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Quasiclassical representation for the cross sections for
vibrational excitation of molecules by slow electrons
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Approximate (quasiclassical) formulas are derived which allow the computation of the cross section for
vibrational excitation of a diatomic molecule in the ground vibrational state in a resonance collision with a
slow electron. A numerical comparison of these formulas with Herzenberg’s quantum-mechanical calculation
for the case of the scattering of an electron of energy ~2.3 eV by molecular nitrogen is carried out. A

comparison with experiment shows that the formulas of the present paper are almost as accurate as the results

of the exact calculation.

PACS numbers: 34.80.Gs

The vibrational excitation of diatomic molecules by
slow electrons has been the subject of many experi-
mental and theoretical investigations (see, for example,
Schulz’s! and Lane’s? review articles). It is well known
that the majority of the experimental data are well ac-
counted for (both qualitatively and quantitatively) within
the framework of the idea that the molecular-ion states,
which determine the resonance character of the inelas-
tic processes, are quasistable states. It is assumed
that there is formed as a result of the interaction of an
electron with a molecule in the ground vibrational state
ny an intermediate negative ion that decays into the final
reaction products?!’

(AB) o te~ (En) ~AB~— (AB) s +e™ (E,) 1)

(the electron energies are indicated in the brackets,
and the energy conservation law for “molecule + elec-
tron” system relates E,, and E,:

E=E,ten,=E.+"¢n,

where ¢, is the energy of the molecule in its nth vibra-
tional state).

If the lifetime of the group AB~ is short compared to
the vibration period of the molecule AB, then the ener-
gy dependence of all the processes exhibits normal
resonance. If, on the other hand, the lifetime of the
group is comparable to the period of the molecular vi-
brations, then the absorption and emission of the elec-
tron in the process (1) occur at different internuclear
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distances, and there appear in the resonance curve os-
cillations connected with interference phenomena in the
motion of the nuclei.

A method for the theoretical investigation of the pro-
cesses of inelastic resonance electron scattering by
diatomic molecules has been proposed by a number of
authors.3® The basic equation in this theory is a
Schrédinger-type inhomogeneous equation that, after
the separation of the angular dependences, assumes the
following form:

(_ 1 &

i T W (R)—E ) s (B =L () V (R). 2)

Here M is the reduced mass of the atoms constituting
the molecule; R is the internuclear distance; W(R) is
the molecular-ion term [it becomes quasistationary at
R less than some R,: W(R)=U;(R)+iI'(R)/2, where
[(R)>0 is the width of this term]; V(R) is the auto-
ionization amplitude of the molecular ion: V(R)
=[47*T(R)/mE(R)]*'?, where k(R)=[2m(U(R) -U(R)]'/?
is the momentum of the electron emitted by the mole-
cule at an internuclear distance of R; U denotes the
term of the neutral molecule and m is the electron
mass. The function £#(R), determined by Eq. (2) with
natural boundary conditions, is the wave function for
the nuclear motion in the molecular ion; £,(R) is the
wave function for the nuclear motion in the initial (i.e.,
ground) vibrational state of the molecule.

To determine the cross section for the process (1),
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we must compute the integral

Ua m*

——— | | §(R)E.(R) V(R)dRI?, (3)
v, 81

Gosn=
where ¢,(R) is the wave function of the vibrational mo-
tion of the nuclei in the final state of the molecule, v,
and v, are the initial and final electron velocities re-
spectively.

The main physical assumption used in the derivation
of Eq. (2) is the assumption that the relaxation of the
electron shell of the AB~ group is a fast one when all
the electrons of this group are considered on an equal
basis.® Another approach to the investigation of the
processes under discussion, which is based on a sys-
tem of tight-binding equations (formally equivalent to
the complete Schrdédinger equation for the “molecule
+ electron” system), requires the separation of the in-
coming electron from the shell of the group, with the
result that the re-establishment of its equality to the
other electrons requires the consideration of a large
number of states. The unnaturalness of such a separa-
tion is manifested in the slow convergence of the re-
sults as the number of equations of the system is in-
creased. '

The quantities U;(R) and I'(R), entering into Eq. (2),
can be computed only for the simplest systems, e.g.,
for the N, molecule“; therefore, in the majority of
cases these quantities are parametrized. The compu-
tational method based on Eq. (2) has been used to inves-
tigate the vibrational excitation of the molecules N,
(Refs. 4 and 10), CO (Ref. 11), and CO, (Refs. 12 and
13). In all the indicated papers this equation was nu-
merically integrated with a properly chosen W(R) func-
tion. Although we do not encounter any fundamental
difficulties in this approach, we nevertheless have to
deal with rapidly oscillating functions, and this compli-
cates the computations.

