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Hyperfine structure of the energy levels of u-mesic
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In the first order of perturbation theory in 2, a calculation accurate to ~ 10~ eV is made of the hyperfine
structure of the energy levels of all stationary states with quantum numbers J <1 and v <1 of the total orbital
angular momentum and of the vibrational motion, respectively, for mesic molecules of the hydrogen isotopes.
The solutions to the nonrelativistic problem of the bound states of a system of three particles with Coulomb
interaction found in the adiabatic representation are chosen as the zeroth approximation. Expressions are
given for the probability amplitudes of the different values of the total spin of the nuclei and the total spin of
the p-mesic molecules in the stationary states of the hyperfine structure. Calculations are made of the
populations of the stationary states of the hyperfine structure of the u -mesic molecules formed in collisions of
the mesic atoms pu, du, and fu in the parastate or orthostate with the nucleip, d, and z.

PACS numbers: 36.10.Dr, 31.30.Gs

1. INTRODUCTION

Recent experiments on the resonance formation of
dd i and dtu mesic molecules® have confirmed the theo-
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retical predictions in Ref. 2 that these mesic molecules
should have excited weakly bound states with quantum
number J =1 for the total orbital angular momentum and
quantum number v =1 for the vibrational motion and
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binding energy —¢,, (ddi)=1.91 eV and -¢,, (dti)
=0.64 eV. The hyperfine structure of the energy lev-
els of these stationary states was not taken into account
in the evaluation of the experiment in Ref. 1 or in the
theoretical calculations of Ref. 2. So far, the hyperfine
structure is known only for the mesic molecules ppu
and pdu in the states with (J=1,0=0) and (/=0,0=0),
respectively, for which the hyperfine splitting of the
energy levels is ~0.1 eV.** The hyperfine splitting of
the energy levels of u-mesic atoms of the hydrogen iso-
topes is also ~0.1 eV, which is comparable in magni-
tude with the binding energy of the (J=1,v=1) states

of the dd i and dfu. mesic molecules and the kinetic
energy of the thermal motion at normal temperatures
(~0.04 eV). Thus, calculation of the hyperfine struc-
ture of the mesic molecules ddu and dtu is of great
interest and, as is noted in Ref. 4, is necessary for
calculations of the kinetics of processes taking place in
a mixture of hydrogen isotopes.®

The stationary states |(/v)f, /QN) of a mesic mole-
cule, i.e., a system of three spin particles a,b,c
= u~ (with spins s; <1,i=a,b,c) with electromagnetic
interaction, are characterized by the value ¢ of the
total angular momentum i =J+8 and its projection S
onto the Z axis of the laboratory coordinate system and
in the zeroth order of perturbation theory are repre-
sented by a linear combination of the states |JSIf §1 W

L) 7 7N>= Y SI77 ) ASIF (1) TN (1
with definite values of the total spin S=I+s_ of the mes-
ic molecule (s, =z is the spin of the 4~ meson) and the
total spin I=s, +8, of the nuclei e and b; N is the num-
ber of the state, 1 <N <N_, ., and Nmax is the degener-
acy of the level with the given values of (Juff).

The p-mesic molecules are formed in collisions of
p-mesic atoms (a,c) in the ground state and charac-
terized by spin F=s, + s, with nuclei of the hydrogen
isotopes b with spin s,. The mass of nucleus a is great-
er than or equal to the mass of the nucleus b; for
example,

tn(F)+d(ss) ~dtn((Jo) 7N),
du(F)+d(s,) ~ddu((Jv) ZN).

(2)

To calculate the rates of nuclear synthesis reactions in
the u-mesic molecules that are formed, it is necessary
to know* ° the populations W4¥(F) of the different sta-
tionary states |(Jv)ff,N) of the mesic molecule; these
depend on the values of F and s,.

In the present paper, we calculate, in the first order
of perturbation theory in a?, the energy levels &£ of
the hyperfine structure, the probability amplitudes
BfY = (JSIf|(Jv)fN) of states with definite S and /, and
the populations W/¥(F) of the stationary states
| Jv)ff,N) with J <1 and v <1 for all u-mesic mole-
cules of the hydrogen isotopes.

