the influence of the crystalline
field and of the field of the exchange forces exerted on
the RE ions by the iron ions. This field of the exchange
forces is directed opposite to the orientation of the mag-
netization M . of the iron sublattice.

’

4. THE HAMILTONIAN

Since we have neglected exchange interaction between
RE ions, the contribution of the RE ions to the Hamil-
tonian of the system is an additive sum of Hamiltonians
of individual RE ions. We shall represent the Hamilton-
ian of an RE ion, located at the r-th nonequivalent site
(in the local axes of symmetry of the given site), in the
form

,~—pg.1HH0I My V., W

where B is the- Bohr magneton, g, is the Lande factor
of the multiplet under consideration, and J is the total
angular momentum operator. The first term on the
right side of the expression (1) is the Hamiltonian of
interaction of the RE ion with the external field; the
second term is the Hamiltonian of R—Fe exchange in-
teraction, in the molecular-field approximation with
molecular-field parameter \; and V, is the Hamilton-
ian of the crystalline field.

The occurrence of magnetoelastic interaction is due
first to the fact that in (1) the molecular-field parameter
depends on the strain (the exchange mechanism), and
second to interaction of the anisotropic cloud of 4f elec-
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‘1anV

trons with distortion of the crystalline field by the strain
(the single-ion mechanism). For each nonequivalent :
site » (r=1,2,...,6), we express the molecular-field
parameter as a series in the invariants of the group D,
(see Table I) formed by the elements of the strain ten-
sor?’ ¢ with respect to the local axes of symmetry of the
given site, '
A.=N=M+ 18+ |Bw'+ ]Bu'y
) q ) q q @)
er=Pre ().

" is the matrix of transformation of the crystallograph-
ic system of coordinates to the local for the r-th site,
which can be written in the form

a, B=2, ¥, z; (3)

e, =(100),¢,(010), e, = (001), g3 are defined in Table II;
41,492,493 are numerical coefficients.

Tu" =eqey",

We now write the complete Hamiltonian of a RE ion locat~
ed on the 7-th nonequivalent site, in the form (in local

axes)
%==”n+xme; (4)
o=V —pg,IHerr; (5)
Hct‘f=H—MMrn ) (6)

where V] is the Hamiltonian of the crystalline field act-
ing on the RE ion in the absence of strain; #;, is the
magnetoelastic Hamiltonian. The magnetoelastic Ham-
iltonian consists of two parts,

Hme=H s+ Vine.

The exchange magnetoelastic Hamiltonian ¥, which
originates because of the dependence of the molecular-
field parameter on the strain [see (2)], has the form

%:ec =(9:8="1¢:8,, 1q:80") pgrIMpe. (7)

We represent the single-ion magnetoelastic Hamilton-
me s for a RE ion located on the »-th nonequivalent
site, in the form

Vine = 2 22 (Ca) ™aa” (K0) ™

QX y S Nemi m

+ 2 2 (cn‘- )nmEB: (Ka,»)nmy (8)

ine=i m

where the operators [K 5, )]" are linear combinations
of the irreducible tensor operators (spherical harmon-
ics) that transform according to the irreducible repre-
sentations 4,B, (i=1,2,3) of group D, (see Table I),
€, are elements of the strain tensor that transform
according to the irreducible representation B, (see
Table I), and (C, s, ) are magnetoelastic constants

In the expansion (8) because of time-reversal sym-
metry, we have kept only terms of even order in J

up to the sixth power. The latter circumstance is due
to the fact that terms of higher degree make no contri-
bution to the matrix elements. *’

5. EXCHANGE MAGNETOSTRICTION

We shall investigate the exchange contribution of the
RE ions to the magnetostriction of REIG. On averaging
the Hamiltonian #°¢[see (7)] over the eigenfunctions of
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the Hamiltonian’, [see (5)] (with equilibrium density
matrix p,), we find, after summation over all the non-
equivalent sites, that the magnetoelastic addition to the
free energy, resulting from R-Fe exchange interaction,
takes the form (per R Y;_Fe,O,, molecule)

Ome Zsp(wmepo)— _—Z (q;aa +q.ey," + 582" )
= et
o E,.’ E.;
St ca(-E e /Lo(-5)
&
= ? Z (QAEa"*‘qu'“"q;Bu') Mg'Mh', (9)

re=i

where In,) and E! are the wave functions and energy lev-
els of a RE ion located on the r-th nonequivalent site,
determined by the Hamiltonian #;; My is the magnetic
moment of a RE ion located on the -th site. Thus in
order to calculate the exchange contribution of the RE
ions to the magnetostriction, it is necessary to know the
distribution of the magnetic moments of the RE ions
over the nonequivalent sites (this, in turn, requires
knowledge of the eigenfunctions and energy levels of the
RE ions in the crystalline and effective fields).

