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The characteristics, measured recently in a Soviet-American experiment, of the radiation emitted by 
channeled positrons are compared with the results of theoretical calculations. It is shown that the 
experimental data can be explained by the effect, theoretically predicted earlier by Kumakhov, of spontaneous 
emission by channeled particles. 

PACS numbers: 61.80.Mk 

The possibility of intense x- and y-ray emission by assumed that the particle is ultrarelativistic, and that 
channeling particles moving in the continuous potential the effective-emission polar angles a r e  small. These 
planes abd axes of a crystal  was f i r s t  predicted by conditions a r e  almost always fulfilled. 
Kumakhov. ' The theory of this phenomenon was subse- 

The presence of the 6 function i s  a consequence of the quently developed by us  and others in a number of 
laws of cculservation of the energy and of the longitudinal papers. In particular, the characteristics of the 
component of the momentum during the emission: radiation emitted by particles of relatively high ener-  

gies (2 1-10 GeV) a r e  considered in Refs. 4 and 6-8. e c ( ~ I ) + E / - e ,  (E, )  -E,"=o, pl"-ptN=k", (2 )  

In the present paper we carry  out a detailed analysis where E M = ( l  +p"2)112 is the energy of the longitudinal 
of the theoretical results, and compare them with the motion of the channeled particle, ci(Ei)  and E~(E,)  a r e  
avialable experimental datag on the spectra of the radia- the quantized energies of the transverse motion, which 
tion emitted by positrons with energies of several GeV parametrically depend on the particle's relativistic 
in the case of planar channeling. mass  E .  The dependence of the energy of the emitted 

photon on the direction of emission is thereby fixed. 
1. THEORY OF THE EMISSION IN  THE CASE OF Notice that the energy of a fairly hard photon (w -E)  
PLANAR CHANNELING depends on both the polar, 8,  and the azimuthal. cp, 

The spectral-angular distribution of the radiation in- angles of emission. " 

tensity in the case of planar channeling is derived in i t s  Fo r  transitions between transverse-energy levels 
most general form in Ref. 6. This distribution has the with fixed quantum numbers i and f ,  the photon has i ts  
form1) [see the formulas (10-(12) in Ref. 61 maximum energy w, when i t  is emitted a t  the angle -- ,,. - 

dZW eZo2  8=0 .  In this case i ts  energy is given by the equation 
d o d Q  2n 

o J 2 E  (E-a , )  = E . ( E )  - E ,  (E -a , ) .  
ua 

(3)  
-2 ~e I.:"I,?'~ cos 2E2 I I : ; )  1 ' )  6 [ L ( ( ~ ' + E - ~ ) E - ~ ~ ~  2  cOSz rp) -o,, . 1 The absolute upper limit, warn, of the spectrum corre-  

11 \ sponds to a transition to the bottom of the potential 
\ A  I 

well, when cf =O: 
Here E i s  the initial particle energy; wif=ci(E) - c f ( E  - w) 
is the difference between the transverse-motion ener- ~ . , / E = ~ S ~ E / ( ~ + ~ E ~ E ) .  

gies 1 : ' s ' )  a r e  the matrix elements of the current asso- From this relation it follows firstly, that relatively 
ciated with the transition between the transverse-en- hard photons with w - E  can be emitted only by particles 
ergy levels [see (7) in Ref. 61; w is the photon energy; with a fairly high energy E 2  (mc2)'/c, whichcorresponds 
u=  w/(E - w); 8 and cp a r e  the polar and azimuthal emis-  to several  GeV for planar channeling. Secondly, hard 
sion angles; dSZ= 8d8dq; and 6 is a generalized Dirac (w -E)  photons can be emitted only in transitions in- 
function. volving relatively large (i - f - i )  quantum-number 

In deriving the expression ( I ) ,  allowance i s  made fo r  changes, when the difference between the transverse 
1) the possibility that the radiative transitions have a energies is comparable to the energies themselves 
non-dipole character, 2) the parameteric coupling of the (wif -ci). 
transverse and longitudinal motions, a coupling which The matrix elements of the current  associated with a 
manifests itself in the dependence of the energy levels transition can be computed analytically for a number 
and the wave functions of the transverse motion on the of model planar potentials. For a parabolic potential, 
total energy E ,  3) the influence of the quantum efficiency U(x) = 4U,x '/d2, they have the formep7 
on the longitidinal and transverse motions, and 4) the 
interaction of the positron (electron) spin with the 

I!;)= ~ c , , , J : ; ) ,  I I y ) = z  (2 + 2) C,,,J;;! , radiation field. The expression (1) is derived under (5) 
I' 1. 

the condition that the channeled particle's transverse 
energy i s  small  compared to i ts  total energy. It is also where 
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l/f>!)"'x"'~{~~/,\ '  ,' ( x ) ,  f - f' - even 
f-?'-odd * 

i> = max (i, n. ?> = max { f .  r )  . 
i< =min(i ,  y), f., =min( f ,  f 1 O)it=ci(E)-et ( E ) ,  

L: i s  a Laguerre p ~ l y n o m i a l , ' ~  Pf(x) is a Legendre func- 
tion. lo Since r and t a r e  whole numbers, the lat ter  is 
also a polynomial of degree f, in x (see Ref. 10, Sec. 
3. 6. 1). 

The level energies of the transverse motion a r e  quan- 
tized according to the equations 

The solution to Eq. (3) in the case of a parabolic poten- 
tial has the form 

The matrix elements of the current  associated with a 
transition can be represented in an analytical form also 
for a model planar potential of the type of the Peschel- 
Teller potential U(x) = -Uo cosh-'(x/b) [see the formula 
(16) in Ref. 71. 

Since our main purpose in the present paper i s  to 
analyze the emission spectra of high-energy positrons, 
we shall throughly investigate the expressions (5) and 
(6), which pertain to a parabolic potential. The point 
i s  that, for positrons, such a model potential turns out 
in the majority of cases to be close in form to the more  
exact potential of the planar channel (see Sec. 4 below). 