To calculate the hyperfine structure of the mesic
molecules, we use the Hamiltonian H=H"e + V" of
a system of three spin particles (s; <1,i=a,b,c) with
electromagnetic interaction,” where H™ is the non-
relativistic part of the Hamiltonian, and V" takes
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into account spin effects to accuracy O(a”). In our ap-
proach, the spin operator V+in is constructed in ac-
cordance with the Foldy-Krajcik procedure.® In this
case, three-particle forces are absent in the first
order in a®. The operator Vsin of the spin interaction
consists of two parts: One part represents two-body
spin interactions in the center-of-mass system of a
pair of particles and is constructed in the framework
of the quasipotential approach? with allowance for the
effects of the internal electromagnetic structure of the
particles,” and the other part represents the spin ef-
fects that depend on the momentum of the center of
mass of the pair.®

As zeroth approximation in the calculations, we have
used the solutions of the nonrelativistic problem with
the Hamiltonian H™® found in the adiabatic representa-
tion of the three-body problem with Coulomb interac-
tion,'° which makes it possible to treat in a unified man-
ner the ground (J=0,v=0), excited (J,v #0), and, par-
ticularly important, weakly bound stationary states of
the p-mesic molecules.?

2. HYPERFINE STRUCTURE OF THE ENERGY
LEVELS OF THE STATIONARY STATES OF u-MESIC
MOLECULES :

In the nonrelativistic approximation, the stationary
states |n7)= Invdm A) of the L-mesic molecules are
characterized by the quantum numbers of the motion of
the 1™ meson (), the vibrational motion of the nuclei
(v), the total orbital angular momentum (J), its pro-
jection (m;) onto the Z axis of the laboratory coordin-
ate system, and the total parity [A=+(~)"]. The cor-
responding wave function ¥ _(R,r)= (Rr [n7) is the solu-
tion of the nonrelativistic Schrodinger equation'®

(H (R, 1) —Em™ ) ¥ .. (R, 1) =0, ®)

where E:;“ is the total energy of the u-mesic molecule
in the center-of-mass system, H" (R,r) is the Hamil-
tonian of the three particles (a,b,c) with Coulomb in-
teraction, R is the vector joining the nuclei a and b,
and r is the vector joining the center of R and the p~
meson.

In the adiabatic representation, the wave function
¥,.(R,r) can be written in the form of the expansion'®

YaeRD)=RE" Y 3 (@ins (5, 1: B) D, (0,6, 0) }iims (R)

me0  i,p
: J
=R <En08qljmpRIm,\)<jmpR|niv. (4)
Here,
§=(r,,+rb)/H, 1]=(7‘.,——7‘b)/R,

@ are the spheroidal coordinates of the vector r, »,
and 7, are the distances between the nuclei a and b and
the u” meson, respectively, ¢, ,(£,m;R) is the com-
plete set of solutions to the problem of two fixed Coul-
omb centers,'' the dependence of these solutions on the
angle ¢ (around the axis z=R/|R|) being included in
the symmetrized functions corresponding to total parity
A= +(_)J:
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Do, (0,0, ¢) =[47 (1+8m0) 17 {(—1) "™ Dm, (D, 6,0)

(=) e ™D 0, (0,8,0)}, ®)

where 27 . ($,0,0) are normalized D functions of Wig-
ner, & and © are the spherical angles of the vector R,
and m is the projection of the orbital angular momen-
tum J onto the z axis. The symbol 7, , denotes sum--:.
mation over the discrete spectrum and integration over
the continuum of the two-center problem,'? the limits

in the present calculations heing taken as follows:

%};Z{Zﬁ Jdk}. (6)
Here, p=g,u are the eigenvalues of the operator 13“
which inverts the coordinates (¢~ £&,n= -n,¢ ~7 - @)

of the 1~ meson; n, and n, are the parabolic quantum
numbers of the “separated” atom a,c; and & is the mo-
mentum of the 1™ meson for motion in the field of the
two fixed nuclei a and b with positive energy.!!