The problem is solved exactly in Ref. 14 for the par-
ticular case in which U(R) and U;(R) are parabolic func-
tions with the same frequency and the term is of con-
stant width. A similar exactly soluble model has also
been constructed by Domcke and Cederbaum.!® These
two models give only a qualitative agreement with ex-
periment, since the assumption that the term width is
independent of the internuclear distance does not, as
pointed out in Ref. 4, allow us to correctly reproduce
the experimental results.

In the present paper we offer an analytical, though
approximate (quasiclassical) representation for the
cross sections for inelastic excitation of a molecule
from the ground vibrational state. This representation
does not assume significant limitations on the term
W(R), does not contain integration operations involving
rapidly oscillating functions (the importance of the ex-
clusion of this operation is pointed out in Ref. 15), and
it is fairly graphic from the physical point of view.
Strictly speaking, the analytical expressions proposed
for the cross sections for the inelastic processes are
valid only in the asymptotic region V/ >1, where their
accuracy can be assessed only after the next term in
the asymptotic expansion has been analyzed. There-
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FIG. 1. Potential energy of the neutral molecule (1) and the
real part of the molecular ion’s energy (2) as functions of the
internuclear distance. The hatched area conditionally indicates
the width arising to the left of the point of intersection of the
potential curves.

fore, to verify the accuracy of the formulas proposed
below, we carried out a comparison of the results ob-
tained on their basis with the results of Ref. 14; the ac-
curacy of the quasiclassical formulas turned out to be
fairly good. '

It is well known that the quasiclassical approximation
leads to graphic—from the physical point of view—re-
sults. In the present case the inelastic electron scat-
tering process can be regarded as occurring in three
stages: the capture of the electron by the molecule with
the formation of a compound system, the motion of this
system (in the non-eigenstate), and its dissociation.
The capture of an electron by a molecule in its ground
state occurs in the vicinity of the equilibrium point R,
of the molecule, and its probability 1/, 1> is determined
by the overlap integral for the wave functions of the
ground state of the molecule and the state of the molec-
ular ion. This probability has a maximum at an elec-
tron energy close to E, (Fig. 1), and can, in the sim-
plest case, be represented by the square of the Airy
function [see (17)]. The decay of the compound system
into the channel connected with the n-th vibrational state
of the molecule occurs in the vicinity of the point of in-
tersection of the molecular ion’s term lowered by the
magnitude of the energy of the outgoing electron and the
neutral molecule’s term; the probability |I,|? for this
process is determined by the corresponding Franck-
Condon factor. The motion of the compound system
from the “point” of its formation to the “point” of its
dissociation occurs in a state corresponding to forced
oscillations. Therefore, the final formula (its deriva-
tion is given below)
onm FAR AN (4)
v, 8x° |0|2

Gosn™=

contains the denominator

1

2':
10(B) Ir=——

Isin(j- [2M(E—W)]"’dz——%—) | (5)

(@™ and b~ are the left and right turning points for a
compound system moving with energy E in the potential
well W(R), a” being a complex point).

