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In the first order of perturbation theory in a 2, a calculation accurate to - eV is made of the hyperfine 
structure of the energy levels of all stationary states with quantum numbers J < 1 and v 1 of the total orbital 
angular momentum and of the vibrational motion, respectively, for mesic molecules of the hydrogen isotopes. 
The solutions to the nonrelativistic problem of the bound states of a system of three particles with Coulomb 
interaction found in the adiabatic representation are chosen as the zeroth approximation. Expressions are 
given for the probability amplitudes of the different values of the total spin of the nuclei and the total spin of 
the p-mesic molecules in the stationary states of the hyperfine structure. Calculations are made of the 
populations of the stationary states of the hyperfine structure of thep -mesic molecules formed in collisions of 
the mesic atomspp, dp, and tp in the parastate or orthostate with the nucleip, d ,  and t .  

PACS numbers: 36.10.Dr, 31.30.G~ 

1. INTRODUCTION retical p red ic t ions  in  Ref.  2 tha t  t h e s e  mesic molecu les  
should have exc i t ed  weakly bound states with  quantum 

Recent  exper iments  o n  the  resonance  format ion of number  J =  1 f o r  the  total o r b i t a l  angu la r  momentum and 

ddp a n d  d t p  mesic molecules1 have conf i rmed  the  theo- quantum number  v = 1 f o r  t h e  v ib ra t iona l  motion a n d  
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binding energy -E,, (ddp)= 1.91 eV and -E,, (dtp) 
= 0.64 eV. The hyperfine structure of the energy lev- 

. els of these stationary states was not taken into account 
in the evaluation of the experiment in Ref. 1 or  in the 
theoretical calculations of Ref. 2. So far, the hyperfine 
structure is  known only for the mesic molecules ppp  
and pdp in the states with (J= 1,v =0)  and (J=O,u =0) ,  
respectively, for which the hyperfine splitting of the 
energy levels is  -0.1 eV. 3 7 4  The hyperfine splitting of 
the energy levels of p-mesic atoms of the hydrogen iso- 
topes is  also -0.1 eV, which i s  comparable in magni- 
tude with the binding energy of the ( J =  1,v = 1) states 
of the ddp and d tp  mesic molecules and the kinetic 
energy of the thermal motion a t  normal temperatures 
(-0.04 e ~ ) .  Thus, calculation of the hyperfine struc- 
ture of the mesic molecules ddp and d t p  i s  of great 
interest and, a s  is  noted in Ref. 4 ,  i s  necessary for 
calculations of the kinetics of processes taking place in 
a mixture of hydrogen isotopes. 

The stationary states I @v)ff?N) of a mesic mole- 
cule, i .e . ,  a system of three spin particles a ,  b,c 
= p- (with spins si 1, i = a ,  b,c) with electromagnetic 
interaction, a r e  characterized by the valuefof the 
total angujar momentum% = J + S and i ts  projectionf3 
onto the Z axis of the laboratory coordinate system and 
in the zeroth order of perturbation theory a r e  repre- 
sented by a linear combination of the states IJSIff,): 

with definite values of the total spin S = I + s, of the mes- 
ic molecule (s, = $ i s  the spin of the p- meson) and the 
total spin I= s, + s, of the nuclei a and b; N i s  the num- 
ber of the state, 1 S N  GN,,,,,, and N,,, is the degener- 
acy of the level with the given values of (Jzff,). 

The p-mesic molecules a r e  formed in collisions of 
p-mesic atoms (a,c) in the ground state and charac- 
terized by spin F= s, + s, with nuclei of the hydrogen 
isotopes b with spin s,. The mass of nucleus a i s  great- 
e r  than o r  equal to the mass  of the nucleus b; for 
example, 

To calculate the rates of nuclear synthesis reactions in 
the p-mesic molecules that a r e  formed, it i s  necessary 
to know496 the populations W{:(F) of the different sta-  
tionary states I (~v)ff$) of the mesic molecule; these 
depend on the values of F and s,. 

