ionization process upon excitation of the L electrons
is not taken into account.
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An exact analytic solution of the problem of hydrogenlike-ion line broadening by electrons is obtained within
the framework of the dipole approximation. The character of the solution is investigated at various values of
the Coulomb paramter Ze?/#w. The transition to solutions for a neutral atom is tracked, as well as that to

the impact theory of broadening, including its classical limit.

PACS numbers: 32.60. + i, 32.70.Jz

§1. INTRODUCTION

The recent development of the theory of the hydrogen-
atom (H) and of H-like-ion line broadening'~* was based on
the use of the specific properties of the Coulomb sym-
metry of H-like systems, wherein the line contour could
be described not only at high and low frequencies Aw,
but also in the intermediate aw region. For neutral hy-
drogen, the line contours were calculated both in the
classical' and in the quantum3'* cases. The situation
here is analogous in many respects to nonrelativistic
theory of bremsstrahlung in a Coulomb field, where
classical and quantum solutions and the relations be-
tween them are also known.5 Calculations of the line
contours of H-like ions are known in the impact limit,°
as well as in the intermediate frequency region,? but on-
ly in the classical-trajectory approximation.

We obtain in this paper general quantum solutions for
the line contours of H-like ions, and investigate their
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connection with the known limiting cases. A new para-
meter of the problem compared with the case of neutral
hydrogen is the parameter Ze?/fv, where Z is the ion
charge and v is the velocity of the particle that causes
the broadening. We note that allowance for the quantum
effects is more important for H-like ions than for neu-
tral hydrogen (see Ref. 7, Chap. 4). The reason is the
decrease of the effective collision radius (the so-called
Weisskopf radius®) with increasing Z. It is interesting
that the theory developed is similar in many respects to
the relativistic bremsstrahlung theory.®

§2. WAVE FUNCTION OF BROADENING
PARTICLE AND FORMAL EXPRESSION FOR
THE LINE CONTOUR

The line contour of a radiating atom or ion can be ex-
pressed in terms of the overlap integrals of the broad-
ening particles, assumed for the sake of argument to be
electrons.* Of interest for the broadening particles are
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small frequency shifts Aw << w,y (w,, is the frequency of
the optical transition) and it suffices therefore to re-
tain in the Hamiltonian of the interaction between the ion
and the broadening electron the dipole term (on top of
the Coulomb term):
~ s Zet K

o rar
+—_ =2 2 2.
e AT (2.1)

where £ o is the Hamiltonian of the unperturbed ion, the
operator A takes into account the sum of the centrifugal
and the dipole potentials (Z, M, and r, are respectively
the orbital momentum, the mass, and the coordinate of
the broadening electron, and r, is the coordinate of the
atomic electron).

It is seen from (2.1) that since the centrifugal and the
dipole potentials decrease in identical fashion with dis-
tance, it is possible to separate the radial and the angu-
lar motions. Indeed, using the wave functions corres-
ponding to definite values A of the operator A and of the
total angular momentum of the system L, we easily see
that the radial Schrodinger equation that follows from
(2.1) differs from the equation for the free motion in the
Coulomb field only in that the eigenvalues of the orbital
momentum [ are replaced by the eigenvalues A of the
operator A, As a result we can immediately write down
the expression for the radial function R () of the broad-
ening electron:

2
R,(r)= (-%-) qe”"/2|%(2qr)""”e‘“"F(a, b, 2igr),

(2.2)
v=(A+Y)", a=v+'/;tin, n=Ze*/hv, b=2v+1,

where F(a, b, x) is a confluent hypergeometric function
that is regular at zero; [(z) is the gamma function. The
radial function R,(») is normalized to 6(g —¢q’).

The angular part of the problem, which reduces to
finding the eigenvalues A and the eigenvectors a 2‘." of the
operator K, turns out to be the same for an ion as for a
neutral atom. In analogy with the known result for neu-
tral hydrogen® the contour of the Lyman series of the
ion lines I(w) is represented in the form

‘R AL AL AL
z(m)=3"E—q, 2 (et A ot A 1. (2.3)
The explicit forms of A and a}¥, for the =2 level (the
L, line) is given in Ref. 4.