The binding energy -€,, of the p-mesic molecule,

nrel

€r0=En=FEn; —Ena (7)

(in the ground state of the motion of the .~ meson), is
measured from the energy E  of the ground state |y
= |n,n,m) = 1000) of the isolated atom a,c, whose nu-
cleus has mass greater than (or equal to) the mass of
nucleus b. In what follows, we shall omit some in-
dices, for example, n=[0,0,0] and A=+(=)’, writing
Invdm;)= lvdm,). The binding energy —£,, and the
wave functions

Yime (R) =<jmpR\Jv>

were found by means of the algorithms!?® for numerical
solution of the Sturm-Liouville problem for the system
of ordinary integro-differential equations!® obtained by
averaging (3) with respect to the functions

|EN®O@ | mp RIm,\) :

7
Z Z {<impRIm A H™*\jm’ p’ RIm,\>
m'=0 jp’

—£,,8mm*8:i055'<jm’p’R|Jv>}=0, (8)
<jmpOlJv>=0, lim <{jmpR|Jv>=0.
Rvm .

The values -€, of the binding energy (2J + 1-fold de-
generate with respect to m,) of all the stationary states
|Jv) = lvdm,) with v,J <1 of the mesic molecules of

the hydrogen isotopes were taken from our other pap-
er'? and are given below in the third columns of Table
II.

The addition to the Hamiltonian H™ of the operator
Vein of the spin interaction’ leads to a hyperfine split-
ting of the energy level g, of the stationary state
lvdm,). The correct functions of the zeroth approxi-
mation corresponding to the stationary state |(Jv)ff,N)
have the form"

o5 @ 0= Y 80l AR )
s

=(Rr| (J0) 7 FN>= Zm, vl (J, 0)SIF F > ISIF ) (Jv) TN,
' (9)
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m(i’.’,;’;,(R,r)=2 2 Z Im,StVISTFT

mst Ife Labo

XA 3L 58 <8Ga825 | 8asul 1> Worm, (R, E) o x22ve2 - (10)

Here

ImSE|ISFF >, IslLe|1s.SD,
{$aLaSsCo| Sasells)

are Clebsch—Gordan coefficients'!; x 3, x §a, x § are
constant spinors; S,1,s,,s,,s, and ¢,I;, ¢ ,¢,, ¢, are the
values of the spins 8,1, s, 8,, 8, and their third projec-
tions onto the Z axis of the laboratory coordinate sys-
tem.

For the given values of J and v, the coefficients

Bar? == (ST| FN>=ISIF | (I0) TV,

i.e., the probability amplitudes of states with definite
S and I in the stationary state | (Jv) /[3N>, are solutions
of the system of linear algebraic equations

Y () SIFF AV G0)S T T T -8 W bssbur s i =0, (11)
in which ?{{}’ are found from the secular equation
det|<(JV)SIFF 5| Verm| (J)S' T F F 3> —& 1,7 858611 | =0 (12)

and represent the required hyperfine splitting of the non-
relativistic energy level g, for fixed f (the degeneracy
with respect to f; remains).

In the case of identical nuclei, the only roots of the
secular equation among all the Nmax roots that have phy-
sical meaning are those that correspond to states
|(Jv) ff;No) with definite symmetry 0=p(-1)7 " =+1
under permutation of the nuclei,* i.e., P,=pr=1 for
even and P, =px= -1 for odd 1.'°

3. EFFECTIVE SPIN HAMILTONIAN AND
HYPERFINE STRUCTURE OF THE STATIONARY
STATES OF u-MESIC MOLECULES

The spin operator V", whose explicit form is de-
scribed in the previous papers of Ref. 7, was averaged

TABLE I*, Coefficients Es, ..., EypeV=10"%V)of the effective
spin Hamiltonia (13) for the mesic molecules ppp, ddp, tin, pdy,
pti, dip in the stationary states |Jv) with total orbital angular mo-
mentum J <1 and vibrational quantum number » <1.

