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We use the quantum-mechanical inverse scattering method to diagonalize the Hamiltonian of a many-
component quantum system on a one-dimensional lattice. We construct the generating functional of the
commuting integrals of motion and the corresponding eigenfunctions and eigenvalues. As an application of
the formalism developed here we evaluate the spectrum in the Gross-Neveu model. We enumerate a number
of quantum-mechanical systems for which one can obtain an exact solution by this method.
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The development of a quantum-mechanical inverse
scattering method enables one to combine in a single
scheme the known exact solutions of many different
quantum-mechanical systems and to indicate new ex-
actly soluble models (see the review article by
Faddeev' and Refs. 2-10). Yang’s generalization®* of
the Bethe Ansatz to the case of the many-component
non-linear Schriddinger equation which describes the
interaction of a Bose-field multiplet has been analyzed
from the point of view of the quantum-mechanical in-
verse scattering method (QISM).® One of the central
objects of the QISM is the R-matrix which determines
the commutation relations between the generating func-
tional of the quantum-mechanical integrals of motion
and the creation and annihilation operators. The R-
matrix satisfies the Yang-Baxter relation (equation
for S-matrix factorization) and, in turn, can be con-
sidered to be the operator of the auxiliary linear prob-
lem connected with the exactly soluble quantum-mech-
anical system on a lattice. For example, the 4x 4 R-
matrix of the single-component non-linear Schrodinger
equation®? is the operator of the linear problem con-
nected with an isotropic ferromagnetic spin-3 chain.*
For the (M +1)®x (M +1)* R-matrix used earlier,” such
a system is the generalized Heisenberg ferromagnet—
a quantal system on a one-dimensional chain with short-
range action and the space of states on a site is equal
to C¥. The present paper is basically devoted to this
system.

The complete space of states of the quantal system ¥
will be equal to the product of the spaces of the states
in all the sites of the chain:

N
H=® ., H.=C¥, dimC*=M. (1)

The Hamiltonian has the form (assuming the periodicity
condition #4,, = J4)

N
H=:2P

e=x1, (2)

where P, ., is the permutation operater in the
® ¥,,, space. If we choose in C¥ a base {e,}, then the

action of P, _,, on the base in # will be as follows:

nyne

p,, ,+,e,,® - ®ei,.®e(,m® e ®ein=ei,® o ®e«n..®e¢,.® . 881,. (3)

Sutherland*? has studied the generalized Heisenberg
ferromagnet in the framework of Bethe’s coordinate
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Ansatz. We apply the quantal inverse scattering meth-
od to construct a generating functional for the integrals
of motion £(A), we get the commutation relations be-
tween the ¢(\) and the creation and annihilation opera-
tors of the eigenstates of the Hamiltonian (2), and we
recover the transcendental equation for (M —1)-st set
of quasi-momenta that determine the eigenstates for
finite N. In the limit as N— « the system will be a
ferromagnet (€ = ~1) or an antiferromagnet (e =1).
For those cases we evaluate the spectrum of the ele-
mentary excitations and their S-matrix.

The revival of interest in the use of the Bethe Ansatz
for solving relativistically invariant sine-Gordon mod-
els® and the massive Thirring model® ! led to interest-
ing results for asymptotically free models with an
isotropic fermion multiplet (number of colors N,=2)
and with a four-fermion interaction (modification of the
Gross-Neveu and Vaks-Larkin models).*'® We show
that the equations for the quasi-momenta, which deter-
mine the eigenfunctions of the Hamiltonians of these
models, are the same, apart from the inhomogeneous
term, as the corresponding equations of the generalized
Heisenberg ferromagnet. This enables us to evaluate
the spectrum of the asymptotic states of the model,
which is the same as the quasi-classical answer in
Ref. 16,