Let us consider the effect of the above-indicated fac-
tors on the behavior of the vibrational-excitation cross
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section as a function of the energy E. The factors II; I2
and 1Q |72 are not related with the final-channel number,
and this dependence is entirely concentrated in the fac-
tor |I,1%. The dependence of |I; I* on the energy E de-
termines the behavior of the cross section averaged
over its oscillations. These oscillations are deter-
mined by the factors 1Q 12 and I, 12, If the width of the
term is small, then the equation @ =0 has roots located
near the real axis (these roots are evidently deter-
mined by the Bohr—Sommerfeld condition). Therefore,
the cross section for small I has the ordinary Breit—
Wigner anomalies in the neighborhood of the auto-ion-
ization levels of the molecular ion. For large I the
expression for Q™! can be expanded in a series in pow-
ers of the quantity

exp (-—Imj: [2M (E—W) |'hdz ) ,

the k-th term of this expansion representing the proba-
bility for decay of the system after completing k/2
complete vibrations. This representation corresponds
to the “boomerang” model.*!* For large I the denom-
inator in (4) does not have a significant influence on the
oscillations of the cross sections, and the structure of
the cross sections is determined by the Franck—Condon
factor II,1%. Physically, the oscillations of this factor
are due to the interference of the states corresponding
to the decay of the compound system as it moves in the
vicinity of the decay point in opposite directions. These
oscillations have been discussed both in connection with
the boomerang model** and in the adiabatic theory,17 as
well as in the particular problem of the escape of the
term across the tilted boundary of the continuous spec-
trum. !® The transition from the Breit-Wigner behavior
of the cross sections to the observed behavior is quali-
tatively discussed in Drukarev’s monograph. !

Let us now proceed to the derivation of the formula
(4), which is the main result of the present paper. Let
us consider the inhomogeneous equation (2), which de-
termines the radial wave function for the nuclear mo-
tion in the molecular ion, and construct the corre-
sponding Green function. To do this, we introduce the
functions x; and x, satisfying the equation

1 @ , _
[—Wd—erWm)--E]x.(R):o; i=1.2 ®)

and the boundary conditions: x; =0 for R=0 and x5 —~0
as R — =, The latter condition implies that the total
energy of the system is lower than the energy E, of dis-
sociation of the molecular ion (see Fig. 1), we do not
consider the process of dissociative attachment.

The Green function for Eq. (2) can be represented in
the form

G (R, Ry =y:(R<)%2(R>)/Q (%1, X2) s
where

1 .
Q(XA»'X:)=—21M—(X1’X2“X1X2 )

is the Wronskian of the functions x; and x,. The Green
function allows us to represent the solution (2) in the
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following form:

§R)=— [G@&RRL@®)VER)R
[the value of the lower integration limit is of little im-
portance because of the rapid decrease of the function
G(R, R’) to the left of the turning point of the compound
system]. For the 0 —# transition cross section we ob-
tain

v,

22 | farvenm [arerryvanm |

Oosn™=

Un m* 2z
= lriel )
Let us express the integral I in (7) in terms of the func-
tions x; and X,

I= [dRL(R)V@R) [-1(R) [ VR )LE)GR )R

% (R) [V(R)1:(R )6 (R) R’ ] (8)

The molecular ion’s auto-ionization amplitude V(R),
which is an adiabatic characteristic of the system, does
not depend on the large parameter M, and is a slowly
varying function of the internuclear distance. In view
of the localized character of £,(R), the integrals over
R’ give a steplike function. On the other hand, the in-
tegral over R will, because of the relatively rapid os-
cillation of the functions ¢, and x, be determined by the
saddle point—the Franck—Condon transition point zgc
(zpc is complex). We shall assume that this point lies
to the right of R, and is sufficiently far from it. (This
is an additional, though quite a natural, assumption;
we shall adhere to it in the present paper. )

Let us, on account of the foregoing, retain only the
first term in (8), extending the integration range to in-
finity?:

1=—11,; (9)
L= [dRTR)VER )R, (10)

-

L= [dRG.(R)V(R)x:(R). 11)
The integral I; is evidently connected with the com-
pound-state formation process; I, with the decay of the
state.