o
E E J v E, E E, Es Ey E; E, Es Ep E,
g3
= E
- 01 0 |103855(103855) 0 o] o0 0 0 ol o 0
{ 1] 0 | 91694 91694|-383 |-383 | 2438 | 426 | —976| —976 O 0
o 0 [ 19066| 19066f Of 0 0 0 0 ol o 0
day 0| 1 | 16416| 16416 0| o 0 0 0 ol of o
1] 0 | 17551| 17551 —52 | —52 | 2031 | 47 | —241| 241} -100 | -100
1| 1 | 16053 | 16053 | —41| 11 | 374 3| —44| -44| -23| -23
0| 0 [142258{142258| 0 0 0 0 of of o 0
m 01 1 |123384|123384f 0| © 0 0 0 ol of o
1| 0 [133766]133766 | —299 | ~299 | 1638 | 1020 |-2001|-2001 O f O
1] 1 |119534|119534| 153 | ~153 | 723 | 489 | —878| ~878} 0 0
pdyt {0 0 | 20862| 101794 0 0 0 0 0 0 0 0
1] 0 | 19974 84305 —70 | -275 | 2201 | 83| ~178|-1260( ~72| O
pin {0 0 |158420(101200] 0| 0 0 0 ol 0 0
1] 0 |153347| 83458|-507 | -227 | 2193 | 620 |-1312|-1365| O 0
0| 0 |145808| 19153| 0f © 0 0 0 of o0 0
am 0| 1 |148869) 18303| 0 0 0 0 0 of o| o0
1| o {136915] 17642|-377 | —41 | 1860 | 132 |-1844[ —267| 0 |-109
11 1 |189608] 6632] —901 -9l 386! 30!-364] -571 0 -27
*Mesic-atom energy unit £, =5626.506 eV.’
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TABLE II. Hyperfine structure of u-mesic molecules of the hydro-
gen isotopes.

A. Hyperfine structure of the levels of the mesic molecule ppy.

~
Z
£2)
Jlo|ermev | 5 NNV | wian [wINa | 3 [ anaeny |aptions
<
00| —2530 ] 1] o 1 1 1 |0 0
1, {1 —0.0905 | 03330 | 00371 | 0 | 09996 |—0.0286
2 | 00427 | 00002 | 04481 | O | 00286 | 0.9996
110 -1070 3y {1 —0.0924 | 0.6667 | 0.0741 0 0.9999 | —0.0095
2 | 00468 | 00004 | 02963 | 0 | 00095 | 09999
si5] 1 | 00463 | 0 04444 | 0 | 0 1

B. Hyperfine structure of the levels of the mesic molecule ddy.

S| =g &| &8 |58

slolemeV | 5 | N €N ev Ze |z | S| = = 5|8
Y EY = = = = 3

00| -3250 g 1 04667 | 04667 | 1 |0 0 0 0
33| 1 |-0,0286 | 08333 | 00833 | 0 |7 0 1 0

82 1 | 00191 | 0 07500 | 0 |0 0 0 1

Yg| 1 0.1667 | 0.1667 | 1 |0 0 0 0

01| -358 35| 1 |-0.0246 | 0.8333 | 00833 | 0 [0 0 1 0
S| 1 | 00164 | 0 07500 | 0 [0 0 0 i

1, {i —0,0169 | 0.2213 | 0.0560 | 0 [0.9971|—0.0764 | 0 0

2 70 | 0,0565 | 04384 [ 0 [0.0764( 09971 | 0 0

1]0/| 2066 3/, { 1 [-00180 | 04436 | 01115 | 0 {0.9988|—00487 | 0 0
: 2 | 00084 | 04119 | 02774 | 0 [0.0487| 09988 | 0 0

8/ 1 | 00097 | 01667 | 04167 | 0 |0 1 0 0

1/, {1 —-0,0159 | 0.2222 | 00555 { 0 |A. -00149 | 0 0

2 | 00077 | 00555 | 0,1389 | 0 [0.0149| 10000 | 0 0

1]1] —191 3/, { 1 [-00161 | 0.4444 | 04111 | 0 |1 -0,0097 | 0 0
2 | 00079 | 04112 | 02778 [ 0 [0.0097| 1.0000 | © 0