The basic problem is to calculate the overlap integrals
of the radial wave functions A, expressed in the form

o

| PRu)Ru(r)dr=

)

v E—v,?
— VR, (r
o j u(r)

XBo(r) =" 4. (2.4)
q{'“‘qz

Using the explicit form (2.2) of the functions R {r) we
obtain the formal solution of the problem:

a
4 =Maﬂ(—y)ﬁexp[—tioc+,l (nitn) |
7 2 2
Ir(al)r(az)l a, a;
XTI (o) mm) 202 p (a Iz, )
@ ot T\ b, 5l 2.5)
a={(b,+b,—2)/2, ay,=vi,toeEine MNie2=Z/q1
z =..2q_1, y=_..__2_q_z_., q12—422\=2MﬁA0),
q:—q2 q:—q:
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where F, is a hypergeometric function of two variables,
the Appel function,!® defined by the series

ay a _ (a)m+n(ai)m(a2)ﬂ zmy" .
FZ(“ b, b, |""")'“2 (b n(bs)n  minl '
@ _I‘(a+m)
A T

which converges if |x+ 1} <1.

In our case x+ ¥y =2 in (2.5), so that the solution ob-
tained remains formal until we obtain its analytic con-
tinuation in the variable range of interest to us. The in-
dicated analytic continuation can be obtained in analogy
with the theory of relativistic bremsstrahlung.® The
analytic-continuation formulas are given in the Appendix,
where the method used to obtain them is briefly des-
cribed and some inaccuracies of Ref. 9 have been cor-
rected. The results are expressed in the form of rapid-
ly converging double hypergeometric series and can be
used for numerical calculations.

§3. TRANSITION TO THE LIMIT OF STRAIGHT
TRAJECTORIES (Ze? /tw > 0)

We now trace in general formula (2.5) the transition to
straight trajectories, Z/g— 0, including to the known
results® for neutral hydrogen {Z =0). The radial integral
(2.5) is expressed in terms of an analytic function and
can therefore be in principle investigated also without
an analytic continuation. Under the condition Z/¢— 0
we have in formula (2.5) a, ,= v, ,+ 3 and b, , = 2a, ,.
Using the quadratic transformations of the hypergeo-
metric function [Ref. 10, $2.11], we obtain

a, a T\ 1 [
l’z(a %, Z;II’y):(i_?) HA(“,“Z,“;"'—Z‘, Zazlz,y'),
1 L (3.1)
H&(a,az,al—’__z—v 2a,lx WY )
e a ati 1 1 ooy
()R e b ).

Here H, and F, are the standard symbols for double hy-
pergeometric series (see Ref. 10, $5.7);

, ¥ , 2z

AT ERE
e L 3.2)
ey Y T ey

If 2+ y- 2, then,

2=y (2mg—y) e, Y=t (2 a—y) e,

Using Ref. 10 (p. 225), we continue F,(x”, y”) analytical-
ly into the region of larger arguments. For the condi-
tion x + y— 2 of interest to us we can verify that in this
analytic continuation there remains one term that de-
generates into a hypergeometric function of a single
variable,! as a result of which we get

F, (a

a a, ,z )= (i = [(ay+Y/,) (V) e~inar
2a, 20, |17Y) T\ ) T(@ti—a) T (@/2+75)
X oF (/2 (at1—2a,)/2,a /s, (2/y)?). (3.3)
Substitution of (3.3) in (2.3) yields directly for the con-
tour the expression previously* obtained for the neutral

hydrogen atom.
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§4. IMPACT LIMIT. TRANSITION TO CLASSICAL
THEORY

In the impact limit, corresponding to small frequency
deviations (Aw-0), the line contour /(w) is known® to be
Lorentzian with a width v expressed in terms of the dif-
ference between the phase shifts for the scattering of the
broadening electron by the levels of the radiating atom.
In the considered case of ion lines, a peculiar relation
appears between the scattering phase shifts in the Coul-
omb and in the dipole potentials.