In the present paper, we calculate, in the first  order 
of perturbation theory in a2, the energy levels 8$: of 
the hyperfine structure, the probability amplitudes 
$: = &JsIfI (JV)/N) of states with definite S and I, and 
the populations W{,"(F) of the stationary states 

I ( J V ) ~ ~ , N )  with J s 1 and v 1 for a l l  p-mesic mole- 
cules of the hydrogen isotopes. 

To calculate the hyperfine structure of the mesic 
molecules, we use the Hamiltonian H = Hnrel + VSPin of 
a system of three spin particles (s i  l , i = a ,  b,c) with 
electromagnetic i n t e r a ~ t i o n , ~  where H*'~' i s  the non- 
relativistic part of the Hamiltonian, and VSP'" takes 

into account spin effects to accuracy 0(a9). In our ap- 
proach, the spin operator VSpin i s  constructed in ac- 
cordance with the Foldy-Krajcik procedure. In this 
case, three-particle forces a r e  absent in the first 
order in a2. The operator Vsprn of the spin interaction 
consists of two parts: One part represents two-body 
spin interactions in the center-of-mass system of a 
pair of particles and i s  constructed in the framework 
of the quasipotential approachg with allowance for the 
effects of the internal electromagnetic structure of the 
~articles,' and the other part represents the spin ef- 
fects that depend on the momentum of the center of 
mass of the pair. 

A s  zeroth approximation in the calculations, we have 
used the solutions of the nonrelativistic problem with 
the Hamiltonian Hnrel found in the adiahatic representa- 
tion of the three-body problem with Coulomh interac- 
tion," which makes it possible to treat in a unified man- 
ner the ground (J=O,u= O),  excited (J,v #O), and, par- 
ticularly important, weakly bound stationary states of 
the p-mesic molecules. 

2. HYPERFINE STRUCTURE OF THE ENERGY 
LEVELS OF THE STATIONARY STATES OF p-MESIC 
MOLECULES 

In the nonrelativistic approximation, the stationary 
states I ~ T ) =  InvJm,h) of the p-mesic molecules a r e  
characteriz,ed hy the quantum numbers of the motion of 
the p- meson (n), the vihrational motion of the nuclei 
(o ) ,  the total orbital angular momentum (J),  its pro- 
jection (m,) onto the 2 axis of the laboratory coordin- 
ate system, and the total parity [ x =  +(-)"I. The cor- 
responding wave function \Irn,(R,r) = (Rr ln7) i s  the solu- 
tion of the nonrelativistic Schrodinger equation1' 

( H n w f  (R, r) -E::' ) Y ,, (R, r) =0, (3) 

 here is the total energy of the p-mesic molecule 
in the center-of-mass system, Hnrel (R,r)  i s  the Hamil- 
tonian of the three particles (a, b,c) with Coulomb in- 
teraction, R i s  the vector joining the nuclei a and b, 
and r i s  the vector joining the center of R and the p- 
meson. 

In the adiabatic representation, the wave function 
\k,,(R,r) can be written in the form of the expansion" 

Here, 

t=(ra+rb)lR,  q=(r.-rb)lR, 

cp a r e  the spheroidal coordinates of the vector r ,  r, 
and r, a r e  the distances between the nuclei a and b and 
the p- meson, respectively, cpi,,(F, q ;  R) i s  the com- 
plete se t  of solutions to the prohlem of two fixed Coul- 
omb centers," the dependence of these solutions on the 
angle cp (around the axis = R/ I R I ) being included in 
the symmetrized functions corresponding to total parity 
A= +(-).' : 
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where 9;, (@, 0,O) a r e  normalized D functions of Wig- 
ner, O and 8 a r e  the spherical angles of the vector R, 
and m is the projection of the orbital angular momen- 
tum J onto the axis. The symbol z,,, denotes sum-.: 
mation over the discrete spectrum and integration over 
the continuum of the two-center problem,'' the limits 
in the present calculations heing taken a s  follows: 

Here, p = g , u  a r e  the eigenvalues of the operator P ,  
which inverts the coordinates ( 5  - [ , I ]  - -9, q - n - q )  
of the p- meson; n, and n, a r e  the parabolic quantum 
numbers of the "separated" atom a ,c ;  and k i s  khe mo- 
mentum of the b- meson for motion in the field of the 
two fixed nuclei a and b with positive energy." 