5/51 1 | 00082 | 0.4667 [ 04167 | 0 |0 1 0 0

C. Hyperfine structure of the levels of the mesic molecule ¢fu.

z
J{v]| esmeV | 5 N &N ev  wiNan [wiNan 2 /s HFNY [, 1IN Y
8 2 —3%3.8 :52 } g 1 1 i 0 g
—83, 3 1 1 0
y {1 -0.1330 | 03330 | 0.0372 0 | -0,0320 | -0.0320
2112 | 00625 | 0.0003 | 0,480 0 00320 | 09995
10 -2892 3 {1 -0,1342 | 0.6667 | 0,0741 0 10000 | 0.0012
(Y2 | 00695 | 00000 | 02963 0 | -00012 | 1,
82 1 0.0667 | 0 0.4444 0 0 1
y {1 -0,4191 | 03332 | 0.0371 0 09999 | —0,0160
2112 | 00579 | 00001 | 0.1481 0 00160 | 0.9999
1[1] -452 3 {i -01198 | 0.6667 | 0.0741 0 1,0000 | O
2112 | 00609 | 00000 | 0.2963 0 | —00008 | 1.0000
8,1 1 | 00597 | 0 0.4444 0 0 1
D. Hyperfine structure of the levels of the mesic molecule pdyu.
- Z|E
J|o|emeY | 5 N | &N ev Ze | Ba [KOHINY[L VAN KL, alIN (2, IINY
B B
0 1 | 00046 [0.2500 [0 1 0 0 0
1 {1 0.0173 {0.3853 [0.1824| 0 08964 | 04433 | 0
00| -2215 2 | -0.0787 |0,3647(0.1926| 0 -04433 | 08964 | 0
2 1 1 00359 [0 0.6250| 0 0 0 1
{1 0.0135 (0,04310.0201| 0 08949 | 04464 | 0
0 2 | -0.0653 {0.0402]0.0216( 0 -0.4464 | 08949 | 0
1 | 00008 |0.2471(0.0015| 0.9891 |-0.1159 |—0.0656 | 0.0631
1 2 | 0.0122 |0.1232]0.0634| 0,390 | 08930 | 04141 |-01084
3 | —0.0654 |0.1268{0,0616] 00117 | -04243 | 0.9052 |-0.0221
110 .-974 4 | 0.0286 [0.0020/0.1235| —0,0475 | 0.0955 | 00696 | 09919
1 | 00146 [0.2000(0.1083 | 0 09108 | 04128 | 00027
2 {2 —0.0662 0.2166[0.1000 | 0 -04127 | 09107 |-0.0137
3 | 0.0320 |0.0001[0.2083 | 0 —-00081 | 00114 | 0.9999
3 1 | 00317 jo 029171 0 0 1

E. Hyperfine structure of the levels of the mesic molecule piu.

JlolemeV | 5 | N | €GN ev [ WiV [ WiV | s 0Ny | i 1any | ¢ 113Ny

0.0046 0.1120 0.2960 0,9834 —-0.1813 0
—0.1344 0.8880 0.0373 0.1813 0.9834 0
0.0649 0 0.6667 0 0 1
0.0053 | 0.0256 0.1026 0.9705 —0.2403 0.0186
—0.1249 0.3076 0.0086 0.2407 0.9703 -0.025%4
0.0555 0.0001 04111 .{-0.0120 0.0291 0.9995
0.0083 0.0548 0.2039 0.9730 —0.2308 0.0007
-0.1262 | 0.6119 0.0183 0.2308 0.9730 —0.0044%
0.0608 | 0.0000 0.2222 0.0003 0.004% 1.0000
0.0594 | 0.0000 0.3333 0 0 1

-
=z
»

—_—

00| -2140 {

-
©
——

Iy N Y T TN TN

10| 990 |1,

"
———
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TABLE II (continued).

F. Hyperfine structure of the levels of the mesic molecule ditu.
J|o|emw Vi 5 N | &Y.V Za | Ba [COVAINOKE TN, IFN | (2, alIN
B B