The obtained expressions, (5) and (6) can be simpli- 
fied to various degrees in a number of limiting cases.  
In particular, the following representation of the Le- 
gendre functions with arguments close to unity. 

where J-,(i;c) is a Bessel function and P = (w/8E)(f + f' + 1) 
is  valid in the region of relatively soft (w << E )  photons 
[ see  the formulas (3), (5), and (10) in Ref. 101. If the 
parameter p < f ,  a condition which i s  fulfilled a t  ener-  
gies E < ( ~ C ' ) ~ / U ~ ,  then it can be assumed with suffi- 
cient accuracy that3) 

where b f f ,  i s  the Kronecker symbol. Then the general 
formula (1) reduces to the simpler form obtained in 
Refs. 4 and 5. In this limiting case the effect of the 
parametric coupling of the longitudinal and transverse 
motions on the interlevel transitions i s  neglected. Such 
an analysis can be carried out only for lower particle 
energies, when the stronger inequality E << ( ~ C ~ ) ~ / U ~  i s  
fulfilled. The effective values of the parameter 5 in (6) 
then turn out to be small, and, besides (9), the approxi- 
mate equality 

is valid. In this limit only the dipole transition to the 
transverse-energy level nearest  to the initial level turns 
out to  be important. It is precisely this case that was 
considered by Kumakhov in his  f i r s t  papers. Under 
conditions of the dipole approximation, i t  is relatively 
easy to allow for  the effect of anharmonic corrections to 
the potential on the spectral distribution of the radia- 
tion. 3.11 

The expressions (6) can be simplified without assum- 
ing the condition w <<E. This i s  due to the fact that, at 
sufficiently high energies. when the emission of photons 
with energy w -E  becomes possible [see (4)], the number 
of levels in the potential well for  the transverse motion 
attains values -100 for  positrons and several  scores  for  
electrons. Therefore, i f  we do not consider the transi- 
tions to the lowest levels, i. e . ,  to the levels with rela- 
tively small  quantum numbers f, then the wave func- 
tions of both the initial and final states have a quasi- 
classical character. Then we can use the asymptotic 
representations of the polynomials LVu and functions 
P,, for large values of the indices vand n [see the for- 
mulas ( lo) ,  (15), and (2) in Ref. 101. As a result, we 
obtain 

for even values of the difference f - f'; Cf,.=O i ff  - f' i s  
odd. Further: 

For  the factorials in (11) we can use  here Stirling's 
asymptotic representation [see the formulas ( I ) ,  (18), 
and (3) in Ref. lo]. 

If moreover the differences between the quantum 
numbers of the levels between which the transition oc- 
cu r s  a r e  significantly smaller  than the numbers them- 
selves, i. e. , if If - f' I << f and I i - f / << i ,  then further 
simplifications of the quantities (11) a r e  possible. As 
has already been noted above, in transitions to the 
neares t  (i - f << i )  levels channeled particles always 
emit  photons with relatively low energies w << E. 
Therefore, the limiting case under consideration cor-  
responds to  a transition to the classical description of 
both the particle motion and the emission process. Af- 
t e r  further simplifications of the quantities ( l l ) ,  we ob- 
ta in 

where a =  2a , (~/w,)~ '~ ,  (3 = wd4Ew,, n = i  - f ,  and 
m = (f - f ) / a .  At the same time, taking account of the 
condition w <<E, we can, in computing the argument 
of the 6 function in ( I ) ,  use the approximate equality 

el ( E - a )  =el  ( E )  -oas,/dB, (13) 

where adaE  = -c/2E for a parabolic potential. Further- 
more,  the dependence of the photon energy on the azi- 
muthal angle becomes unimportant for  relatively soft 
(w <<E) photons [see (I)]. These results  a r e  also ob- 
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tained i f  from the very beginning we replace in the ex- 
pression (1) the matrix elements of the current by the 
Fourier transforms of the corresponding classical 
quantities [see (19) in Ref. 71, and compute them for a 
parabolic potential. The computations a r e  similar  to 
those carried out in, for  example, investigations of the 
emission in undulators with a harmonic transverse 
field. 12.1s 

2. COMPARISON WITH THE RESULTS OF OTHER 
AUTHORS 

A paper14 devoted to the study of radiation emission 
by   channeled particles has recently been published by 
Baier et al. A formula, (5.3), is derived in this paper 
for the spectral-angular distribution of the intensity 
with allowance for the quantum effects involved in r a -  
diation emission. This formula essentially differs from 
the results, (1) and ( l l ) ,  used in the present paper. 
According to BGer  et a1.,14 the radiation frequency does 
not depend on the azimuthal angle even when the quan- 
tum efficiency i s  taken into account. This contradicts 
the conservation laws (2), which lead to  a dependence 
of the radiation frequency of a fairly hard photon on the 
azimuthal angle cp. 

The most important e r r o r  of Baier et a1. l4 i s  that 
they use in the radiation computationsfor channeledpar- 
ticles the results obtained for radiation emission in 
undulators with a transverse field. The vibration fre-  
quency of particles in a channel, unlike in undulators, 
depends essentially on the total particle energy. 
Therefore, in the case of channeling, the effect of the 
emission of a fairly hard (w -E) photon on the trans- 
verse  motion is quite substantial,' since the total par- 
ticle energy changes appreciably in the photon-emis- 
sion process. This effect was not taken into account 
by ~ a I e r  et a1. ,I4 and their results a r e  therefore in- 
correct ,  a t  least in the region w -E. It should also be 
noted that the general approach used by Barer et a1. l4 

to solve the problem of radiation emission by channeled 
particles takes account of only the quantum character 
of the radiation, neglecting the quantum character 
of the particle motion in the channel. This approach 
i s ,  generally speaking, inadequate for the computation 
of the radiation emitted by channeled particles, since 
the emission of a fairly hard (w -E) photon i s ,  a s  
shown above [see (4) and the corresponding text], pos- 
sible only in transitions involving a relatively large 
(i - f -i) change in the quantum numbers of the trans- 
verse  motion. As a consequence, the matrix elements 
of the current associated with a transition cannot, when 
the quantum efficiency is taken into consideration, be 
expressed in terms of the corresponding classical quan- 
tities [see ( l l ) ] .  

On the other hand, the cri t icisms leveled by ~ a i e r  
et a1.14 a t  the results  of the existing theory of emission 
by channeled particles do not in the majority of cases 
seem to us to be justified. Thus, the principal formula 
of Zhevago's paper6 [see (111 is valid for any form of 
the potential, and not only when Cff' - bf,,, a s  e r ro-  
neously asserted in Ref. 14. The maximum radiation 
frequency for a given transition i - f in the case ciE >> 1 

is ,  according to (7), proportional to E'/'. The estimate 
w,  -E2, given by ~ a i e r  et a1. l4 does not, unlike the re-  
lation w, -E'/', conform with the conservation laws (2), 
nor with the experimental data (see below). 