Let us construct the functions x; and x, introduced
above with the aid of the WKB method.?" To apply this
method, we must construct the asymptotic solution to
the equation in the vicinity of its turning points. Equa-
tion (6) has two (generally speaking, complex) turning
points. In the case depicted in Fig. 1, one of the turn-
ing points is located on the real axis, and corresponds
to the right stopping point of the molecular ion; the sec-
ond turning point turns out to be shifted into the lower
half-plane. If, on the other hand, the minimum of the
molecular ion’s term is shifted into the instability re-
gion, then, for a sufficiently low total energy, E, of the
system, the right turning point also leaves the real axis
and goes into the upper half-plane. Figure 2 shows the
disposition of the turning points for the case depicted in
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FIG. 2. Position of the turning points of Eq. (6) in the z plane
in the case corresponding to Fig. 1. The local behavior of the
Stokes lines (the dashed lines) and the conjugate Stokes lines
(the solid lines) is shown. The wavy lines indicate the branch
cuts in the complex plane.

Fig. 1, together with the various asymptotic region
separated by the Stokes lines.

The functions x; and x, that are of interest to us can
be obtained by continuing the solutions to (2) that de-
crease in the sectors I and IV, respectively. As a re-
sult, we obtain the following representation for these
functions:

(2M (W—E) )" exp ( fremow—s) I4ds), s=I,

% (z)=

[2M (E-W)]" cos ( | M E-w) ]""dz—n/é) zell,

a

(12)

[2M(E—W)]-% cos( | 2 E-w) 1’/«d;—u/4), 2111,
X:(z)= lb_
1/, [2M (W—E) ] exp (J‘[2M(W—E) 1 dz), =1V,

Here a” and b~ are the left and right stopping points
(see Fig. 2). The Wronskian for these functions can be
computed at the intersection of the regions II and III;
the calculation leads to the expression

Q (s x2) f— 5}{— sin (j-[ZM(E_W) 1% dz — _;‘_) .

As the wave function of the ground state, we can na-
turally choose the normalized wave function of the
ground state of an oscillator:

(42 o a g

(w is the vibration frequency of the molecule). We shall
assume the wave function of the final state to be quasi-
classical:

CoM/n)"

== TG0

4 . n
cos( | (2Me-0) ]z -5) . (14)
Here b is the right turning point in the molecule’s well
and ¢, is the final-state energy of the molecule.

Let us substitute the representations (13) and (14) in-
to (10) and (11). The integral I, is computed by the
method of steepest descent:

L (20M/x) "V (zFc) ( 2n

_ ' 7
= 22M(E—W (250)) 1" ‘{’"(zFC)) °°S(W(zm)_—4) ' (15)
¥ (z)= j (2M(E—W) ]’hdz—j [2M (e,—U) ]*dz,

z
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and the saddle point zyc is determined from the equation
€y = Ulzgc) =E = W(zgc), i.e., for a small W(R) term
width it is close to the point of intersection of this term
with the molecule’s potential curve raised by the mag-
nitude of the energy of the emitted electron.

The computation of the integral I; is a more complex
problem. We can, depending on the total energy E of
the system, distinguish three cases of electron capture
by the molecule.

1) E<Ey+¢, (see Fig. 1). In this case the molecular
ion is formed in the region that, classically, is forbid-
den to it. The probability for the process in this re-
gion is exponentially small because of the barrier fac-
tor.

2) E> Ey+¢, (see Fig. 1). After the capture, a com-
pound system is formed at a point far from a turning
point in the region of classically allowed motion. Nu-

merical computations show that the contribution of this
energy region to the total inelastic cross section is

fairly small.

3) The intermediate case E~ E;+ gy, in which the
electron energy is such that the molecular ion is formed
in the vicinity of a turning point. This case is the most
important. It is precisely this case that we shall dis-
cuss in detail; the remaining cases have already been
investigated. 16

To compute the integral I; in this case, we need a
sufficiently exact representation for the function x;. Its
expression in terms of the Airy function, which is con-
nected with the linear interpolation of the term W(R), is
the simplest of such representations. It is possible to
apply two such interpolations: one connected with the
expansion of W(R) around the point R,; the other, with
the expansion of W around the stopping point, a”, of the
compound system. Below we carry out the computa-
tions for the latter case; the formulas for the first case
are similar.

Let us limit ourselves to the first two terms in the
expansion of W(R) around the point a™:

W(R)=W (a~)—F(R—a"). (16)
(Here F==dW/dR | . ,-.)