0 1 | 00173 |0 o111 1 0 0 0
olo/| -3192 1 {1 0.0282 |0.0096]0.3301] 0 0.8691 | —0.49%6 | 0
2 |-0.1107 |0-994/0,0032| 0 0.4946 | 0.8691 | ©
2 1 | 00463 |0 0.5556] 0 0 0 1
0 1| 00239 |0 0.4111] 1 0 0
{1 0.0312 ]0.0043{0.3319 0 0.8527 | 05225 | ©
01| -39 1 2 [-0.1123 [0.9957/0.0014| 0 0.5225 | 08527 | 0
Py 1 | 00439 [0 05556 0 0 1
{1 0.0277 |0.0007{0.0368| © 0.8588 |-05122 | 0
0 2 |-01039 |0.1104/0.0002| 0 05122 | 08588 | 0
1 | 00162 [0.0000{0.1111| 0.9846 |—0,1193 | 00742 |-0.103%
‘ 2 | 00249 [0.0031(0.1101| 04549 | 0.8487 |—0.4835 | 0.1481
3 |-0.1035 [0.3303|0.0010| —0.0066 | 0.4978 | 0.8672 |—0.0145
10} 2324 4 | 00406 |0.0000{0.1111| 00806 |—0.1331 | 0.0935 | 0.9834
1 | 00273 {0.0056{0.1833| 0 0.8702 |—0.4920 |—0.0263
2 2 | -0.4041 |0.5499]0.0019] 0 0.4920 | 08706 |—0.0085
3 | 0.0447 |0.0000{0.1852 0 0.0261 |-0.0073 | 0.9996
3 1 | 00433 |0 0.2593| 0 0 1
{1 0.0445 {0.0001{0.0370| 0 0.8293 | -0.5589 | 0
0 2 | -0.1424 [0.1110{n.0000{ © 05589 { 0.8293 | 0
1 | 00407 [0.0000[0.1111| 09967 |-0.0531 | 0.0367 |—0.0491
' 2 | 00439 [0.00020.1110] 00680 | 0.8271 |-0.5545 | 0.0617
3 |-01422 [0.3331{0.0001(—0.0010 | 05570 | 08305 |—0.0027
11| -064 4 | 00501 |0.0000/0.1114] 0.0453 | -0.0481 | 0.0356 | 0.9972
1 | 00443 10.0004[0.1851| 0 0.8312 | —0.5559 | —0.0105
2 {2 —0.1424 [0.55520.0001| © 0.5560 | 0.8312 | —0.0011
3 | 00511 [0.0000|0.1852] 0 0.0093 | —0.0049 | 0.9999
3 1 | 00508 lo 0.2593| 0 ) 0 1

Note. Here, J and v are the orbital and vibrational quantum numbers,
respectively; —&,, is the binding energy of the stationary state | )
of the mesic , olecule in the nonrelativistic approximation; / is the
total angular momentum of the u-mesic molecule; @~ is the energy
of the stationary state | (Jv)f#N) , measured from £;,; W#Y(t) and

Wﬁ,"(ﬂ) are the populations of the level (J, v, 5

) of the mesic mol-

ecule formed as a result of collision of the mesic atom pu(F), du(F),
or tu(F) in the parastate (F= t4) or orthostate (F = #), respectively,
with the p, d, or t nucleus (of the same kind or lighter); (SI | o) =

= B£¥ is the probability amplitude of the state | SI) = | JSI

with

definite values of the total spin S and the total spin I of the nuclei of
the mesic molecule in the stationary state |#N) = | (fFsN) :

19N > =DV ST (SII N >.
S1

N is the number of the state 1SN <N,,,. where N,,, is the degeneracy
of the level with the given values of (J, v, /, ,3).

in two stages. After the first averaging of V" with
respect to the variables R and r with the function
¥,; s (R, 1) of the stationary state |127) we have the ef-
fective spin Hamiltonian H°f!, which is defined on the
direct product J®s,®s,®s, of the spaces of represen-
tations of ranks J,s_,s,, s, of the group SU, (Ref. 7):

HN=E 8.8+E:8:8.+Es85.+E 8, PV +E8, PV +Es, 20

+E,; (8,7 '8,) +Es (8.7 V'8.) +E, (8,7 Vs.)

+E o (8T 8.) +E i (8T Vss). (13)

Here, ZY) are the generators of the representation of
rank J of the group SU, acting on the constant spinors
X7, and the symbol (x7“’y) is defined by the equation
(x,y=8,,s,,8,)

(T OV =LA (x27) @)+ (ED) (xZ)}~I (J+1)xy.

The values of the coefficients E,,. . . ,E;, in u eV
=107% eV (E, =0 to within the adopted relative accuracy
~5x 107 for E, and E, and ~5x 10™ for E,,. . .,E,) for
the stationary states |n7) with J,v <1 are given in
Table I for all the p-mesic molecules of the hydrogen
isotopes. For the scheme for calculating the coef-
ficients E,, and also the values of all the employed
constants, masses and magnetic moments of the par-
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ticles, the parametrizations of the p, d, and ¢ form
factors, and so forth, see the previous papers of Ref.
7.