The emission of hard photons with energy Piw -E in the 
case of planar channeling has a lso  been recently con- 
sidered by ~ a r ~ s h e v s k i i  et  a1.,15 whose earl ier  pa- 
pers1"17 a r e  based on a wrong approach, involving the 
use of an incorrect asymptotic form of the wave func- 
tions of the channeled particles. A detailed review of 
these papers is contained in Refs. 7, 8 and 18. In 
spite of this Baryshevski; et al. a s s e r t  in Ref. 15 (see 
the beginning of Sec. 3) that the procedure employed 
and their ear l ie r  results  remain valid without any 
changes. This assertion i s  contradictory, since, in the 
f i r s t  place, the results  of a l l  the three papers15-l7 do not 
agree among themselves. For  example, the general 
expressions (3) and (6) obtained in Ref. 15 for the par- 
ticle current W ,, contain, in contrast to the analogous 
expressions (15) of Ref. 16 also the longitudinal compo- 
nent of the current  j,,, and, in contrast to (3)  in Ref. 
17 and (15) in Ref. 16, the integrands for  the current 
components [see (3) in Ref. 151 contain the photon wave 
function e'ikxx. Such discrepancies significantly affect 
the spectral ,  angular, and polarization properties of the 
radiation, but they a r e  ignored without justification by 
~ a r ~ s h e v s k i i  and his  co-workers. ''-I7 Secondly, such 
important characteristics a s  the emission-angle and 
particle-energy dependences of the emitted-photon en- 
ergy a r e  incorrectly determined in Ref, 15  on the basis  
of this approach. In the limit of sufficiently thick crystals  
these dependences a r e  determined by setting the right- 
hand side of the exptession (7) in Ref. 15 to zero: 

w 
( I - n ( o ) c o s  0 ) 2 ( E - o )  + - 1 + o0' sin cp-oif+ 28, = oil. 

E 1 
(14) 

For  small 9 and a refractive index n(w) = 1 our calcula- 
tions yield another result: 

Thus, in comparison with (15), the square brackets in 
(14) contain two additional te rms (the last  two terms),  
which can play quite an important role. l5 Let us know 
that their presence in (14) contradicts the Doppler re-  
lation. Indeed, let u s  consider the classical limit of the 
relations (14) and (15). In this limit w << E,  i >> 1, and 
i - f << i .  Therefore, the approximate equality 

is valid, firstly, for  wif =ci(E) - cf(E - a). Secondly, 
the quantum quantities can be replaced by the corre-  
sponding classical quantities. The quantity Gif(E) goes 
over into nwo(E), where n = i - f is the number of the 
harmonic, while wo(E) i s  the frequency of the classical 
vibrations of a particle in the channel. 

Let us now find the classical analog of the derivative 
ac/aE for channeled particles. According to the Bohr- 
Sornmerfeld rule 

308 Sov. Phys. JETP 53(2), Feb. 1981 Bazylev et a/. 308 



Let us differentiate this equality with respect  to the 
parameter E. Since the integrand vanishes a t  the 
turning points x, and x,, the result will have the fol- 
lowing form: 

The integral on the right-hand side of (16) i s  proportional 
to the transverse kinetic energy, E,,, =Fv12/2, averaged 
over the period of the classical motion, while the inte- 
gral on the left-hand side i s  proportional to the period 
of the motion. Therefore, in the classical limit 

and the relation (15) assumes the form [see also (22) 
in Ref. 171: 

On the other hand, from the requirement that the lon- 
gitudinal momentum of the particle, 

be conserved in classical motion in the potential of the 
planes, we obtain for the longitudinal velocity in the 
ultrarelativistic limit (E,, >> 1, v12 - & / E  << 1) the expres- 
sion 

Thus, the denominator in (17) can be represented in the 
form 

where C,, i s  the particle's longitudinal velocity, (181, 
averaged over the period of the transverse vibrations. 
Therefore, the expression (15) correctly takes the Dop- 
pler effect into account in the classical limit, while the 
expression ( l 4 ) ,  obtained by Baryshevskii et a1.15 is 
a t  variance with this relation because of the presence 
of the above-indicated additional, generally speaking 
fairly large te rms in (14). It should also be noted that 
the experimental data (see Table I and Sec. 5 below) 
a r e  in good agreement with the theoretical computa- 
tion based on the relation (17). 

3. ESTIMATE OF THE EFFECT OF THE VARIOUS 
FACTORS ON THE RADIATION SPECTRUM 

The actual values (5) and (6) of the transition-cur- 
rent matrix elements in the general expression (1) for 
the spectral-angular distribution were obtained without 
allowance for  the periodicity of the potential of the planes 
a s  a function of x. This corresponds to the fact that the 
quantum tunneling of the particles through the potential 
bar r ier  between neighboring channels was neglected. In 
the case of high particle energies (> 10-100 MeV), which 

TABLE I. 

G v 1 nw% 1 - I *. cev I I n-%. 
MeV I? MeV (ill MeV I171 

6 137 

is primarily of interest to us in the present paper, and 
in which the transverse motion i s  quasiclassical, this 
neglect is entirely justified. Since the tunneling proba- 
bility turns out in this case  to be exponentially small, 
i t s  consideration does not lead to any appreciable effect.' 
It is possible, however, that the transverse-energy 
level broadening connected with the leakage through the 
ba r r i e r  plays a role a t  particle energies of the order of 
severa l  MeV. In this case, however, i t  i s  also neces- 
s a ry  to take into account the effect of the broackning 
due to the inelastic collisions of the channeled particles 
with the electrons and with the vibrating crystal  atoms. 
It is significant that allowance for the tunneling in no 
way affects the general expression (1). It is only nec- 
cessary  that, in computing the basis wave functions, 
the boundary conditions requiring the vanishing of these 
functions and their derivatives, which enter  in the tran- 
sition current 's  matrix elements I : f l  and I:;', be re-  
placed by the more general conditions 

which a r e  a consequence of the Floquet-Bloch theorem 
(see, for example, Ref. 19). In the relations (19). d is 
the period of the planar potential and H. is a quantum 
number (quasimomentum) characterizing the state of 
the transverse motion: the eigenstate of the Hamiltonian 
fo r  the transverse motion is now characterized by this 
number a s  well a s  by level (band) number. 