By replacing x; by the appropriate Airy function, we
can compute the integral I; in the explicit form

I.=CV(R’)exp{:%+ "_;H“ p}m(m, (17

where &(n) is the Airy function of the shifted argument

F
— My, -
n=CMF} (2Mm,_ +a"—R,).
The coefficient C is determined by comparing the ex-
pression (17) with the result of the /; computation in the

subbarrier region.!® We obtain for it the expression
=32l p-*lisg="t p-e,

In deriving the formula (17), we assumed that V(R) is
a smoothly varying function of its argument [V(R) was
assumed to be a constant in the comparison of the cal-
culations carried out in Ref. 16 with the results of Ref.
14]; the value of R’ for small E lies between Ry and a".
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We shall return to this question in the discussion of
specific calculations; it will become clear then that the
problem of the ambiguity in the choice of R’ is less cru-
cial in the case of higher E.

The representation (4) was varified by using it to
compute the cross sections for vibrational excitation of
the N, molecule. These cross sections have been re-
peatedly computed before, and the results closest to
the experimental data were obtained by means of a nu-
merical integration of Eq. (2).!° The molecule’s
terms and the real part of the molecular ion’s term
were given as follows:

U(R)=U(R.)+D{1—exp [-B(R—R,) 1}*
U,(R)=U(R,)+D;{1—exp [—B:(R—R) 1}%

p=(M/2D)"w;
=(M/2D;)"w,.

In these formulas w and w, are the vibration frequen-
cies and D and D, are the dissociation energies of the
molecule and the ion respectively; D,=E, - AE (see Fig.
1).

The function I for the case under consideration of the
21‘!, resonance of N; can be represented in the form!°
k(R)u[k(R)p]
k(Ro)Ul[k(Ra)p] ’

where v, is the barrier factor; in the present case I =2
and

T'(R)=TI(R,)

4
X
O ek

p is the ion “radius” (the distance from the center of
mass starting from which the centrifugal potential pre-
dominates over the Coulomb and polarization interac-
tions between the electron and the molecule).

The parameters of the problem, which were taken
from Refé 11, have the following values: R ;- R,
=0.0825 A, AE=U/(R;)-U(R,)=1912 eV, Aw=Fw
- w;=0.049 eV, 7w,=0.244 eV, D,=11.961 eV,
I(R,)=0.54 eV, and p=1.41 A.

It was found in the course of the computations with
the formulas (4) and (18) that the position of the minima
and maxima in the cross sections, as determined by the
“free play” in the factors 17, 1% and 1Q |2, agrees well
with Ehrhardt and )Nillmann’s“ experimental data and
the results of Dube and Herzenberg’s!’ calculations.
On the other hand, the relative magnitude of the maxima
and minima turns out to be sensitive to the type of in-
terpolation chosen for the molecular ion’s term in the I
computation. For E=l:f0 + g, this integral is deter-
mined by a broader range of variation of the internu-
clear distance R than is the case for the integral I,
since the compound system formed upon the capture of
the electron moves more slowly at the initial moment
than at the moment of its decay.

In Fig. 3 we present the results of the calculations
for N, with V computed at the turning point a”, and com-
pare them with the exact quantum-mechanical calcula-
tion.!° The agreement between the results can be con-
sidered to be satisfactory. It is not difficult to esti-
mate the effect of the factor V(R’) as a function of R’.
For low E (within the limits of the first peak), |V(a’)!?
differs from |V(R,)|* by 20%. This is the maximum
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FIG. 3. Dependence of the vibrational-excitation cross sections,
0 ¢-»p» for the nitrogen molecule on the energy of the incoming
electron forn= 1-4; the dashed curves represent the results

of the calculations performed in Ref. 10 (the oy .,, curves are
normalized on the basis of the op.( values given in Ref. 10

with allowance for the principle of detailed balance); the solid
lines are the curves computed from the formula (4) of the
present paper (the curves have been drawn in those regions
where they deviate from the dashed curves); the dotted curves
are Ehrhardt and Willmann’ s*! experimental curves.

error (let us recall that the point R’ lies between R,
and a”), and can be reduced if we use the linear ap-
proximation for V(R).