Averaging of the effective spin Hamiltonian (13) with
the wave function x 35 of the eigenstate |JSIfF.) of the
total angular momentum ¢, which is obtained from (10)
by the formal substitution ¥, (R,r) = x7,,

8 2 UFs—tSEIF T3> lyst—I 5.5

X
thta

(14)

leads for fixed J and v to the system of linear algebraic
Eq. (11) for B{¥ and to the secular Eq. (12) for &/}

X<5aCaSsls—Tal Sassll DX St Xn Yoty

The values of iff;’,") of the energy levels of the hyperfine
structure measured from the nonrelativistic value €,
(7) (see Table II) and the probability amplitudes B£}
=(SI IfN) of states with definite S and I of the stationary
states |(Jv)ff,N) with J <1 and v <1 are given in Table
II for all the -mesic molecules of the hydrogen iso-
topes.

It is well known® ® that -mesic molecules are formed
in collisions of u-mesic atoms in the 1s state with
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spin F=s, +s,_ in the parastate (F=4+) or orthostate
(F=4*) with nuclei of the hydrogen isotopes with spin
8,, i.e., in accordance with the scheme of type (2).
Under the assumption of an arbitrary orientation of the
spins F and s, and the total orbital angular momentum
J of the produced ©-mesic molecule, its original spin
state is represented by the density matrix'®

p=[ (2F+1) (25,+1) (2/+1) ]-* 2 s, ® I, ® My, (15)
Filomy
F=3+5,
. E F=9s
RN
. E._ @
y
-0.0163ev
F=lf7
-
X
)
I
K]
&
| | 13
F=5,+5,| §=F+5, | F=5+1
| | I
ret ot | <9 (527 | 2= =1
L’ =3y, W =12
4 ﬂ-ﬂﬂl_ev____\;,,z" -7
: \ ~0016N 2= 3/y N=1
. '—LI-=’ ~F=1/7,/=1
/4 5‘/2:
I
F=3ut 5,
F=1 .
S
@ —0.06ev
7]
3 | |
x _ 3=
3 FeSosl §=Fes, 1Fese
& | | F=2,N=3
! | Z=31H=1
H i F=1,N=y
Z=0, N=1
7=2. H=1
2= K=2
Z=1, W=7

“Transformation” of the energy levels of the hyper-

FIG. 1.
fine structure of the mesic atoms du (z) and & (b) in the 1s
state with spins F=sg, +8, in a collision with d nuclei with spins
8, Into the hyperfine-structure energy levels of the stationary
states | £# 3N) (1) with total orbital angular momentum J=1
and vibrational quantum number v =1 of the mesic molecules

ddp and dip. Here, £=S+J is the total angular momentum,
S=8, +8,+8, is the total spin of the u-mesic molecule. N is
the number of the hyperfine-structure state for given ¢, and
Wf”(f +) abd W/”(i t) are the para- and ortho-po;mla{;ns
(17)—(19) of the stationary states | (Jv)£f ;N) of the mesic
molecule formed through the spin state characterized by the
density matrix (15) from the parastate F + ¢+ and orthostate
F=1t14, respectwely, of the mesic atoms dp or #u; E,,

= - 2663.226 eV, AEg{*= 0.049 eV, &y, (ddp)=-1.91 eV, AELSS
=0.024 eV, Em——2711 268 eV, AE}®=0.240 eV, &;,(dtu)
=—0.64 eV, AE}S=0.193 eV.

tu
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Mer=IFFOCFFSl, Mo, =888,  Tym=1Jm,>Um,l. (16)
Then the probability of finding the i-mesic molecule in
the stationary state |(Jv) #f;N) of the hyperfine structure
is determined as a function of the two possible spin
states, F =4V or F=4%4, of the mesic atom (a, ¢) by the
expression!®
P
Wi (B)= Y <07 Nl (I0) 77, amn
Fy=—7F

if, as in Ref. 16, allowance is not made for transitions
between states of the hyperfine structure.

