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Coherent scattering of Mdssbauer y radiation in magnetically ordered birefringent crystals is theoretically
considered. It is shown that Mossbauer scattering by such crystals has a number of features that distinguish it
from the case when there is no birefringence of the ¥ quanta in the crystal. Analytic expressions that describe
the intensity and the polarization characteristics of the scattering are obtained for the case of strong
birefringence, and their connection with the details of the magnetic structure of the crystal and with the
magnitude of the birefringence is analyzed. It is shown that in this case the coefficient of reflection of the ¥
quanta from the crystal, as a function of the incidence angle, of the orientation of the magnetic fields at the
nuclei, and of the energy of the  quanta assumes in this case a complicated (multihump) form. The possibility
of experimentally investigating these effects in a -Fe,0, and FeBO, crystals are discussed.

PACS numbers: 76.80. + y, 78.20.Fm

INTRODUCTION

The study of the diffraction of resonant y radiation by
crystals is now branching out into an autonomous re-
search trend, and progresses vigorously both theoret-
ically and experimentally.! A number of interesting
properties of Mdssbauer diffraction is observed under
conditions of hyperfine splitting of a M&ssbauer line in
a crystal.?® In particular, theoretical investigations
of the diffraction of Mdssbauer y quanta by perfect
magnetically ordered crystals have revealed peculiari-
ties in M8ssbauer dynamic scattering, viz., compli-
cated polarization properties of the scattered radia-
tion'® and magnetic Pendollosung beats.!!

This paper deals with M8ssbauer scattering of y ra-
diation by magnetically ordered crystals having strong
birefringence. It is shown that the intensity and po-
larization of the diffracted radiation has a complicated
dependence on the energy of the y quanta, on the orien-
tation of the magnetic fields at the nuclei, and on the
angle of incidence of the radiation on the crystal. This
dependence is connected with the birefringence of the
v quanta in the crystal and is due to the possibility of
varying the birefringence by changing the beam energy
or the orientations of the magnetic fields.

The scattering of Mssbauer radiation is considered
in detail in the case of thin (kinematic limit) and thick
(dynamic theory) perfect crystals, and a detailed anal-
ysis is presented of situations that are of interest from
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the experimental point of view and lend themselves to
an analytic description.

SYSTEM OF BASIC EQUATIONS

We consider the scattering of resonant y radiation by
a crystal in the form of a plane-parallel plate, contain-
ing M8ssbauer nuclei, with the Bragg condition satis-
fied or nearly so. The y-radiation field in the crystal
is obtained by solving Maxwell’s equations, which in
the two-wave approximation can be represented in the
form

Y:%E‘;“='l‘2,iFnEi +%'F11Ez,

1)
& B+ (P—al)E (
'{zdz—zzxi 3 22— . 2y

where E,,E,,v,,7, are the amplitudes and direction
cosines of the incident and diffracted waves relative
to the normal to the surface, » is the wave vector of
the radiation in vacuum, z is the coordinate along the
normal to the sample surface, T is a unit matrix of
second order, F,, is an operator that describes the
scattering, by the unit cell of the crystal, of a wave
with wave vector k, into a wave with wave vector k,.
The elements of this operator are the scattering am-
plitudes FS;, where the superscripts s,s’=1, 2 desig-
nate the polarizations of the waves in the primary and
secondary directions; the explicit forms of the opera-
tors are given in Ref. 10. The wave vectors k{’ and
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k" of the primary and secondary waves are connected
by the Bragg condition

k" - k=, (2

where 7 is the reciprocal-lattice vector, and the pa-
rameter a=[(#+7)2— %?]/%? determines the deviation
of the angle of incidence of the radiation on the crystal
from the Bragg condition.

In the general case the diffraction problem must be
solved by numerical methods, especially when it comes
to analyzing the condition for the solvability of the sys-
tem (1), a condition that determines the admissible
values of the wave vectors k, and k, under diffraction
conditions (the so-called dispersion surface). Nonethe-
less, some features of M§ssbauer diffraction by bire-
fringent crystals can be discerned without using an ex-
plicit form of the solution of the system (1), by quali-
tatively analyzing the dispersion surface. The form of
the corresponding dispersion surface for the case of
birefringent crystals is shown in Fig. 1.