We note that if the magnetic moments of the RE ions
located on the various sites were oriented exactly paral-
lel to one another, then the expression (9) would make
no contribution to the anisotropic magnetostriction of
the crystal. In fact, in this case (9) reduces to an ex-
pression containing the sum of the diagonal elements
of the tensor ¢ (the dilatation),

0
one_l);c= - —61— MM, 2 (Q18xx,+qzevv'+q:3n') ~MPeMn(3=+ew+eu) )

romi

which leads only to volume striction. Such a situation
occurs in the model usually used, according to which the
potential V_ of the crystalline field is much smaller than
the interaction of the ion with the effective field. But in
REIG, the interaction of a RE ion with the crystalline
field is in most cases larger than the R-Fe exchange in-
teraction.® Therefore we shall consider a model ac-
cording to which the energy of interaction of the RE

ions with the effective field is assumed to be small in
comparison with the minimum distances between levels
of the multiplet of the RE ion split by the crystalline
field.

For RE ions with an even number of electrons in an
unfilled 4f shell, the energy levels in a crystalline field
of symmetry D, are singlets, whose eigenfunctions
transform under symmetry operations according to the
irreducible representations 4,B,,B,,B;. In order to
explain the distribution of the magnetic moments of the
RE ions, it is necessary to know the eigenfunctions and
energy levels of the ions in the crystalline and effective
fields. Within the framework of perturbation theory, it
is easy to show that the corrections to the eigenfunc-
tions and energy levels of a RE ion located on the r-th
site, because of the action of the effective field, are
(in local axes)
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< Ja
lnv>_’nn>—22 (He“)m mn; ﬁgEJ: ulnu TN

(mu”alko><k0” Ino>(ﬂgl)z
+ 2 Z Z (Heff) (Heff)u (E,,D—Ek") (ED,"—E,,.") |mo>

ad=xyz m

ID <D Ja l 2
D) )l (11a)
Eo-Ee=Y' Y (H,',,),z__““”";ﬁf;’fE':"”" (11b)

where E} and |k, are the energy levels and eigenfunc-
tions of the RE ion in the crystalline field and where
(H"ir), is a component of the effective field (@ =x,y, z).

Using the eigenfunctions and energy levels determined
by formulas (11a) and (11b), we find that in the linear
approximation in Hs , the magnetic moment of a RE ion
located on the »-th nonequivalent site can be represent-
ed in the form (in local axes of symmetry of the given
site)

(Mz")a=Yoa (T) (H;ﬂ)uv
[<kolpgstalmo> 1 exp (—E,"/T)
74;(])—2 Z .

ko Mok E.°) Z‘e,‘p(____.)

Thus the exchange contribution to the magnetoelastic
free energy takes the form

(12)
(13)

exc

LESS —~Z (gt aien+geenr) Y s (D) (Hltr)a(Mr)e
Py a=x,y,z

On carrying out the summation over nonequivalent sites

in (14) and omitting terms that lead only to volume magneto-

striction, we find that the magneto-elastic energy canbe

represented inthe form

(14)

exc

Orme” = (1) MrlHegg | Y e (1a 12— Ytee/3)

a

+ %Myelﬂeffl ; Eap(’Yna‘heB + ‘YRB‘YFeE) ) (15)
(P,_(ql_qi) (xs—Xw)I/61 1R=Heff/IHeffI, 'YPe=MPe/MFe,
_ T (gt X (T) 0y (T)
o= (252 -0 ) (3 %e(D).  (16)

Adding to (15) the elastic energy, written in the usual
form

E,="/:c,i (eltentten?) o (ent ey Tes’)
+ei(EntyTEuttenes),

am

where c,, are the elastic constants, and minimizing with
respect to the €45, we find that their equilibrium values
have the form

T)Mg, 1
exe 9D Me (th _?MR) ,

Cy2—Cyy

(18)

IHeﬂl (YPea1PB + ‘Yn"Yna) at G‘*ﬁ.

€ap =
“

Thus in contrast to the generally accepted assump-
tions (see, for example, Ref. 5), according to which
the strain dependence of the exchange integral leads,
in cubic crystals in the case of isotropic exchange,
only to dilatation, in our model the mechanism con-
sidered leads to anisotropic magnetostriction, which
in collinear phases varies linearly with the field. The
magnetic moment of the Ho®* ion in REIG is oriented
principally along the local z axis, i.e., IX,,X,,!
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< X, |; in this case the exchange mechanism makes
a contribution only to A,,.