The binding energy -&,, of the p-mesic molecule, 
nrel 

EJ,=E,,=E,, -En, (7 

(in the ground state of the motion of the p- meson), i s  
measured from the energy En, of the ground state In) 
= In,n,m)= 1000) of the isolated atom a , c ,  whose nu- 
cleus has mass greater than (or equal to) the mass of 
nucleus b. In what follows, we shall omit some in- 
dices, for example, n =  [O, 0,0] and A =  +(-),, writing 
Inv~m,) 5 IvJm,). The binding energy -&,, and the 

wave functions 

were found by means of the algorithms13 for numerical 
solution of the Sturm-Liouville prohlem for the system 
of ordinary integro-differential equations1' obtained by 
averaging (3) with respect to the functions 
I517dOq I j mpRJm,A) : 

<jmpOllu)=O, lim<jmpRllv>=O. 
R-. .. 

The values -E,, of the binding energy (2J+ 1-fold de- 
generate with respect to m,) of a l l  the stationary states 

I Jv) s IvJm,) with v, J S 1 of the mesic molecules of 
the hydrogen isotopes were taken from our other pap- 
er" and a r e  given below in the third columns of Table 
11. 

The addition to the Hamiltonian Hnrel of the operator 
VSPin of the spin interaction7 leads to a hyperfine split- 
ting of the energy level &,, of the stationary state 
IvJm,,). The correct  functions of the zeroth approxi- 

mation corresponding to the stationary state I (Jv)%%,N) 
have the formI4 

a r e  Clebsch-Gordan  coefficient^'^; x $ ,  x 2, x jg a r e  
constant spinors; S,Z,sc, s,,sb and C,Z3, 5,, C,, Cb a r e  the 
values of the spins S, I, s,, s,, s, and their  third projec- 
tions onto the .!? axis of the laboratory coordinate sys- 
tem. 

For the given values of J and v,  the coefficients 

P.ldN=<SIlfN)=<JSIfl (Ju)fN>, 

i .e. ,  the probability amplitudes of states with definite 
S and Z in the stationary state I ( ~v j f iN) ,  a r e  solutions 
of the system of linear algebraic equations 

in which $,f,N a r e  found from the secular equation 

det I.( (Jv)SIffJ I Pin 1 (Iv)S'I ' f~, ) -Q, .aN6ssv6rl .  ( =O (12 )  

and represent the required hyperfine splitting of the non- 
relativistic energy level E,, for fixed f (the degeneracy 
with respect to remains). 

In the case of identical nuclei, the only roots of the 
secular equation among a l l  the Nmax  roots that have phy- 
sical  meaning a r e  those that correspond to states 

I (Jv)ff$Vu) with definite symmetry u=p(-1)" " = +1 
under permutation of the n ~ c l e i , ' ~  i. e. , P, =PA= 1 for 
even and P, = P A =  -1 for odd I. " 

3. EFFECTIVE SPIN HAMILTON1 AN AND 
HYPERFINE STRUCTURE OF THE STATIONARY 
STATES OF p-MESIC MOLECULES 

The spin operator vSPin , whose explicit form i s  de- 
scribed in the previous papers of Ref. 7, was averaged 

TABLE I*. Coefficients Ez, . . . , EI,(CleV= 1oe6ev) of the effective 
spin Hamiltonia (13) for the mesic molecules ppp,  ddp, t @ ,  PC, 
p& , d& in the stationary states 1 J v )  with total orbital angular mo- 
mentum J <  1 and vibrational quantum number v 6 1. 