The difference between the surface shown in Fig. 1
and the corresponding surface for x-rays'® lies in the
allowance for the birefringence of the y quanta (for the
dependence of the values of the wave vectors k{*’ on the
wave polarization). It follows from the form of the
dispersion surface that four regions of diffractive re-
flection of ¥ quanta, with different incidence angles,
can coexist. In the kinematic approximation the four
values of the diffraction angle (for different intrinsic
polarizations of the incident and scattered waves!'*!®)
are determined by the points L,,,L,,,L,,,L,,. Inthe
dynamic theory there are encountered diffractive-re-
flection regions having different y-quantum incidence
angles and having dimensions determined by the dis-
tances between the branches of the dispersion surface
(near the points L, ). The angular dimensions A8 and
the position of one of these regions are shown with the
aid of the construction illustrated in Fig. 1.

The noted peculiarities of scattering in birefringent
crystals manifest themselves most clearly under con-
ditions of strong birefringence of the M&ssbaer y quan-
ta, i.e., at

FIG. 1. Qualitative form of dispersion surface for birefringent
crystals. The points L ¢+ correspond to scattering in the
kinematic approximation, PP’-crystal surface, Af-width of
one of the diffraction maxima, the circles mark the points at
which the inelastic channels are suppressed.4
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'Re(F{‘i'_Fi‘i'.')|>|F2'1"|. (3)

The condition (3) is a requirement that the structural
amplitude of the scattering through the Bragg angle be
small compared with the birefringence (the difference
between the amplitudes of forward scattering for differ-
ent intrinsic polarizations), and can be satisfied for
both crystal and magnetic diffraction reflections.??
Satisfaction of the condition (3) can be aided by a spe-
cial choice of the energy of the ¥ quanta, and of the
orientations of the beams relative to the magnetic axes
in the crystal.

When inequality (3) is satisfied, the system (1) re-
duces to four independent second-order systems, each
of which describes the scattering of y quanta with fixed
polarizations n/s’ and n{*” for a definite interval of in-
cidence angles. The corresponding systems are ob-
tained from (1) replacing the matrices ﬁ‘w with scatter-
ing amplitudes Pi',s, and the vectors E; with the scalar
amplitudes E,fs’. The physical cause of the possibility
of separating the polarizations in the system (1) is that
in birefringent crystals the diffraction scattering of
different eigenwaves takes place at different incidence
angles on the crystal. This means that for a fixed in-
cidence angle only y quanta with a definite polarization
n’’ (one of the intrinsic polarizations) undergo diffrac-
tion scattering, and the scattered radiation is polarized
and has a polarization vector n$”’. We note that the in-
trinsic polarizations n{®’ depend on the magnetic struc-
ture of the crystal, on the energy of the y quanta, and
are elliptic in the general case.!®

We assume hereafter that the strong-birefringence
condition (3) is satisfied and that the described separa-
tion of the polarizations takes place in the system (1).
In this case we obtain from (1) for the amplitudes of
the transmitted and scattered waves the expressions

E,(e)=E, 2 ni(.') 2 (nl(.)e)t"',
o =12 sm=1,2 (4)

E.(e)=E, 2 " 2 (ne)r,

-2 =12

where E, and e are respectively the amplitude and po-
larization of the incident wave, while |#*|*and |r**|?
specify the transmission and reflection coefficients for
the waves with intrinsic polarizations.

It follows from (4) that E,(e) and E(e) contain four
terms, each of which describes the scattering of M§ss-
bauer radiation in the already noted different angle re-
gions for the determination of the intrinsic polariza-
tions of the incident and scattered waves. In the ab-
sence of hyperfine splitting of the M&ssbauer line, for-
mulas (4) reduce to the known expressions'® for this
case and contain only two terms.

The radiation reflection and transmission coefficients
are of the form
|E;(e) |2

|E,(e) I?
2\ 5
T (5)

IE,?

Rs(e)= Ts(e)=

where E,(e) and E,(e) are defined by expressions (4).

If the incident beam is unpolarized, then the reflection
and transmission coefficients Ry and Ty are obtained
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by averaging (5) over the polariz-tion. Expression (4)
is valid for arbitrary thickness of the scattering crys-
tal, and to obtain the qualitative picture of the scatter-
ing we consider first the case of thin crystals.

SCATTERING IN THIN CRYSTALS

For thin crystals, using the smallness of the re-
flected wave compared with the transmitted one, we
obtain for #* and ** in Bragg geometry (y,/y,<0) from
(1) the following expressions:

P ex {quffL }{1 A } . C
—ox _ pe C
Pl oy, 2B ) B

PARERH inL inal
A=F,; Fy [1 + X B exp ke ]
2|'Yzl

(6)

B= llt|F,, +FL —a,
Y1

s ixL
=F 11— T )
e=ri{1-ene 772 ]}
where L is the crystal thickness.