We obtain now the corresponding expressions, by
starting from the analytic-continuation formulas (A.2) of
the Appendix. Putting Aw— 0 we verify that the argu-
ments of the double series 1/x, 1/y-~ 0 and their ratio
y/x-~1. The third term of (A.2) has a singularity in the
T function, which is cancelled out by an analogous sin-
gularity in the second term. As a result, the first and
second terms of (A.2) yield single hypergeometric ser-
ies, ,F, and ,F, respectively, with unity argument. The
ratio of the indices in ,F,(1),is such that ,F,(1) can be
summed, just as ,F,(1), with the aid of I functions (see
Ref. 10, §4.4).

After straightforward but rather laborious transfor-
mations we obtain, taking (2.5) into account,

A=

- sin[%(v,—v,)%—A‘—Az],
1 V2 3

) (4.1)
Ay o=arg I'(vy, .+ 2+in).

In the limit as Z/v - 0 (the phase shifts A, ,—~ 0) we get
from (4.1) and (2.3) the known result for the impact width
of a neutral hydrogen atom (see. e.g., Ref. 4). At Z+0
the Coulomb scattering leads, as is seen from (4.1), to
the appearance of an additional phase difference A, = A,,
We note that the Coulomb phase shifts A, , depend also
onthe dipole-interaction constant that enters inv, , (this

is precisely why their difference in the upper and lower
states does not vanish).

It is convenient to continue the analysis within the
framework of the so-called adiabatic model, corres-
ponding to a spherically symmetrical potential U
=-Ze?/r +ar?, inasmuchas allowance for the complicat-
ing angular part (i.e. for the concrete form of the para-
meters A and a 2’;1) does not introduce any new parame-
ters into the problem and influences only the numerical
coefficients. The order of magnitude of the dipole-in-
teraction constant « for an ion level with a given » is
the following® a~n%i/Zm. The scattering phase shifts
5, ,, take in the adiabatic model the form

6= "7(1+*/,—[ (1+4/)+2Ma)”).

The line width ¥ determined from the general formu-
las (2.3) for the contour and (2.5) for the overlap-inte-
gral structure take in the adiabatic model the form

4n ) i1 .
7=N,v?2 (2L+1)sin® [T(v,—v,)+Al—A,] . (4.2)

We consider now different limiting cases of (4.2). We
go first to the classical limit. In this limit the effective
values of the angular momenta [ are large, so that the

following expansion is valid for the Coulomb phase dif-
ference
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d
A=A~ A (vi—v2) = (v,—v,) arctg =, (4.3)
dv v
Putting next v, = v, = Mvp, we obtain
iy na 2 Ze*
y=2N,v ! 2mp dp{i—cos[p—v(iiTarctg Mv’p)]} . (4.4)

The plus and minus signs correspond respectively to
attraction and repulsion. The parameter p, was intro-
duce to cut off the logarithmic divergence that charac-
terizes the broadening by charged particles, and is as-
sumed below to be equal to the Debye radius p, (for
more details see Refs. 7 and 8).

At Zé&? /v <1 we obtain from (4.4) the impact line
width of a neutral atom. At Ze?/fiv>>1 the answer de-
pends on the relation between pn.; and Ze?/Mv?, Under
ideal-plasma conditions the values of these parameters
are usually such that the line width changes insignifi-
cantly. It is nonetheless seen from (4) that line narrow-
ing (in the case of repulsion) and additional broadening
(in the case of attraction) are both possible.

The classical formula (4.4) contains automatically a
cutoff at small impact parameters ~ a/v as a result of
the rapid oscillations at values of p smaller than the
Weisskopf radius p,~ @/v. At large values of the ion
charges Z the value of p, may turn out to be smaller
than the de Broglie wavelength X of the electron. This
is important for levels » that are not too high, and par-
ticularly for the L, (# = 2) line. In this case the classi-
cal treatment becomes unsuitable.