The plan of the paper is as follows. In section 1 we
construct the monodromy matrix of the auxiliary linear
problem, we evaluate the commutation relations be-
tween its elements, and we find the generating function-
al for the integrals of motion #(A). In section 2 we
diagonalize the trace of the transition matrix, and give
the transcendental equations for the quasi~-momenta
which parametrize the eigenstates £(A) for a finite num-
ber of sites N on the lattice. We go to the limit as
N —  in the ferromagnetic case &€ = -1 and calculate
the S-matrix of the excitations, and realize the Zamol-
odchikov algebra in section 3. In section 4 we consider
the more complicated case of the antiferromagnetic
state £€=1, when the eigenstates of the Hamiltonian (2)
are described by integral equations as N— «. In the
last section the formalism developed here is applied to
the Gross-Neveu model and we list a number of quantum
models the exact solution of which can be obtained by
this method.
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1. As in the classical variant of the inverse scat-
tering method, the basic object of study for the QISM*"
is the auxiliary linear problem connected with the non-
linear equation (in the present case —the Heisenberg
equations for quantum operators). We shall give later
the Heisenberg equations generated by the Hamiltonian
(2),. but we start with considering the linear problem on
a chain of N sites:

@iy (A)=La (M) Da(n). (4)

The operator L,() acts in the space C¥® %, [see (1)]
and we can represent it as an M X M matrix in C¥ (the
auxiliary space) with matrix elements-operators in 7,
(in the space of the quantum states). The operator
L,(\) which interests us can be written as follows:

L.(A\)=a(M)I+b(A) P,, (5)

where P, is the permutation operator in C¥ ®,, \is
the spectral parameter, a(\)+b(\)=1, al\)=x/(A +i¢g),
and e =4%1.

The analog in the QISM of the transition from the po-
tential of the linear problem to the scattering data is the
transition from the local operators that act non-trivial -
ly only in &, to the elements of the transition matrix
T\ (\)—to operators in #. For Eq. (4) Ty(A) is given
as a product:

Tn(A) =Lx(A)Ly-s(A) ... Li(A). (6)

The central role in the exact solution of the quantal
equations is played by the commutation relations be -
tween the matrix elements of T,,(x\). These relations
can be found because of the special form of the opera-
tor L,(A). Indeed, L,(r) satisfies the Yang-Baxter re-
lations, which we write down as follows. We consider
the product of three spaces Cj ® C¥ ® C¥ (the lower in-
dices are used to distinguish operators which act non-
trivially in the corresponding spaces). We introduce
three operators:

Lar(A) =a (M) +b(A) Pa, (7)

and similarly L,,(\) and L,,(\). In that case the follow-
ing relation holds:

Las(A—1) Lan () Lon (1) =Lpn (1) Lan (M) Las (A—p) . (8)

We now consider two transition' matrices Ty, (r) and
T,»(\) in the space C¥ ® C¥ ® #, which act trivially in
C¥ and C¥, respectively. Using the fact that L,,(A) and
L,,(A\) commute when n#m, we get

Lax(A) Lyn(p) ... L, (A) Lu(l‘v) =Tn(AM) Tws (1),
and the following equation holds:
Lay(A—1) Ta(A) Tws (1) =Tws (1) Te (M) Las (A— ). ©)

It is this equation which determines the required com-
mutation relations between the elements of TNQ).

To write Eq. (9) more compactly it is convenient to
rewrite it, using the tensor product

R(A—p) T (M) ®Tx (1) =T (1) ®Tx (M) R(A—p), (10)

where R(\)=b(\)+a()P, while P is the permutation
operator in CY® C¥. An obvious consequence of Eq.
(10) is that the trace of T, (\) as matrix in C commutes
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for different A with itself:
[t(A),t(n)1=0, t(A)=Sp Tx(A). (11)

This enables us to consider ¢(\) as a generating func-
tional of the higher integrals of motion. Indeed, the
operators ) :

H“’=i(£——) ' Int(A)¢(0) ~*lamo (12)

are local for I <N and by virtue of (11) commute with
one another. The first two of them have the form

N.
HW=¢ (ZP"'"+‘_N ),
N

LY

H®=i [Pn+|,n+2vpﬂ,n+I]~

Namt

The operator for a cyclic permutation ¢(0),

t(0)e,® ... ®e, Oey,=e,®e,® ... ¢,

is, in the limit N— o, connected with the momentum
operator, and it is natural to call the logarithm of its
eigenvalue the momentum of the state.