*Mesic-atom energy unit c, = 5626.506 e ~ . '  
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TABLE 11. Hyperfine structure of w-mesic molecules of the hydro- 
gen isotopes. 

A. Hyperfine structure of the levels of the mesic molecule ppp. 
A . I v  . J U ~ -  I 2 1 N I..evw.(+i)lw;:(!t)i 3 ,,,. .) 1 (2,s,,,2 N >  

I t  , I ,  I t , , 

B. Hyperfine structure of the levels of the mesic molecule ddp. 

C. Hyperfine structure of the levels of the mesic molecule ttp. 

D. Hyperfine structure of the levels of the mesic molecule Pdp. 

E. Hyperfine structure of the levels of the mesic molecule ptp. 
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TABLE I1 (continued). 

F. Hyperfine structure of the levels of the mesic molecule dtp. 

Note. Here, J and v are the orbital and vibrational quantum numbers, 
respectively; -EJ ,  is  the binding energy of the stationary state 1 &) 
of the mesic , olecule in the nonrelativistic approximation; f i s  the 
total angular momentum of thep-mesic molecule; '&! is t6e energy 
of the stationary state I (~vvffl), measured from E,,; wAN(tt) and 
~ $ ( t t )  are  the populations of the level (J ,  v,f ,  N) of the mesic mol- 
ecule formed as  a result of collision of the mesic atom &I Q ), d~ (F'), 
or  t p @ )  in the parastate (F= t t )  or  orthostate O; = tt), respectively, 
with the p, d ,  or t nucleus (of the same kind or lighter); ( S I I  N) = 

= a# is  the probability amplitude of the state 1 S I )  = I J S w l w i t h  
definite values of the total spin S and the total spin I of the nuclei of 
the mesic molecule in the stationary state F&) = I ff& : 

N is the number of the state l*N*&,,. where N,, is the degeneracy 
of the level with the given values of ( J ,  u ,  $fa). 

in two stages. After the first  averaging of vSPin with 
respect to the variables R and r with the function 
9,,,(R, r) of the stationary state lnr) we have the ef- 
fective spin Hamiltonian He", which i s  defined on the 
direct product J@ s, @ s, C3 s, of the spaces of represen- 
tations of ranks J, s,, s,, s, of the group SU, (Ref. 7): 

H'"=E,s.s~+E~s.s,+E,~+E~s~P(J)+E,s~~~J~+E~s~~(~) 
+E, (s.Te"sb) +E, (S.~-'~'S.) +E, (sbTe')s.) 

+E,,(s,T'~'s.)+E,, (5T(')sb). (13) 

ticles, the parametrizations of the p, d, and t form 
factors, and so forth, s e e  the previous papers of Ref. 
7. 

Averaging of the effective spin Hamiltonian (13) with 
the wave function x;;'f of the eigenstate I JSIfi) of the 
total angular momentum 6, which i s  obtained from (10) 
by the formal substitution @,, ,(R, r)  - x i,, 

;:,I' = ~ J f , - ~ S ~ l J f ~ , ~ ( ~ I s s . ~ - Z s l Z s , S ~ ~  
tr,c. 

Here, 9'~ ' a r e  the generators of the representation of as .a an 

rank J of the group SU, acting on the constant spinors X < S ~ ~ ~ S ~ ~ ~ - ~ ~ I S ~ ~ ~ I I ~ ) X ~ ~ - ~ X ~ - I ~ X C ~  X I ~ - K ~ ~  (14) 

x:,, and the symbol ( W ' y )  is defined by the equation leads for fixed J and v to the system of linear algebraic 

(X,Y E S ~ , S ~ , S , )  Eq. (11) for p,f,N and to the secular Eq. (12) for g{f. 