The initial and final states in the expressions for the 
current 's  matrix elements in (1) do not necessarily be- 
long to the discrete energy spectrum. In i t s  general 
form, the expression (1) also describes the emission 
in the case of quasichanneling, when the initial and f i -  
nal s tates of the transverse motion belong to the con- 
tinuous spectrum, a s  well a s  the emission occurring 
in transitions from the continuous into the discrete 
spectrum, i. e. , from the state of quasichanneling into 
that of channeling. 

Let us estimate the intensity and frequency distribu- 
tion of these types of radiation for the case of high 
particle energies. The transverse motion is quasi- 
classical, starting roughly from energies -lo7 eV for 
positrons and 10' eV for electrons. As a result, we 
obtain for  the transition current's matrix elements, 
computed by the stationary-phase method with the aid 
of the quasiclassical wave functions, the following 
estimate [see, for  example, (51.6) in Ref. 201: 

where 
0 

( D ( e , E ) = ~ m j  [ 2 E ( e - U ( x ) ) ] ' " d z ,  
a 

and the integration is performed from the point, a, in 
the upper half-plane of the variable x where U(a) = & to 
the singular point of the potential nearest  to the real  
axis. Choosing the potential on the form U(x) = -U, 
X cosh-'(x/b), we easily find that 
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From this it follows that the matrix elements for tran- 
sitions between states whose energy difference, c, -&,, 

is comparable to the depth, U,, of the potential contain 
the exponentially small factor4) e-*, where p - b / h ,  -the 
quasiclassicality parameter-is the ratio of the width 
of the well to the de-Broglie wavelength, h, - (~Eu,)" '~,  
for  the transverse motion (the number of discrete levels 
in the well). Therefore, the maximum spectral den- 
sity of the intensity of the radiation emitted in transitions 
from the continuous transverse-energy spectrum into 
the discrete spectrum turns out on the average (with re- 
spect to c within the limits from zero to U,) to be negli- 
gibly small in comparison with the analogous quantity for 
the radiation in the cases of channeling and quasichan- 
neling. For the last two types of radiation there al- 
ways exists a transverse-energy region, c, =ci - W, 

(where w, is the frequency of the classical motion), 
in which the phase difference @ (E~ ,  E l )  - @ (5, Ef)  is 
small and the transition matrix elements reduce to the 
Fourier transforms of the corresponding classical 
quantities [see (9) in Ref. 71. At the same time, the 
probability for radiative transitions from the con- 
tinuous into the discrete spectrum, when on the average 
ci - pf -ci, vanishes in the classical limit. With trans- 
verse energies E - U,, the characteristic radiation fre- 
quencies for the cases of channeling and quasichannel- 
ing coincide in order of magnitude, while the charac- 
teristic radiation frequencies for the transition from the 
state of quasichanneling into that of channeling turn out 
on the average to be higher by roughly a factor of p >> 1. 

Results of actual radiation-spectrum computations, 
carried out in the classical limit, for the case of quasi- 
channeling of positrons in a parabolic potential between 
the planes a r e  presented in Ref. 7. This type of emis- 
sion plays, together with the emission in the case of 
channeling, a definite role (see below) in the cases in 
which a fairly large fraction of the particles is not 
trapped in the channel, o r  is ejected from i t  a s  a r e -  
sult of the inelastic scattering processes. 

In contrast, the emission occurring in the transition 
from the state of quasichanneling into the state of 
channeling a t  fairly high particle energies is unimpor- 
tant. Therefore, the conclusions drawn by Kalashnikov 
et a1.2123 that, for electrons of high energies (of the 
order of several GeV) entering, moreover, the crystal 
in a direction parallel to a crystallographic plane, the 
dominant role is played by the emission occurring in 
transitions from the continuous into the discrete spec- 
trum when the population of the continuous-spectrum 
states is negligibly small a r e  totally untenable (for 
more details see Sec. 5 below). 

Let us now estimate the effect of the finiteness of the 
mean free path of the particles in the channeling regime 
on the radiation spectrum. For this purpose, let us 
introduce the radiation coherence length, which i s  de- 
fined in the same way a s  in the case o f b r e m ~ s t r a h l u n g ~ ~ * ~ ~ :  

I,,h=hl(l-ull cos 0) .  

Taking into account the relations, (15) and (17), be- 
tween the radiation frequency and the angle of emission 
by channeled particles, we findthat the coherence length 
for the emission at the fundamental frequency coin- 

cides with the wavelength of the particle oscillations in 
the channel for any frequency (and emission angle), 
i. e.  , I,,, = l,, = 2n/w0. If, on the other hand, the max- 
imum angle of deflection of the particles by the field 
becomes greater than the effective emission angle and 
the requirement that the radiation be of a dipole nature 
is not met, then the maximum of the spectral distribu- 
tion of the radiation shifts toward the region of higher 
harmonics (n > 1), for which l,, = l,,/n. 

A finite mean free path of a particle in the channeling 
regime can significantly affect the spectral distribution 
of the radiation only in the case in which the coherence 
length exceeds the mean f ree  path. This case is ,  how- 
ever, not realized in the channeling regime. In fact, 
there exists a region of longitudinal distances of the 
order of 1,,/4 near the crystal boundary where the 
free transverse particle motion changes into finite 
m o t i ~ n . ~ " ~ ~  In this region the particle states a r e  
described by a superposition of the stationary wave 
functions, I),,, of the transverse motion. The phase 
relations between the different +,, become unimportant 
and the channeling process can be considered to have 
attained the steady state only a t  distances significantly 
greater than lo,,. Therefore, the description of the 
channeling and the emission process in terms of dis- 
crete states (periodic trajectories) presupposes that 
the mean free paths a re  significantly greater than lo,,. 

Another aspect of the boundary effect consists in the 
appearance of fairly hard transition radiation. 27 It i s ,  
however, significant that this radiation does not inter- 
fere with the radiation emitted in the channeling regime 
and can be considered independently. This can be seen 
from the following estimates. The transition radiation 
is substantial right up to frequencies w,, - w,y, where 
w, is the plasma frequency of the electrons of the me- 

while the characteristic radiation frequencies 
for the case of channeling, which correspond to 
0 - 1/E, a r e  w, - wJZ2. A concrete calculation shows 
that w, significantly exceeds w,,, starting from parti- 
cle energies of the order of several MeV, and there - 
fore their interference can be neglected. True, a 
channeled particle can emit frequencies significantly 
lower than w,. But such frequencies a r e  emitted 
a t  angles 0 >> 1/E [see (17)], and therefore the inter- 
ference with the transition radiation, which is directed 
a t  angles 0 5 1/E, also turns out to be significant (Y is 
the Lorentz factor). 