The linear problem (4) is connected as follows with
the Heisenberg equations of motion. We rewrite the
Hamiltonian (2) in terms of the basis matrices e,,:

N M
WY

femi { jomt

enuev{‘-ﬂy (e”)n=0ub;.
The Heisenberg equations of motion for the e*,
M

de," .
edt =e Zlen", e] (entitenty)

i

A lwmt
can be written in the Lax form

dL,
T =M.\La—L.M,,

where the operator -valued matrix M, is given by the
equations
ML, =ie [Pn—-a,ny L-—I]_iLr:—n
L M,=—ie[Py-y, , L] —iL.’.

The proof of this statement follows easily from the

Heisenberg equations of motion for L,(x) and the Yang-
Baxter relations.**’

2. To make the formulae clearer and simpler we
shall consider the case M =3 (we give the final an-
swers for arbitrary M). The 3 X 3 matrix L,(A) can be
written as follows:

b(A) e,
b(A)eqt? a(A)+b(A) e, b(A)e ) a3
b(A) e, a(M)+b(A) e,

where (e}),, =5,,6,, are the basic matrix-operators in
. There exists in % a x-independent vector |0),,
action on which (element-by -element) makes L,(x)
triangular:

a(M)+b(A) et b(A)ea

b(A)en®

" a(\) 0 0 0
L,,(k)]O),,:( 0 a(d) 0)|0>,,, |0>,,=(0>e.7t,.. (14)
bA) e b(M)e 1 1

We construct in 5#’the vector ]0) which is the product
of the vectors |0), for all sites (“bare” vacuum, ferro-
magnetic state),
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N
10y= HIO),..

Nemi

Operating on such a vector all L,(A) are triangular and,
hence, the transition matrix T, (1) is triangular:

a(A)¥ 0 0
TA-(A)|0>{ 0 a(\)™ 0) 10>. (15)

C.(A) C.(A) 1

In correspondence with these results it is natural to
write Ty(A) in block form

A() BO)
T"m"( c() D) )

The action of the introduced operators on the generat-
ing vector |0) is as follows:

(16)

Au(A) |0>=8,a(r)™|0Y, D(A) |0>=]0),
C.(A)=|A, a3, B.(A) |0>=0.

The vectors IO) and |A,a) are linearly independent, so
that it is natural to call C,(A) creation operators and
B,(r) annihilation operators.

We get from (10) the commutation relations (we write
down those which are of most interest for what follows):

Au ). =Gy ) 4uh) 2B PETM. 6, 4, (17)
1 b(u—A)
DWW =C.MDM) — =~ E D@, (18)

The difference from the commutation relations for the
non-linear Schrédinger equation® and the spin-3 chain*
is connected with the appearance in (17) of the matrix

r(A) =b(A) I+a(A) P, Pas, ci=8cabbc, (19)

where P is the permutation operator in C? ® C? (in C¥"!
® C¥-! for the general case M > 3).

In correspondence with the algebraic explanation of
the Bethe Ansatz! for the construction of the eigenvec-
tors ¢(\)—the trace of the monodromy matrix—we
must act upon |0) with the creation operators C,(\) and,
using Eqs. (17) and (18), obtain transcendental equa-
tions for the quasi-momenta A;. We consider the vec-
tor

My eenshmy FY=Cai(Ms) ... Con(An) |0 Fan. . ap (20)

In order that this is an eigenvector for ¢(\) it is neces-
sary and sufficient that F be an eigenvector for the
operator ¢,(\) =Tr T/” (\) and that the quasi-momenta
satisfy the equation

- a(A.g_kl)

a(Mi—ha)
1+k
1=1

The operators which appear here

a(M)~" F=st,(M)F. (21)

t(A)=Sp T ), T A)=L" (A—Aa)... L (A—Ay),

LY W) =n@)P,

completely reproduce our initial construction with the
single difference that now we have a chain of » sites
and the linear operator L{!'(\ —2,) in C* ®C2 depends
through A, on the site number (inhomogeneous chain'®).
The latter, however, does not prevent a relation which
is analogous to (10) for Ty(A) from being satisfied for