( x T ~ J ~ ~ ) = ~ / ~ { ( & ~ )  ( Y @ ~ ~ ) + ( ~ ~ ? ~ J ~ )  ( & ~ J ~ ) } - J ( J + ~ ) X ~ .  The values of I<: of the energy levels of the hyperfine 

The values of the coefficients E,, . . . ,Ell in g eV 
= eV (El = 0 to within the adopted relative accuracy 
-5 x lo-= for E, and E, and -5 x 104 for E,, . . . ,Ell) for 
the stationary states I ~ T )  with J, v c 1 a r e  given in 
Table I for a l l  the p-mesic molecules of the hydrogen 
isotopes. For the scheme for calculating the coef- 
ficients E,,  and also the values of all  the employed 
constants, masses and magnetic moments of the par- 

0 "  

structure measured from the nonrelativistic value &,, 

(7) (see Table JI) and the probability amplitudes 
= (SZ I ~ N )  of states with definite S and Z of the stationary 
states I (Jv)ff3N) with J 1 and v 1 a r e  given in Table 
I1 for all  the p-mesic molecules of the hydrogen iso- 
topes. 

It is  well known4v6 that p-mesic molecules a re  formed 
in collisions of p-mesic atoms in the 1s state with 
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spin F = s, + s,. in the parastate ( F =  4 t ) or  orthostate 
(F= t t )  with nuclei of the hydrogen isotopes with spin 
s,, i.e., in accordance with the scheme of type (2). 
Under the assumption of an arbitrary orientation of the 
spins F and s, and the total orbital angular momentum 
J of the produced 1-mesic molecule, i t s  original spin 
state i s  represented by the density matrix" 

p=[ ( 2 F t 1 )  (2s,+l) (2J+1) I-' Hz,, @ Usbib@ n,,,, (15) 
.*.ibm, 

FIG. 1.  transformation^' of the energy levels of the hyper- 
fine structure of the mesic atoms dp (a) and & 8 )  in the I s  
state with spins F = s, + s- in a collision with d nuclei with spins 
4 into the hyperfine-&ricture energy levels of the stationary 
states IffS N) (1 )  with total orbital angular momentum J =  1 
and vibrational quantum number v = 1 of the mesic molecules 
ddp and dtp. Here,/= S +  J i s  the total angular momentum, 
S = q  +s,+s, is  the total spin of the p-mesic molecule. N is  
the number of the hyperfine-structure state for given WP ( t  4 ) abd WP ( t  t ) are the para- and 
(17)-(19) of the stationary states I ( ~ v ) f f $ V )  of the mesic 
molecule formed through the spin state characterized by the 
density matrix (15)  from the parastate F + t 4 and orthostate 
F = t  t ,  respectively, of the mesic atoms dp or tp; Ed, 
= - 2663.226 eV, AE,~;= 0.049 eV, cJ, (ddp) = - 1.91 eV, AEZ;, 
= 0.024 eV, Et,  = -2711.268 eV, A@:= 0.240 eV. &,,(dtp) 
= -0 .64 eV, A@:; = 0.193 eV. 

Then the probability of finding the 1-mesic molecule in 
the stationary state I(Jv)ft%,N) of the hyperfine structure 
is determined as a function of the two possible spin 
states, F = 4 t o r  F = 4 4 ,  of the mesic atom (a, c )  by the 
expression15 

d 

WJ? ( F ) =  ( ( J u ) f f , N l p l  ( J u ) f f , N ) ,  (1'7) 
d3-- 3 

if, a s  in Ref. 16, allowance i s  not made for transitions 
between states of the hyperfine structure. 

The probability W{:(F)  i s  usually called the popula- 
tion of the stationary state I (Jv)ff3N) of the mesic 
m o l e ~ u l e . ~ ~ ~  It can be expressed in terms of the proh- 
ability amplitudes p{t = I (Jv )fN) [see (11) and 
Table 11] of the states 

w,? ( F )  = 
2 f + l  C Iz ~ S F Y I J S I ~ )  $1'  . 