4. COMPUTATION OF THE AVERAGED POTENTIAL 
OF THE PLANES 

To determine the averaged potential of the planes and 
of the axes, i t  is necessary to know the potential, 
q ( r )  of the individual atoms. Appleton et a1. 28 have 
used the Moliere approximation5) for the potential of 
the atom, and have obtained, with allowance for the iso- 
tropic thermal vibrations of the atoms, an analytic 
representation for the averaged potential of the plane. 

It is well known29 that under the condition6' when q ( r )  
> l o  the Thomas-Fermi model describes the atomic 
potential sufficiently well. But for sufficiently small 
nuclear charges 2, or  a t  sufficiently large distances 
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from the nucleus, the potential can deviate significantly 
from the Thomas-Fermi model. 

The following equation was derived by FirsovZ9 for the 
potential of an atom with nuclear charge Z >3 on the 
basis of the statistical theory of the atom: 

The first  term on the right-hand side of Eq. (20) is the 
Thomas-Fermi term; the second (of the order  of 2-'13) 
takes the quantum exchange effects into account. As 
has been shown by Kompaneets and ~ a v l o v s k G , ~ ~  al- 
lowance for the derivative c ~ r r e c t i o n , ~ '  which is also 
proportional to Z1I3, has virtually no effect on the 
potential because of the small  proportionality factor. 

An approximate solution to Eq. (20) has been ob- 
tained by Firsov, and has the form 

The screening function for the Firsov potential [see 
(21)] for 2 = 18 agrees within 3% with the screening 
function computed by the Hartree-Fock method, and with 
the Thomas-Fermi-Dirac screening function, which 
have been tabulated for different Z values (see, for ex- 
ample, Ref. 32). At the same time, the Firsov po- 
tential (27) for carbon differs markedly from the Tho- 
mas-Fermi and ~ o l i b r e  potentials. 

The averaged potential of a plane, computed with the 
aid of (21) without allowance for the thermal vibrations, 
has the form (in ordinary units) 

4.nZe'a~~ s h v a  up* ( x ' )  = - 
Asp e sp [2p (a+x ' /aTf )  1-1 ' 

where x' is the distance from the plane, a,, = 0.885 
(tiz/me2)Z-1'3, d, is  the interplanar spacing, and A, is  
the area per atom of the plane. 

The dashed curve in Fig. 1 shows the potential of the 
(110)-plane channel of diamond a s  computed with the aid 
of the formula (22). The dot dash curve in the same 
figure represents the potential based on the calculations 
of Appleton et ~ 1 . ~ ~  The continuous curve is a plot of 

FIG. 1. Various approximations for the potential of the ( 110) 
planar channel in diamond. The dot-dash curve' corresponds 
to the MoliSre model for the atom and takes the thermal vi- 
brations into account, the dashed curve corresponds to the 
Firsov model for the atom, and the continuous curve i s  *plot 
of the parabola U o ( x ) =  4udCZ/d2 with the parameters Uo= 2 3  eV. 
d = 1 . 2 6  A. 

the parabola U(x) = 4Uop/d2 with Uo = 23 eV and d = 1.26 
A .  It can be seen that the three curves do not differ 
greatly in the channel region. This indicates first and 
foremost that the averaged potential turns out in the 
present case to be less sensitive than the atomic po- 
tential to the various types of effects discussed above. 
Secondly, the parabola is a sufficiently good approxi- 
mation to the potential everywhere except in the region 
of distances from the planes of the order of the ampli- 
tude u, of the thermal vibratuons of the atoms. This 
region i s  comparatively narrow because of the high 
Debye temperature for diamond. 

5. COMPUTATION OF THE SPECTRAL DISTRIBUTION 
OF THE RADIATION 

In computing the radiation spectra in the w <<E region 
for positrons with energies 4-14 GeV in the case of chan- 
neling in diamond by the (110) planes, we proceeded from 
the formulas (I) ,  (12), and (13). This corresponds to a 
transition to the classical description of both the emis- 
sion process and the positron motion itself. The possi- 
bility of the latter is connected with the fairly large 
number of levels (-100 for 4 GeV) in the potential well 
of the transverse positron motion. Moreover, the 
transverse-energy levels turn out to be almost equi- 
distant. Therefore, the transverse energy's dis- 
creteness, which could, in the case when the levels 
a r e  highly nonequidistant and the resolving power of 
the photon spectrometer is fairly high, appear in the 
radiation spectrum even when there a re  a large num- 
ber of levels, turns out from this point of view to be 
also insignificant. 

After the integration with respect to the polar angle 
which is elementary because of the presence in (1) of 
the 6 function, the spectral energy density of the radia- 
tion emitted by channeled positrons along a unit path 
assumes the form 

where 

J,  is a Bessel function, q is the Heaviside unit func- 
tion, and x= coscp. The parameters U, and d of the 
potential have been computed in Sec. (4) (see also Fig. 
1). 

We integrate over the azimuthal angle by the following 
method. We represent the Bessel-function product in 
the form of a ser ies  in powers of x (see, for example, 
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Sec. 7.2.7 in Ref. 10)andthenintegrate each t e rm of 
the ser ies .  As  a result, we can represent the functions 
F:; (y) and G$$(y) in the form of fairly rapidly con- 
verging ser ies  in the parameter y: 

1=i/2(ln-2ml+]n-2m'l)+l. 

The spectral distribution (23), of the radiation inten- 
sity was then averaged over the positron transverse 
energy&. The transverse-energy distribution function 
f(&, t )  depends, generally speaking, on the depth of pen- 
tration, t, of the particles into the crystal. I ts  initial 
value, f(&, 0), a t  the entrance crystal  surface i s  deter- 
mined in the general case by the conditionSS 

where x, is the transverse coordinate of the point where 
the particle enters the crystal  and 8, is the angle of 
incidence with respect to the planes. Assuming that x, 
is a random quantity uniformly distributed within the 
limits of the channel, we easily find in the case of a 
parabolic potential that 

f ( e ,  0) - 1 / 2 ( e -  ( B ~ B , ) ' u ~ ) ' ~ u ~ ~  (25) 

in the range Uo(e0/eL )' < E c uO[l + (eo/eL )'I, where 
0, =(~uJE)"' is the critical angle, and f(&, 0 ) = 0  out- 
side this interval. 