(22)
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TV (A):
r(—m) T 1) OT5 () =T," () 8T," (M)r(A—p). (23)
Hence it follows that
[8:(A), :(n) =0,

and Eq. (21) and the requirement that the vector F be
an eigenvector of £,(\) are therefore consistent. In our
case (M=3) T.* (A) is an operator in C?°@¥V, i.e., a
2 X 2 matrix and the matrix elements are operators in
H' V=g HV HV=C?. Writing T/*’(\) in the form
" A(l) (A) B(l) (k)

Tf' (A') (C‘”(l,) D“)(l.)) 4 (24)
we can construct the eigem)ector F in the same way as
in the preceding case:

F=CY "), ..co ) ) Im=ad >,

10>®0=® |05, 105" = (2) e (25)

Aw=q
The commutation relations between 4 *’(1), B’(1),
c™ (), and D'V (A) which follow from (23) enable us to
find the eigenvalue tl()\) and the equations for the
auxiliary set of quasi-momenta {x (' }:

@ yw={ H a(A—h) ﬁ Zx—iTH)'

Remi

. 1 [ RN
+;[-’[F—a(k(‘”—k)}lxi Y, (26)
n m x(l)_lil)
Ha(xt”—x.)= E((Mi’——xT)) I=1... m @27)
Reuat LY 13 L

Rt

For the first set of quasi-momenta {),} we get the
scalar equations

. 1 Froa(A—A)
M) = 28
“( :!':_'l a(”,”'—)«h) :,[:.],; a(di—M) (28)

and the eigenvalues v(\) of the operator ¢(\)

v(A) =a(l,)"t[ 0(7&1—7») {1"_[ a(l.—h)l-:[l‘r;_k—“z)"

w 1 g 1
+1,1 a(Ah—1) }+1:_]_; a(M—A) (29)

In the case of arbitrary M the matrices L") and »
will have the dimensionality (M —1)>x (M -1)? and it is
convenient to introduce the following notation. Instead
of (\,)! we shall write (\{*)71, instead of (\{") we
shall write (A\{*)}2, and so on.

We can regard the operator T, (A) in (22) as a mono-
dromy matrix on a lattice with n, sites with a space of
states C¥"! in the site. To construct the eigenvectors
of the operator ¢,(\) one is obliged to introduce the
transition matrix T,‘-,:) (A) on a lattice of n, sites, and so
on, up to T,(,:::'()\). The eigenvectors

t(A\)=Sp Ty (A)

(the trace is taken in the space C¥"*) are determined
by the set of quasi-momenta

ALy L AT e,

The required eigenvector £(A) is thus determined by
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the (M —1)-st set of quasi-momenta
M), k=1, M,
satisfying the following equa.tions~

——k“) )

l) N -
) ]._-[ll(l.“' Au)) Ha )\,(“ A“’)
HR—1 Tih4d

M_3®)
Ha O ™) A(’H)) H _I-[ a(hy —Ag
a(k\l«}i)_h(k,) a(k(l) l(l))
‘#)

- (30)

i=1 i=1

nM-2 -1

[J a0 0" =

i=i

(M—1) | (M=q),

ad;, =M )
‘—Ia A’(,M ”—A'()-“ '))
ivj
The eigenvalue ¢(\) for given sets (A(,” Yir is the fol -
lowing:

v(h)=a(k)"Hﬁ){Ha(k—hm)H = w’){ :

nM-2 Ay nar—y

N {H a(A—2,"M") Ha(h L“"”) +:‘_[‘1a(l."‘;”-—7~) }

. N
}+l] (=) }+I_[ aoh (31)

It is convenient to introduce the variables p{® =x{*'
+%ick and then, taking the logarithm of the obtained
set (30), we arrive at the equations from Sutherland’s
paper:*?