(2F+1) (2sb+1) ( 2 J f i )  , 

where 

does not depend on f,, If3 I sfi  

In Fig. 1, we show schematically the "transforma- 
tion" of the hyperfine energy levels of the d~ and t p  
mesic atoms into the hyperfine energy levels of the 
ddp and dt.p mesic molecules in accordance with the 
scheme for adding angular momenta in reactions of 
the type (2), i.e., the spins F of the mesic atom a , c ,  
the deuteron b (s,), and the total orbital angular mo- 
mentum J of the system a, b , ~  a re  added successively 
to the total spin S = F + s, and total anguiar momentum 
f = S + J of the mesic molecules. Thus, the complete 
set of energy levels of the states (1) of the hyperfine 
structure of the mesic molecule, which a r e  expanded 
in the perturbation-theory scheme with respect to the 
states IJSI%%,) with coefficients ( l l ) ,  decomposes 
naturally into two groups in accordance with the pos- 
sible ways in which the 1-mesic molecule can be 
formed from the parastate ( F = t + )  or  orthostate ( F  
=44) of the p-mesic atom a , c .  

In Table 11 we give the parastate, W,/f(tt ), and ortho- 
state, W{,N(t. t ), populations of the stationary states 
I(Ju)%%,N) with J , v  " 1 for all the p-mesic molecules 

of the hydrogen isotopes calculated in accordance with 
Eqs. (18) and (19). (We recall that the mass of nucleus 
a i s  greater than o r  equal to the mass of nucleus b.) 

4. CONCLUSIONS 

In the present paper (see Table 11) we have calculated 
in the first order of perturbation theory in ff2 to accur- 
acy eV the hyperfine structure of the energy levels 
of the stationary states (J  -' 1, v s 1) of the pmes ic  
molecules of the hydrogen isotopes. In the calculation 
of the coefficients of the effective spin Hamiltonian (13) 
in the expansion (4)-(6) of the wave function of the 1- 
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mesic molecule we have retained the terms corre- 
sponding to the states of the first four shells in ac- 
cordance with the classification of the "separated" 
atom7 of the discrete spectrum of the two-center prob- 
lem." The terms corresponding to the continuum 
states of the two-center problem were not taken into 
account, since their contribution is less than the adopt- 
ed accuracy -10" eV of the  calculation^.^ 

As can be seen from Table I, the coefficients of the 
effective spin Hamiltonian (13) that determine the spin- 
orbit (E,  , E,, E,) and spin-tensor (F, , . . . , Ell) interac - 
tions a r e  appreciably smaller than the coefficients that 
determine the spin-spin (E,, E3) interaction of the p- 
meson with the nuclei. This has the consequence that 
some of the energy levels $?{f a r e  degenerate to ac- 
curacy -10" eV; for example, see Fig. lb and Table 
11 E. At the same time, the contribution of the correc- 
tions o(a2)  i s  <lo" eV according to estimates. 

It follows from our calculations that the corrections 
for the internal electromagnetic structure of the nuclei 
to the coefficients of the effective spin Harniltonian (13) 
a re  -0.5-1.5 % of the corresponding quantities calculat- 
ed without allowance for them? The Foldy-Krajcik 
corrections,* which represent the motion of the center 
of mass of a pair of particles, significantly change 
the coefficients (E,, E,, E d ,  which determine the spin- 
orbit interaction in the p-mesic m ~ l e c u l e . ~  Allowance 
for both these effects changes the hyperfine splitting of 
the energy levels $f of the P-mesic molecules by 
-0.5% (the corrections for the internal electromagnetic 
structure of the nuclei) and -0.05-0.1 % (Foldy -Krajcik 
corrections).' 

Despite the smallness of the effects due to the intern- 
al  electromagnetic structure of the nuclei, their in- 
clusion is of fundamental importance, since in this case 
the operators of the spin interaction does not have -6 (r) 
and I Y - ~ I  singularities.17 

The results of the present paper can be used to make 
more detailed calculations of the rates of resonance 
formation of ddp and dtp mesic molecules2 and the 
kinetics of mesic-molecular processes in a mixture of 
hydrogen isotopes. l8 
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