The evolution of the particle transverse-energy distri- 
bution f(c, t) with increasing penetration depth is deter- 
mined by the Fokker-Planck type of equation obtained 
ear l ie r  for the case of planar channeling of nonrelativis- 
t ic  protons. 34 This equation describes the multiple 
scattering of the channeled particles by the individual 
electrons of the crystal and the individual nuclei of the 
crystal  lattice, which undergo random displacements 
from the equilibrium positrons a s  a result of thermal 
vibrations. Since only the assumption that the multi- 
ple-scattering angles a r e  small  is made in the deriva- 
tion of this equation, it has the s a m e  general form in 
the cases of relativistic and heavy nonrelativistic par- 
ticles: 

where T = T(c)  is the vibration period of the particles in 
the channel, (AZ/At) is the mean square transverse- 
energy change averaged over the particle-vibration 
period. This change can be expressed in te rms of the 
mean squared multiple-scattering angle, Ae2/At, by 
the relations 

t A s 2 / A t > = 4 ( ( A e / A t )  ( e - U ( z ) )  ), 

( A e / A t ) = [ ( i + E ) / 2 ]  ( A V l A t ) .  
(27) 

Here, in contrast to the nonrelativistic case,34 the re-  

lativistic increase of the particle mass  i s  taken into ac- 
count in the last  relation. The angle brackets in (26) 
and (27) indicate averaging over the period of the particle 
motion: 

where x,(E) is the maximum deviation of a particle from 
the center of the channel. F o r  channeled positrons, 
x,(&) is determined by the turning point in the transverse 
motion, while for above-the-barrier positrons x, does 
not depend on the transverse energy &, and is equal to 
half the distance between the central planes. 

I t  should be borne in mind that i t  becomes clearly 
necessary to use in place of (26) the quantum kinetic 
equations for the level populations in the light-rela- 
tivistic-particle case,  in which the number of trans- 
verse-energy levels is not large. Such equations hsve 
been obtained for nonrelativistic protons. 35 But the 
quantum effects in the lat ter  case a r e  not s o  important. 
They also turn out to be insignificant in the case of 
positrons with energies of several  GeV, since the num- 
ber of transverse-energy levels for positrons with 
such energies i s ,  a s  a result of the relativistic increase 
of the mass ,  of the same order  of magnitude a s  the 
number of levels for the nonrelativistic proton. For  
electrons the quantum effects in the case of planar 
channeling may turn out to be important even a t  en- 
ergies of about 1 GeV, since for them the potential 
well is narrower and the number of levels i s  smal ler  
than the number for positrons by a considerable factor 
(see Fig. 1 in Ref. 7). 

As has already been noted above, in a perfect crystal  
the mean change, A&,/At, in the transverse particle en- 
ergy i s  largely due to scattering by the electrons of the 
crystal  and the vibrating nuclei: 

In computing the contribution from the scattering by 
the nuclei, we used the following form of (A02/At),, 
(Ref. 36): 

where (A02/At), is the mean square angled of multiple 
scattering by atoms in an amorphous material, while 

d xZ 
Pn (x) = - 

u , ( 2 x ) a , 3 e ~ p ( - 3 F )  

is the probability distribution for the displacements of 
the nuclei of the crystal  lattice from the atomic plane, 
u, being the amplitude of the thermal vibrations of the 
nuclei. The mean squared multiple-scattering angle is 
an amorphous target i s ,  a s  is well known, equal to 

where E,=  21 MeV and L is the radiation length. 

The contribution from the scattering by the electrons 
was computed in the following manner. The transverse 
energy change occurring in the scattering by the elec- 
trons was expressed in t e rms  of the total positron-en- 
ergy losses due to the near collisions by the relation33137 
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FIG. 2. The transverse-energy distribution function for the 
particles in the channel. The continuous curve depicts the 
initial distribution; the dashed curve, the distribution as av- 
eraged over a thickness of 80 pm. The area under the curve 
is proportional to the number of particles in the channel. 

With allowance for the Fermi-density effect and the 
equipartition rule for  energy losses due to near and 
distant collisions, the positron-energy losses by near 
collisions have the form (see,  for  example, Ref. 38) 

($1 .,= 2nr4n lo- ( rn, 24 

where w, i s  the plasma frequency of the medium and 
n = n ( x )  i s  the electron density, which depends on the 
distance to the atomic plane. According to the Pois- 
son equation, the form of this dependence i s  given by 
the relation 

where U(x) i s  the potential depicted in Fig. 1 by the 
dot-dash curve. 

The period T(E) of the channeled-positron motion does 
not, in the parabolic-potential approximation, depend 
on the transverse energy T,(E) = n d ( ~ / 2 ~ , ) " ~ .  The 
period of the motion of the above-the-barrier (&>Uo) 
positrons i s  given in this model by the relation 

Figure 2 shows the initial transverse-energy distr i-  
bution function, a s  well a s  the depth-averaged distr i-  
bution function obtained a s  the result of the numerical 
solution of Eq. (26) for the case of entry of 6-GeV 
positrons parallel to the (110) planes of a diamond sin- 
gle crystal of thickness 80 pm. A comparison of these 
curves shows that the transverse-energy distribution 
function varies fairly slowly, except in the region of 
transverse energies higher than the value 0. 7U0, which 
roughly corresponds to the cri t ical  Lindhard angle. 
Although the total number of channeled particles de- 
creases insignificantly in the process (by roughly 20'&), 
a s  a detailed calculation shows, the dechanneling af- 
fects the radiation intensity, since the particles with 
high transverse energies (and, consequently, large 
vibration amplitudes) make a significant contribution 
to the radiation. 

The results of the computation of the radiation spectra 

in a diamond crystal of thickness 80 pm a r e  illustrated 
by Table I and the se r i e s  of graphs. The averaging 
over & was carried out with the initial distribution func- 
tion, which takes account of only the angular spread 
of the incident beam, and the depth-averaged function. 