2n1,“’=_1ve(2p,~“’)+2 e(u,“‘—pi"’)—Ze(zu,‘" —2uy, ...,

LTy i=t

ny—y

anm ____E 9(2;10) zu('h—n )+2 0 (&) —u m )

[T =1
Th+1

_2 02w —2u™), ..., (32)

iy

ny—p ey

(v—l) Ze (Zu;("_” ‘(u—z)) + Ze(”i(u-1)__u‘ ‘f‘_‘ )

i=1 . =1

Here the J; (® are integers or half-integers (depending
on whether the number n, -n,,, -n,., +1 is even or odd),
and 6 (x) = -2arctanx.

We note also that if we use the formalism developed
here we can diagonalize intrinsically the transition
matrix T, from (6). To prove that it is sufficient to
note that it can be written in the form of the trace of a
new transition matrix:

Tw(A) =Txe(A)=Sp Lap @ -N)Lnp (W) . . Ly W) =g

Inthis formula the matrices L,.(A)are operators in Cly
C¥®C'®...®C¥ and act non-trivially only in C§ © Ch
[cf (7)] whlle the trace is taken with respect to the
space Cy. "

3. The transition to the limit of a system with an in-
finite number of degrees of freedom (N— =) is essen-
tially different for € =-1 and €¢=1. The reason is that
such a transition N - « is physically of interest when
the spectrum of the Hamiltonian H is non-negative.
Therefore in the discrete and bounded spectrum of H
(when N <) we are concerned only with the vicinity of
the lowest eigenvalue as N — «,

If £ = —1,thenthe minimum eigenvalue of H corresponds
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to the bare vacuum
H|0>=—N|05, (33)

so that the renormalized energy operator H + N has
positive excitation energies as N— «,

Proceeding as in the spin-3 case (M =2) and the case
of the non-linear Schréodinger equation**, i.e., regu-
larizing the operator T,(\) by using its vacuum average

a(M)" -y O )

COITx (1) 10y= ( . .

we are led to the following result: the generating func-
tion of the integrals of motion as N - = becomes D(0).
The commutation relations take the form

D@IC.)=C.WD M) — = (34)
D(A)[0>=|0>. (35)

Let us say a few words about the region in which the
quasi-momenta A, vary. As N— o the first of the equa-
tions of the set (32) splits off and the following variants
are possible. If there are no identical numbers among
the J;, all A, lie on the line Imx;=3%. If, however,
some of the numbers J; are the same, the m quasi-
momenta X, corresponding to them tend, as N—, to
the values

+— +0(e“‘") k=1,...,m.

m+1 )
2

Ra=ho i (k —

Such a set X,, describes a bound -state of m magnons, and
the eigenvalue D(1) has the form
Ao—A—im/2

D) Co (). .. Tho—Atim/2

Co, (An) 10)= Ca(Ry)...Cap (Am)10>.  (36)
The eigenvalues of the Hamiltonian H + N and of the

momentum are equal to

En(ho) =m (Mo*+m?*/4) =", pm (o) =0(m/2L:),

En(p)=2(1—cos p)/m. @7
If we consider the operators 4,(\),
AW =C.(M)D ()™, (38)
we get, using the commutation relations (34),
Aa(A) As (1) =Sw™ (A—p) 4 (1) 4 (M), (39)
sEa=2CN L . (40)

a(d)

The operators A,(\) realize a Zamolodchikov algebra'®
for the magnons and S is the magnon scattering opera-
tor (one can vegify this also directly by studying the
coordinate representation of the wave function).

We note that we can diagonalize the Hamiltonian (2)
when we add to it the operator H,:

H,,—ZZ e, Zh,

The parameters k, describe M —1) “magnetic fields.”