In conclusion, let us point out that we can, within the
framework of the method, raise the accuracy of the
computation of the factor I; by using in the determina-
tion of x; a quadratic interpolation for W(R). Let us
also note that it is possible to compute with the aid of
the proposed method the cross sections for transitions
between the excited vibrational states.

The authors are grateful to G. F. Drukarev for con-
stant interest in the work.

D 1t is assumed that the electronic state of the molecule is the
ground state; in the course of the scattering this state re-
mains unchanged.

2 1t is not difficult to show that the error that this extension
gives rise to is small.
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Investigation of excitation transfer in the system He(23S,)
+Ne(2'S,) by the method of optical orientation of atoms
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The method of optical orientation of atoms has been used to investigate the process of excitation transfer from
helium atoms in the triplet metastable state to neon atoms. It turns out that this process has a cross section of
o =0.35A%at T =300 K and 0 =0.06 A? at T = 178 K. Analysis of the experimental data within the
framework of the Rosen-Zener-Demkov model allows the determination of the He-Ne system’s
exchange-interaction potential, which has the form 4 = 8000 exp ( — 1.38R).

PACS numbers: 34.20.Fi, 34.50.Ez

1. INTRODUCTION

Metastable triplet helium atoms with an excitation en-
ergy of 19.82 eV can ionize by collisions at thermal
relative-motion energies all atoms except neon, whose
ionization potential is 21.56 eV. But the metastable hel-
ium atoms lose their excitation in the neon case too.
This happens as a result of the transfer of the excitation
energy of the 2%, helium state to the nearby 2s, and 2s,
levels of neon (electronic configuration 2p°4s):

He (2°S,)+Ne (2!S,) ~Ne (2s., 2s,)+He (1'S,). (1)

This process is one of the principal processes that oc-
cur inthe course of pumping in aninfrared helium-neon
laser, and quite a large number of papers have been
devoted to the determination of its reaction rate.'™*°
The study of this reaction is also of interest from the
point of view of the fact that it is not a strictly reso-
nance process: the 2s, and 2s, neon levels respectively
lie 0.039 and 0.058 eV below the 23S, helium level.

Apropos of the data available in the literature on the
magnitude of the reaction rate of the excitation-transfer
process (1), we should note two facts:

1) The experiments were performed largely at room
temperature. A summary of the data obtained by the
various authors is given in Table I, where we give the
values of the reaction rate and cross section, given, as
usual, by the formulas

6=C/2", 5=(8kT[np)", (2)

where u is the reduced mass of the He—Ne system. It
can be seen from Table I that the data of the various
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authors differ considerably from each other.

Temperature investigations have been carried out by
Jones et al.’ in the 77-400-K temperature range, Lind-
inger ef al.” in the 300-800 K range, and Arathoon® in
the 140-340 K range. It turns out that the reaction rate
decreases sharply with decreasing temperature. At the
same time, these authors report significantly differing
values for both the reaction rate and its rate of change
with temperature.

2. In all the experiments, except Beterov and Chebot-
aev’s,? the afterglow of a decaying helium - neon plasma
was studied. The reaction rate of the process (1) was
found by comparing the decay constants of the 23S, heli-
um state (i.e., the rates of decrease of the metastable
triplet helium atom concentration in the afterglow) for
pure He and a He—~Ne mixture. The concentration of
the He*(23S,) atoms in the afterglow is determined by

TABLE 1. Results of experimental investiga-
tions of the process of excitation transfer He*
to Ne at T = 300 K.

C, 10-'*:cm®-sec-! o, A?

Phelps' 031 0.22
Javan et al.? 0.51+0.07 0.37+0,05
Bentonet al.® 0.39+0.08 0.28+0.06
Beterov and Chebotaev* 0.52 0.38
Jonesetal.® 0.43+20% 0.3120%
Schmeltekopf et al.® 0.385+30% 0.28+30%
Lindinger et al.” 0.36+30% 0.26x30%
Arathoon® <%7‘72 <(())?j
Lee and Colling® . y 9
Ernie and Oskam?® 0.43 0.31
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