Table I shows the dependence of the maximum photon 
energy, FiwgA, of the f i r s t  harmonic [see (24)] on the 
positron energy E in the case of channeling by the (110) 
planes of diamond (U,= 22 eV, d = 1.26 x lo-' cm). In 
constructing Table I we s e t  the transverse energy equal 
to the barr ier  height (i. e . ,  we set  t= Uo) in the formu- 
la (17). This choice i s  justified by the fact  that the pos- 
itrons with this transverse energy make the greatest  
contributon to the intensity in the region of the peak of 
the distribution. This i s  also corroborated by further 
numerical emission-spectrum calculations. Table I 
also shows the experimental data. Thus, the theoreti- 
cal and measured values of h-w2:x a r e  in fairly good 
agreement, but only when allowance i s  made for the 
parametric coupling of the longitudinal and transverse 
motions [i.e., for  the te rm EE in the denominator of 
(24)]. Therefore, it may be concluded that this effectgs8 
has been experimentally observed. 

The continuous curves in Fig. 3 show the results of a 
detailed computation, for  4-, 6-, lo-, and 14-GeV 
positrons, of the spectral  distribution of the radiation 
energy per unit path length in an 80- pm -thick diamond 
crystal  in the case in which the (110) planes a r e  orient- 
ed parallel to the incident beam having an angular 
spread of A 0  = loq5. The dashed curves indicate the 
contribution of the individual harmonics to the total 
intensity, and the dot-dash curves show the results of 
the computation of the same spectrum with the parti- 
cles'  depth-averaged E distribution, which takes ac- 
count of the dechanneling. Notice that the lat ter  
curves a r e  plotted in absolute values, while the con- 
tinuous and dashed curves a r e  multiplied, for con- 
venience of comparison, by the factor K indicated in 
the figure. The points on the graphs represent the 
experimental values obtained by Miros hnichenko 
et U Z . ~  in the case of an 80-pm-thick target. It 
should be noted that in the indicated experiments the 
photons were registered by a Cerenkov total-absorp- 
tion shower spectrometer. Such a spectrometer regis- 
t e r s  only the total electromagnetic-radiation energy 
produced during the passage of a positron through the 
crystal. Therefore, the spectra presented in Ref. 9 
a r e  in fact the photon-emission spectra only if the pro- 
bability for the emission of two o r  more photons with 
a given (withinthe l imits  of the resolution of the spectro- 
meter )  total energy i s  significantly lower than the pro- 
bability for the emission of a single photon with the 
same energy. As estimates based on the theoretical 
spectra presented in Fig. 3 show, this condition was 
satisfied for the target of thickness 80 pm, and clearly 
violated for the 600-pm target, used in the experi- 
ments described in Ref. 9. Therefore, i t  i s  possible to 
compare directly the computed radiation spectra only 
with the results obtained for the 80-pm thick target. 
As  to the results  obtained for the 600-pm-thick target, 
further calculations taking the multiplicity of the photon 
emission in the target into account a r e  required here. 
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FIG. 3. Spectral distribution of the energy of the radiation emitted by positrons along a unit path in the case of channeling in an 
80-pm-thick diamond crystal along the (110) planes. The dot-dash curve represents the case of averaging over E with the depth- 
averaged distribution function, which takes account of the dechanneling, while the solid curve is for the case averaging over E with 
the distribution function that takes only the initial 10-~-rad angular spread of the beam into account. The theoretical values shown 
by the solid curve have been decreased by a factor of K  in the graphs: a) the positron energy E =  4 GeV, K= 2 . 5 ;  b) E =  6 GeV, 
K= 2; c) E= 10 GeV, K= 1.5;  d) E =  14 GeV, K = 2 . 5 ;  the dashed curves show the contributions of the individual harmonics. 

According to the theoretical calculations, the contri- 
bution of the higher harmonics increases with increas- 
ing positron energy (see also Sec. 4 of Ref. 6). Also 
taken into consideration i s  the variation of tiw2& [see 
(24)] when the transverse energy is varied from zero to 
U,, which leads to effective broadening of the spectrum 
in the region of the peak. These characteristics of the 
spectra have been experimentally observed. The small  
shift in position of the peaks is apparently due to an e r -  
r o r  in the theoretical value of the planar potential U(x), 
o r  to an e r ro r  in the calibration of the spectrometer. 

The discrepancy between the absolute theoretical and 
experimental intensity values (see Fig. 3) has a double 
character: in the region of the principal peak (of the 
f i rs t  harmonic) the theoretical values exceed (except 
in the 10-GeV case) the experimental values, while the 
opposite i s  the case in the region of the higher harmonic 
The decrease of the intensity in the region of the prin- 
cipal peak is apparently explained by additional dechan- 
neling of the particles a s  a result of the imperfection of 
the crystal (the presence of a mosaic structure, dislo- 
cations). The dechanneling leads to a general decrease 
in the radiation intensity a s  a result of the ejection of 
particles from the channel. and i t  can be effectively 
taken into account, a s  can be seen from Fig. 3, by 
dividing the theoretical results by some coefficients. 
On the other hand, the dechanneled particles should, 
a s  shown below, make a contribution to the emission 
a t  the frequencies of the second and higher harmonics; 
this contribution was not taken into consideration in 
the computation of the curves shown in Fig. 3. 

As a calculation for the parabolic potential shows, 
in the course of the periodic collisions with the crystal 
planes, the particles with energy E >U, radiate at  the 
characteristic frequencies 

These frequencies a r e  determined by the time of flight 
of the positrons between neighboring planes and by the 
Doppler effect, and depend on the transverse energy E 
even at  low energies (EE << I), in contrast to the case of 
channeled particles (24). 

It i s  significant that the characteristic frequencies 
of the radiation emitted by above-the-barrier particles 
(i. e . ,  those with E >Uo) a r e  a t  least double the corre- 
sponding frequencies for channeled particles [cf. (24) 
and (30)]. Therefore, in the case under consideration 
the above-the-barrier particles should make the domi- 
nant contribution to the frequency region roughly equal to 
the region of the second harmonic of the channeled 
frequencies. It is therefore clear that the remaining 
(after the normalization of the theoretical curves) 
deviation from the experimental values of the spectral 
density can be compensated for if the contribution of 
the above-the-barrier particles i s  taken into considera- 
tion. From this i t  also follows that the principal peak 
in the measured spectra i s  definitely due to the emission 
from the channeled positrons. Let us note, for com- 
parison that in the case of electrons the channeled par- 
ticles and the above-the-barrier particles with trans- 
verse energies close to the barr ier  height radiate at  
roughly the equal characteristic frequencies (see Fig. 
4). Therefore, without an additional analysis of the 
electrons with respect to their angles of emergence 
from the crystal, it i s  difficult to say with certainty 
that the observed peak in the is due to the 
emission of only the channeled electrons. 