4. We consider now the limit N— « in the case e=1.
The vector IO) corresponds to the largest eigenvalue
and we are not interested in it. We denote by Iﬂ) the
vector corresponding to the lowest eigenvalue (“filled
vacuum?”, antiferromagnetic state).
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Following Sutherland'? one can show that |€) is char-
acterized by the following occupation numbers 7, and
quantum numbers J ®:

M—k
N, I®=I® +1; k=1,2,...,M—1. (41)

n=

In the limit as N — « the numbers 7, — < and the quasi-
momenta densely fill the axis. We change to a contin-
uous characteristic of the quasi-momenta—their oc-
cupation density:

N i )
pu (h) = lim — am oy ok “42)
For the p,() which characterize the ground state |%)
we get from the set (32) a set of integral equations:'?

B0+ [ Kin ) o) dim 6" (21) B, 43)

Km()= %[a.,e' ()= (81 marH81 mos) 8 (20) 1. (44)

The Fourier transform p,(k) of the solution p;(A) has
the form

sh(k(M-1)/2)

sh (kM/2) (45)

1
pi(k)=—— [p. (M) e™dr=
We show that in the limit N — « the generating func-
tional of the integrals again becomes D(\). Indeed, for
sufficiently small A the contribution to the eigenvalue
t(\) from a(A)¥ will be of order exp[NRe In a(\)] and all
terms in v(\) are exponentially small compared to the
last one:

v(A)=exp (— iln a(k.—l)) (1+0(e~2)).

In the limit as N— = the sum changes into an integral
with density p,(A):

1 *
I(x)—ll'iﬂ—mlnv(l)=i_j Ina (u—k—z—t)p,(p.)dp..

The function I(\) obtained here is the generating func-
tion for the values of the densities of the higher inte-
grals in the ground state In). As in a normal antifer-
romagnet,? the excitations are described by a change
in the distribution of the quantum numbers J{®. The
simplest excitation

BA=ID 42, A0 =k

leads, as N— o, to an addition to (43) in the form of an
inhomogeneous term N~'5(\ =2,)3,,, and for p;, (A, 1,)
we have

Pu (A, Ao) =pi(A) +N~'Ri(A—ho), (46)
where
Ru(A)=((1+K) " )u(d)

is the resolvent of the integral Eq. (43). The energy
and momentum of such an excitation are the following:
+o
ea(ha)= [ 07(20) Ras (b} dh, 47)

Pr(ho)= [ 8(20) Ras(A—2e)dh. (48)
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There are thus M -1 excitation branches.

We now turn to the scattering of excitations. In the
limit N— », n,—~  we are unable to study the coordi-
nate representation of the wave function. However,
the right-hand sides of the periodicity conditions, Egs.
(32), have the meaning of the scattering phase of a
magnon of type ! with momentum A" by the other mag-
nons. Proceeding as in Korepin’s paper® we get for
the phase shift of the scattering of the I-th excitation by
the m-th

A-p

Pum (=) =21 | (Bind (v) —Rin(¥)) dv,

Pim (M) =@mi (A) =i 'Z-l'ln {I‘ (1+ 2k—l—m — ,;_li_,)r ( l-m+2k
R0

2M M 2M
e e

For the corresponding S-matrix we can also con-
struct a Zamolodchikov algebra'®:

A (M) Am(p) =Am(p) 4 (V) explipm (A—p) 1. (50)

To do this we determine the operators a,(), d;(\);
j=1,..., M -1 and how they operate upon the state
with a fixed set of quasi-momenta:
)

(M=1)

aM) M) Ly

_ _y(k-1) a 1 (1) (M=1)
=[] s ),,I_I—_”"a(x—x;“) A L a0 ), (51)

=i

oy

1y 1 @ ety
))_Hml(h ) e S 7).