6. SINGLE-ION MAGNETOSTRICTION

The single-ion contribution to the magnetoelastic free
energy of the system results from summation over non-
equivalent sites of the temperature-averaged Hamilton-
ians V. [see (8)]:

0':::_ :ZYZ" {n,| Ve ln.Yexp (—L;‘o-) /; exp (-ﬁT{-—) .
(19)

Analysis of the expression (19), with use of the wave
functions determined by formula (11a), shows that the
equilibrium values of the £,4 dependent on the single-
ion mechanism have the form

tan = 2 (1) Hetr[ (1) — /], o5 = 2 (T) Hogpya™ya (1—Bas),  (20)

where §,(7) and ,(T) are functions of temperature, de-
pendent on the magnetoelastic constants and the spec-
trum of the RE ion in the crystalline field; because of
their unwieldiness, we shall not write them out.

Thus in contrast to the exchange mechanism, the
single~ion mechanism of magnetostriction makes con-
tributions both to A4, and to 1,,,; they are quadratic
functions of H .

7. CONCLUSION

The treatment carried out above has shown that the
field (and temperature) dependences of the magneto-
striction constants i,,, and Ay, have different forms.
They can be put into the form

Mos=AQ(T) Hoge+Boi(T)H sgr,  Mn=C:(T) Higy, (21)

where the term linear in H¢y in (21) is dependent on the
exchange mechanism, while the terms quadratic in Heg
are the single-ion contributions. It follows from (21)
and (22) that at small value of Heyr , the constant A,

is determined primarily by the exchange mechanism

of magnetostriction and is larger in absolute value than
the constant a,,,.

Comparison of the calculated field dependences of the
magnetostriction constants with those observed experi-
mentally, as the analysis has shown, revealed good
agreement of them at small values of Hey (see Fig. 2).
At large values of Herr (for T<T,, when Her =Hesr
+ \M,. ), the experimentally observed increase of the
magnetostriction constants with field (Fig. 1) is con-
siderably smaller than follows from the theory. This
discrepancy is attributable to the fact that at large
values of Herr , the ratio of the magnitude of the energy
of interaction of a RE ion with the effective field to the
distance between levels of the multiplet of the RE ion,
split by the crystalline field, ceases to be a good small-
ness parameter of the theory, and this leads to en-
hancement of the role of terms of higher order in H
and to a slowing of the increase of the magnetostriction
constants with field.

On further increase of the field, when the energy of
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interaction of the RE ions with the effective field be-
comes comparable with or exceeds the distances be-
tween the levels of the RE ion in the crystalline field,
the RE subsystem becomes isotropic, and the magnetic
moments of the RE ions on different nonequivalent sites
are oriented parallel to one another; this, as was
shown above, leads to disappearance of the mechanism
under consideration for an exchange contribution to the
anisotropic magnetostriction. Thus one can explain
the experimentally observed (Fig. 1) tendency toward
identical field dependences of the constants A,y and
A, at large values of H .

Thus the measurements of the magnetostriction of
holmium-~yttrium iron garnets in strong magnetic fields
have revealed qualitatively different field dependences
of the constants of anisotropic magnetostrictiona,,,
and Ay, Ay, varies quadratically with the total effec-
tive field Hesr , acting on the RE ions, whereas the var-
iation of Ay, with Her is nearly linear.

A theoretical treatment has shown that the magneto-
striction quadratic in H¢r is dependent on the single-ion
mechanism, The contribution to the magnetostriction
that is linear in Herr has an exchange origin. It has
usually been supposed that in a cubic crystal the ex-
change magnetostriction is isotropic. In our case,
however, in consequence of the presence of nonequi-
valent low-symmetry sites and of a rather large cry-
stalline field, the strain dependence of the exchange
integral leads to anisotropic magnetostriction.

We note that this conclusion is general and can be
extended to other magnetic materials in which the con-
ditions enumerated above are satisfied, for example to
rare-earth intermetallic compounds.

1The nonzero magnetostriction at field H = Hy is explained by
the contribution to the measured magnetostriction of the sys-
tem Hoy, Yy, 95 Fe;0;, from the iron sublattices, as follows
from a comparison with the magnetostriction of yttrium iron
garnet.

?We neglect the antisymmetric components of the distortion
tensor. —

3The RE ions have an unfilled 4f shell (Z = 3), whose one-elec-
tron eigenfunctions transform according to the irreducible
representation Dy of the rotation group. But terms of de-
gree k in the operator J transform according to the repre-
sentation Dy, so that the direct product Dgx D, x Dg, which
represents the matrix elements of the operator J of degree
k, does not contain the unit representation when k > 6; there-
fore its matrix elements are zero.
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