To analyze the situation at p, <X we consider in the
general quantum formula the limiting case Z>1, which
ensures satisfaction of the condition p,/~n?/Z ~ a [at.
un.] < 1. It is easily seen that in this case it is also
possible to use the expansion (4.3), which is valid down
to 1= 0. At the same time, in view of the small phase
difference v, — v, we can replace the sine function in
(4.2) by its argument, and obtain

Imax
N.o? 1 2 Ze? 2
~8n° ——1 1+ —aret, —_.},
Lt gaw/,{ P DTN

Lmax=Mvpp.

(4.5)

We consider for the sake of argument the case of at-
traction [the plus sign in (4.5)]. Putting » =Ze?/fv>1
and /> 1, we obtain with logarithmic accuracy

< 1n 2x+1n (lae/%) , ,
) MBI bty (4.6)

= 41In 2lmuv lnnx<%.

l==0

It is seen that (4.5) and (4.6) do not contain the Weiss-
kopf radius at all, whereas the cutoff at the de Broglie
length plays an essential role. We note that in contrast
to the classical theory® the cutoff at the de Broglie
length appears automatically in the quantum approach.

In the case of the most practical interest l,,,> », the
bending of the Coulomb trajectories, as follows from
(4.6), affects noticeably the line width. The case lgax
<« is more of academic interest, since it canbe realized
only if the plasma is significantly nonideal. In the case
of repulsion the lower cutoff parameter is the Landau
radius py = Ze?/Mv?, We note that at »> Iy, there is no

F. F. Baryshenkov and V. S. Lisitsa 473



logarithmic dependence of the impact width at all.
The authors thank V. I. Kogan for helpful discussions.

APPENDIX

We represent the Appel function in the form of a ser-
ies of hypergeometric Gauss functions:
1ay a _ - (a)l(al)l y'
F: ((Z I y )

by by zy —‘ —F (ot a,,b,2).

— (b)) U (A.1)

We continue ,F, analytically to the outside of the unit
circle |x|>1.2° One of the obtained terms converges un-
der the condition |x + y|> 1, and the other turns into a
series of hypergeometric Gauss functions with argument
y. By analytic continuation beyond the unit circle |y[>1
we obtain the final expression

a; a, by, a—a
F( | ' )v= _p)= ( : )
A S P LD Ak ) VS
a, 1+a—b,, a; Yy 1
—— — — + — —ayf -ata,
XQ'( 1+a—a, b, l z ’x) =27 w
XT (bn by, a—ay, a1+llz—<z)
b—a,, a, bo—ata, a,
a,, a,+1-by, a,ta,—a Yy 1
L N (=) (—y)-a
xa (o, T L ) e
Xr(b,,bz, a—a‘—az) r, (a,, a;, a,t1-by, a,+1—b, I Lvi);
a, by—a,, b,—a, a,ta+Hl—a y z
(a, b) T'(a)I(d) arg(—z) (A.Z)
=, —z)=—x,
¢, d] T@r@ '
a, b, ¢ . (@) 142 (B) 14m (), x,ym
Q. ( ,I,y)= .
d, e (d) 14m(€): U'm!

, b, = (@):(8) () 1-m Y™
Q‘(ad, e°|z,y)=;=“ (:d),_,,.(ec),_.,. ;rz' ’

F,(a, b, ¢, dl I,y) =2 @) (B)m(c) i (d)m z'y™

e (€)i4m m!

1m0
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Equation (A.2) coincides with the analogous formula
of Ref. 9 if some of its inaccuracies are corrected.

DEquation (3.3) is, along with those given in Ref. 9, one more
particular case of an analytic continuation of the Appel func-
tion, which can be of interest also for relativistic brems-
strahlung theory.
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