EET)
(52)
The commutation relations between the operators
creating the excitations C(7,1) and the operators a,(u)
have the form

(M~

aMINY) .., 0

an(u—ik/2)C (1, M) =0, (n—A)C (1, A) a,(p—ik/2), (53)

+oo . +o
Inay,(p)= _\'lna (p——},——-;—)Rn-x ¢ (A)dA— _[R., (A) lna(p—A)da. (54)

The generators of the Zamolodchikov algebra are the
following operators:

A (M) =C (1, A)at (A—il/2)<Q |y (A—il/2) | Q). (55)

5. The formalism developed in the preceding sec-
tions can be naturally applied to multi-component sys-
tems. As an example we consider the chiral Gross-
Neveu model. This is a relatively invariant field-
theory model in a two-dimensional space-time with
four-fermion interactions. The model is determined
by the Langrangian

2= [da(rovte(Fo)— @)

The operators ¥,,(x), ¥§,(») have not only a spinor in-
dex a, B=1,2, but also an isotopic (color) index a, b
=1,2,..., M and satisfy the anti-commutation relations

{%aa (), bo* (¥) } =6ap0as (z—y) .
The Hamiltonian of this model

H=Sd1 (ip1a* Oxpra— i¢u+az\|’z-+4E\pA-+\Pn+\|’lh\Pu) (56)

was diagonalized in Refs. 14, 15 by means of the coor-
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dinate Bethe Ansatz for the case of the isotopic number
of colors M =2 (Andrej and Lowenstein®* have also con-
sidered the case of arbitrary M). The eigenstates of H
are parametrized by the momenta k= (k,, k,, ..., ky),
the spirality o= (0}, 0,,...,0,), where o,=+1, and the
isotopic vector F which will be defined below. The
eigenstates are constructed from the non-physical
vacuum |0):¢,,|0)=0 and have the form

[k, o, F)=de1 dzy (R (i b, o, F) W

o VP ‘p;NGN

The wave function x is a superposition of N! plane
waves

1= Y, Fp)exn Z 2y, )]'[ Saroys

i1

where p is a permutation of N numbers, p: (1,2,...,N)
= (pyy Pas - - - sby), and the coefficients F(p) describe
the way x depends on the isotopic indices and are con-
nected with one another through the two-particle S-
matrix.

F(pn covy Dty Pigayee- ,PN) =P 4.5: i+AF(Pn e ;pH—h Py 1pN)'

The S-matrix depends only on the spiralities ¢, =+1
of the colliding particles:!%!®
(a(A)+b(A) Py) e, A==2;

Su®)=1 p,,, 1=0
iy -

(57)

a(A)=—L, a(A)+b (L) =1,

= _c — —p?)—1
i P arctsz, c=4g(1—¢*)~,

P,, is the permutation operator [see (3)].

Denoting the coefficient corresponding to the identity
permutation simply by F we get from the periodicity
condition for the wave function vector equations for the
set of momenta % (L is the size of the section where the
periodic problem is considered)

exp(ik;L) F=Z;F. (58)

The operators Z; =S,y ...Sy,Sy - . .Sy, are con-
structed from the two-particle S-matrices and they are,
as was noted in Ref. 5, a particular value of the trace
of the transition matrix for an inhomogeneous lattice of
N sites (see section 2). Hence, the eigenvectors of Z,
can be constructed according to the proposed scheme
for any M.

For finite L and N we shall have M -1 sets of quasi-
momenta M ¥ j=1,2,...,n,;1=1,2,...,M -1 which
satisfy the set of Eqs. (32) with small changes in the
first equations:

k,L—Znn,——qJZ(G, o) — Z, (20’ - "’),

fami -y

N
2
2, = Yo (24 - =)

et

+ Z." aP = )—2 82" —20" )
imad To=i (59)
ny—3 M1

20 == Yo -2 )+ 3 00T AT,

i fmmi

Using this set to determine (for given L, N, o;, n,,
J /") the momenta k, we find the energy and momentum
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(zy)]0>.

@i (8) =@ (9)=ilnﬁ {r (1+

of the state:

E= Z,a,k,, P= Z k.