The necessary formulas for the computation of the 
contribution made by the above-the-barrier particles 
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FIG. 4. Dependence of the frequencies oos of the  t r a n s v e r s e  
motion of the e lec t rons  and posi trons on the i r  t r a n s v e r s e  en- 
e rgy  for  the  model potential having the shape of a parabola 
between neighboring planes. The quantity ( €/.TO) i s  the ab- 
s c i s s a ,  and the ordinates a r e  the  frequencies of the  motion 
in units of the vibrat ion frequency of the channeled posi trons,  
(L.?'= ( 1 / d )  ( 8uO/E )'I2. The solid curve  pertains to positrons; 
the dashed curve ,  to electrons.  At high t r a n s v e r s e  energies 
al l  the curves  approach the  dependence d-'(  ~ E / E ) ' / ~ ,  which 
corresponds to almost  s traight- l ine t ra jec tor ies .  

to the radiation intensity a r e  derived in Ref. 7. Un- 
fortunately, the distribution of the positrons over the 
angles of emergence from the crystal  has not been ex- 
perimentally analyzed. The lack of this information 
makes it impossible for  u s  to car ry  out an exact spec- 
trum calculation for the radiation from the above-the- 
barr ier  particles, since the form of the spectrum sig- 
nificantly depends on their  transverse-energy distribu- 
tion function. 

On the whole, the foregoing comparison of the theoret- 
ical  predictions with the experimental data obtained by 
Miroshnichenko et al. shows that the effect of intense 
radiation from high-energy channeled positrons in the 
continuous potential of planes has been experimentally 
observed. The experimental results  confirm not only 
the relatively high radiation intensity predicted by 

but also many fine details of the radiation 
spectrum. 
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' 'we u s e  the sys tem of units in  which E=m=c= 1. 
 his resu l t  pertains only to the  c a s e  of planar channeling. 

F o r  axial channeling t h e r e  i s  no dependence on Q,  and the 
relat ion between the  frequency and the polar  angle of emis-  
s ion has the form w/2 [e2+ 1 / E  ( E - w ) ] =  Wif.  

3 ' ~ h e  accuracy of such an approximation c a n  b e  est imated with 
the aid of the equalities Jo ( ) " 0. 98 and J1( $ )  a0 .12 .  

 his resu l t  remains  valid for  any other rea l i s t i c  choice of a 
model potential. 

5 ' ~ h i s  potential i s  c lose  to the Thomas-Fermi potential. 
6 ' ~ n  this sect ion we u s e  the atomic units. 
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Interaction between electron-hole drops and dislocations 
in semiconductors 
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Elastic interaction between an electron-hole drop and a dislocation in a semiconductor is considered. It is 
shown within the framework of the isotropic model that the EHD interacts with an edge dislocation but not 
with a screw dislocation. The binding energy of the EHD with an edge dislocation is calculated and found to 
be three orders larger than the EHD-impurity binding energy. The trajectories of EHD in the elastic field of 
zero-initial velocity dislocation are calculated. Allowance for the EHD energy loss to emission of elastic 
waves and for friction against the lattice can cause the EHD to "fall" on the dislocation. It is shown that near 
the dislocation axis the EHD finds it more convenient to assume a cylindrical shape (to flow along the 
dislocation axis). If the semiconductor contains a network of dislocations, this flow of the electron-hole liquid 
(EHL) can lead to formation of a conducting cluster made up of EHL filaments. 

PACS numbers: 61.70.Yq, 62.30. + d, 71.35. + z 

1. It was shown by a number of experiments1-3 that 
electron-hole drops (EHD) a re  localized in semiconduc- 
tors on donor and acceptor impurities. For Ge samples 
with impurity density n, = 3 x 1013 cm-3 the force needed 
to detach the EHD from the impurity per electron-hole 
pair i s  approximately f N (for a drop radius of 
the order of cm). This value agrees with a theo- 
retical calculation of the EHD-donor binding energy. '~~ 
At lower densities, n, = 3 x 10'' cm", however, the 
dependence of the EHD detachment force on the drop 
radius turns out to be different than in the case of pin- 
ning of an EHD on an impurity: thus pointing to the 
existence of other trapping centers. This is also at- 
tested to by the experimental data of Westervelt? who 
notes that the coefficient of diffusion of an EHD in a Ge 
crystal with dislocations in an order of magnitude 
lower than in a crystal without dislocations. This i s  an 
indirect indication that dislocations can also serve a s  
EHD trapping centers. 

In the present study we have investigated the elastic 
interaction of an EHD with a disloaation, and deter- 
mined the influence of this interaction on the pinning 
of the EHD. We show that the force needed to detach 
an EHD from an edge dislocation, per electron-hole 
pair, is inversely proportional to the square of the drop 
radius and, for example for a spherical drop of radius 
a = 2 X cm, amounts to 4.8 x lo-'* N. This exceeds 
by more than two orders the force needed to detach an 

EHD from an impurity. The results i s  attributed to 
the fact that the radius of the electrostatic interaction 
of the EHD with the impurity is small and equals ap- 
proximately the Debye screening radius t-,, whereas 
the elastic interaction of an EHD with a dislocation i s  
not screened and the entire EHD volume interacts with 
the dislocation. 

2. Consider a crystal with an isolated dislocation 
and containing an EHD. It is known that the EHD has 
elastic-stress fields6 and that the density of the crystal 
elastic energy, with allowance for the interaction of the 
EHD with the strain field, can be represented in the 
form718 

where u,,(r) is the strain tensor, DIj is the combined 
strain potential of the electrons and hole, n(r)  is the 
coordinate-dependent density of the electrons and holes 
in the EHD, and c,,,, are  the elastic constants. Since 
the crystal contains two sources of elastic stresses,  
the strain tensor can be represented by the sum u,,(r) 
= u t ( r )  + u$(r), where d;(r) is the strain tensor pro- 
duced in the crystal by the EHD and u$(r) is the strain 
tensor produced by the dislocation. The total elastic 
energy of the crystal U =  Jdrw(r )  consists of the 
drop's elastic energy U,,, of the dislocation elastic en- 
ergy U,,, and of the energy U,,, of the EHD interaction 
with the dislocation, for which the following expression 
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