The probability W/¥(F) is usually called the popula-
tion of the stationary state |(Jv)ff,N) of the mesic
molecule.*® It can be expressed in terms of the prob-
ability amplitudes Bf) = JSIf!(Jv)fN) [see (11) and
Table II] of the states IJS[%Q (1) as follows:

IN _ 27 +1 an|®
Wo (F)= (2F+1) (25,+1) (27+1) Zs‘ lg ISFFVSITO Bar'|
(18)
where
KISFF |ISIF>=CISEF F|ISIF T s>
does not depend on £, | £,| < f:
CISFFISIF) =2 [<JF s—ESLIISF F 1
LFals
XCFFssyb—F3| F$,St) sals+Fs—Us.b—1,|5.5.FF >
XTIy 15| I8SEY <5l +Fs—EssE—Fs | sasyI15). (19)

In Fig. 1, we show schematically the “transforma-
tion” of the hyperfine energy levels of the di and {u
mesic atoms into the hyperfine energy levels of the
ddu and dtu. mesic molecules in accordance with the
scheme for adding angular momenta in reactions of
the type (2), i.e., the spins F of the mesic atom a,c,
the deuteron b (s,), and the total orbital angular mo-
mentum J of the system a,b,c are added successively
to the total spin S=F +s, and total angular momentum
j =8+ J of the mesic molecules. Thus, the complete
set of energy levels of the states (1) of the hyperfine
structure of the mesic molecule, which are expanded
in the perturbation-theory scheme with respect to the
states |JSIff,) with coefficients g4} (11), decomposes
naturally into two groups in accordance with the pos-
sible ways in which the i-mesic molecule can be
formed from the parastate (F=#%+) or orthostate (F
=44) of the p-mesic atom a,c.

In Table II we give the parastate, W¥(tt), and ortho-
state, W/¥(4+), populations of the stationary states
I (Jv)ffN) with J,v <1 for all the u-mesic molecules
of the hydrogen isotopes calculated in accordance with
Egs. (18) and (19). (We recall that the mass of nucleus
a is greater than or equal to the mass of nucleus 5.)

4. CONCLUSIONS

In the present paper (see Table II) we have calculated
in the first order of perturbation theory in & to accur-
acy ~10™ eV the hyperfine structure of the energy levels
of the stationary states (J <1,v <1) of the u-mesic
molecules of the hydrogen isotopes. In the calculation
of the coefficients of the effective spin Hamiltonian (13)
in the expansion (4)-(6) of the wave function of the u-

Bakalov et al. 825



mesic molecule we have retained the terms corre-
sponding to the states of the first four shells in ac-
cordance with the classification of the “separated”
atom” of the discrete spectrum of the two-center prob-
lem.! The terms corresponding to the continuum
states of the two-center problem were not taken into
account, since their contribution is less than the adopt-
ed accuracy ~107° eV of the calculations.”

As can be seen from Table I, the coefficients of the
effective spin Hamiltonian (13) that determine the spin-
orbit (E,, E,,E,) and spin-tensor (F,,. .. ,E,,) interac-
tions are appreciably smaller than the coefficients that
determine the spin-spin (E,, E,) interaction of the u~
meson with the nuclei. This has the consequence that
some of the energy levels 3’53’ are degenerate to ac-
curacy ~107 eV; for example, see Fig. 1b and Table
IIE. Atthe same time, the contribution of the correc-
tions o(a?) is <107 eV according to estimates.

It follows from our calculations that the corrections
for the internal electromagnetic structure of the nuclei
to the coefficients of the effective spin Hamiltonian (13)
are ~0.5-1.5% of the corresponding quantities calculat-
ed without allowance for them.” The Foldy-Krajcik
corrections,® which represent the motion of the center
of mass of a pair of particles, significantly change
the coefficients (E,, E,, E;), which determine the spin-
orbit interaction in the [-mesic molecule.” Allowance
for both these effects changes the hyperfine splitting of
the energy levels £/ of the L-mesic molecules by
~0.5% (the corrections for the internal electromagnetic
structure of the nuclei) and ~0.05-0.1% (Foldy-Krajcik
corrections).”

Despite the smallness of the effects due to the intern-
al electromagnetic structure of the nuclei, their in-
clusion is of fundamental importance, since in this case
the operators of the spin interaction does not have ~6(r)
and |»"% singularities.'”

The results of the present paper can be used to make
more detailed calculations of the rates of resonance
formation of ddi and dtit mesic molecules? and the
kinetics of mesic-molecular processes in a mixture of
hydrogen isotopes.'®

We thank S.S. Gershtein, L.I. Ponomarev, and I.T.
Todorov for support and helpful discussion and L.
Aleksandrov, D. Karadzhov, I.V. Puzynin, T.P. Puzy-
nina, L. I. Somov, and N. F. Truskova for assistance
at various stages in the work and V. M. Muzafarov for
providing data on the deuteron form factors.'
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