Jemi

To get a Hamiltonian which is semi-bounded from
below we introduce an ultra-violet cut-off A (|k,|<A)
and we define the physical vacuum as the state with the
lowest energy with this cut-off. The number of fer-
mions in the ground state will then be connected with
Aand L: N~AL. We are interested in the field-theo-
retic limit: N, L, A—c. In that limit the ground
state is described by the densities p,(A) of the quasi-
momentum A“) distribution. We can find this from the
set of 1ntegra1 equations:

pi(A)+ i[.xl,..(x—u) pm(p) dp= S [9 (2’"‘ i) +o (ZH %) ] ’

2n
. (60)
Klm (l) = ‘_27[6’ (A) Glm_e' (21) (61 m+l+5l m—i) ]- (61 )

As in the case of an antiferromagnet, one possible
kind of excitation is connected with the variation of
some set of numbers J/(*), and this leads in the limit
considered to the appearance of a §-function in the in-
homogeneous term in Eq. (60). The difference between
the quasi-momentum density in the excited and the
ground state is, as before, determined by Eq. (46), the
resolvent in which we can evaluate explicitly:

sh (k(M—j)/2)sh(kl/2)

sh(kM/2)sh(k/2) dk, j=1. - (62)

1+
Ri;(M) =R, (A)= - j eMHHAI/

The energy and momentum of the excitation are de-
termined as the difference between their values in the
excited and the ground states:

e:(k)=-‘%+j. [e (2“__22)"9 (2u+27) ]R.t(u—x)du,

p:(h)=—j [ ( u——)+e (2p.+ )]R,. p=A)dp.

The model studied is asymptotically free, i.e., when
we remove the cut-off g— 0 and in the spectrum of the
model there appear massive excitations (mass gen-
eration):!*!®

€/(0) =mi ch 0, p,(0) =mish@, 6=2mA/M, (63)

sin(nl/M) 25
=y ~ _ =1 ., M—1, (64
memin ™ Aexp( — ) I=1,2,..., (64)

there is also a massless branch corresponding to non-
isotopic excitations.

The phases for the scattering of the massive excita-
tions with one another are, as before, given by Eq.
(49):

r

— ] —

2M 2n

2k—l—m .0 ) (l—m+2k

2M

Re=0

+ige) [T+ B ) (g} @)

Here 6=6, — 6, is the difference in the speeds of the
colliding particles. When [,m =1, M -1 the answer is
the same as the one obtained earlier?®23 by the method
of factorizing the S-matrix.

In conclusion it seems to us to be appropriate to
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enumerate relatively simple generalizations of the
models considered to which one can apply completely
the formalism developed above.

1. The generalized Heisenberg ferromagnet with
fermions. The operator of the linear problem on the
lattice will be

La(d)=a(2) +b(}) Pn,

where P, is the permutation operator in the Z,-spaces
CY& C¥, The first M — 1 elements of the base in C¥
are even-and the last element is odd, i.e., the gauge
is M -1,1).

2. The non-linear matrix Schrodinger equation with
gauge (see also Ref. 5)

pe=—"Y=—2g0p* P,

where P is an # X m matrix, all rows of which are even
and a number p of columns is odd (i.e., those columns
consist of anti-commuting elements). The R-matrix
has the usual form (10), but P is the permutation oper-
ator in C¥ ® C ¥ where M =n+m, the gauge of the
space is (#+m —p,p). Apart from the initial momenta
k,, the eigenfunctions of the trace of the monodromy
matrix are parametrized by two sequences of quasi-
momenta.

3. The matrix generalizations of the Belavin'* and
Andrej and Lowenstein'® models:

L =i Sp P10+ L ins,
Zine=5p {2:P1.PP1p+ 2.0
+gbYspPrsptadratyhracy),

where the §(x,¢) are spinors with respect to the Lo-
rentz group in the 1+ 1 space and are n X m matrices,
and the matrices A® are generators of the fundamental
representation of the SU(z) group. The Lagrangian is
invariant under the transformations ¢ UypV, U €SU(@n),
Ve SU(m). The conditions for the factorization of the
two-particle S-matrix, guaranteeing the possibility of
applying the formalism developed here, are fulfilled if
one of the equations: 1) g, =g,=0; 2) g,=2,=2,=0;

3) g,=g;=g,=0is valid.
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1) We do not dwell on a description of the general scheme of the
quantal inverse scattering method which has been expounded
in detail in Faddeev’ s review.}
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