We analyze now the angular dependence of the reflec-
tion coefficient Ry when an unpolarized beam of ¥
quanta is incident on the crystal. It follows from (4)—
(6) that the intensity of the diffracted radiation as a
function of the incidence angle has four maxima at the
following values of a:

a.=Re(F:;+ H_ ]F::), a,=Re(F::+ ] :—I F::) :
1 1

M

a,=Re(F;; + l% IF,‘,“) . a=Re (F:: + H‘- | F.Z’) .
1 1

The angle width of each of the maxima depends on the
values ImF3; of the imaginary parts of the zero-angle
scattering amplitudes, on the thickness L of the scat-
tering crystal, and on the geometry of the scattering
(on the parameter v,/¥,). Thus, if

L S
x Im([*—’[F., +F57) >4,
21,1 Y1

then the width of the maxima is equal to 2Im( |y,/
Y| F+ F3).

1t follows from (7) that the angle distance A between
the centers of the first and second maxima is equal to
that between the third and fourth
A=a.—az=aa——m=Re (Fzz“—Fﬂn) (8)

and is determined by the magnitude of the birefringence
in the k, direction. The angle distance between the cen-
ters of the outermost maxima

1 22 Y2 1 22

Av=a a«—Re[Fu Fi - | - | it —ri) ] (9)
depends on the birefringence in the directions of the
incident and diffracted waves and on the scattering ge-
ometry. I the relation between the birefringences in
the directions k, and k, is such that

[1/Y:| |Re (Fuu*'—F1) | =|Re (Fu''—F2") |, (10)

then the centers of the second and third maxima coin-
cide and &4,,=2A. In particular, for the symmetrical
Bragg case (|y,/y, |=1) the centers of the maxima co-
incide at equal values of the birefringence in the k, and
k, directions.!® For the asymmetrical Bragg case at
|¥2/7,1| > 1 the value of A, can exceed 2A appreciably.
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If all the peaks are separated in angle, the radiation
scattered into each of them is fully polarized, and in
the outermost and in one of the central maxima there
are polarized y quanta with polarization vector nf’,
while radiation with polarization vector n{®’ is scattered
in the two other maxima. For the sake of argument,
we assume hereafter that all the scattering peaks are
resolved.

MAGNETIC AND ENERGY DEPENDENCES OF THE
REFLECTION COEFFICIENT

We consider now the dependence of the reflection co-
efficient Ry on the orientation of the magnetic field at
the nuclei at a fixed value of the incidence angle of the
¥ quanta on the crystal. Variation of the orientation
of the magnetic fields at the nuclei in the crystal (e.g.,
when an external field is applied or its direction is
changed) changes the amplitude F*‘¥ of the nuclear
resonant scattering, and hence also the refraction co-
efficient of the eigenwaves. For a fixed incidence an-
gle (fixed a), the maxima of the scattering, as func-
tions of the magnetic-field orientation, are reached,
as follows from (6), when the following condition is
satisfied

Re (F;,'"+ l % | F,‘.‘) —a. (11)

Relation (11) can be satisfied at several orientations of
the magnetic field H, at the scattering nuclei. This
means that at the corresponding directions of H, the
conditions of the Bragg reflection are satisfied for def-
inite intrinsic polarizations of the incident and dif-
fracted waves, while the reflected intensity, as a func-
tion of the orientation of the magnetic field in the crys-
tal, has several maxima. Their number depends on the
value of the parameter @, on the magnetic structure of
the crystal, and on the multipolarity of the M&ssbauer
transition through which the scattering takes place.
Thus, in the case of antiferromagnetic ordering in the
crystal and scattering through a magnetic dipole transi-
tion, the reflection coefficient Ry can have up to four
maxima when H, is rotated through 90°. The polar-
ization characteristics of the scattering at these max-
ima are similar to those noted above in the investiga-
tion of the angular dependence, and are determined by
the vectors n¥’,

Similar maxima of the reflected-radiation intensity
can appear also when the energy E of the y quanta is
varied. Thus, if the splitting of the M&ssbauer line in
the crystal is large, and the energy width of the source
line is small then, as follows from (4)~(6), up to eight
maxima can exist in the general case in the energy de-
pendence of Ry near each resonance, and their positions
are determined by the values of E that satisfy the con-
dition (11). All the maxima lie on one side of the reso-
nant value of the energy. Averaging (5) over the source
line contour, without assuming that the line is narrow,
can cause some of the maxima of the dependence of R,
on E to be smoothed out, but the asymmetry of the re-
flection coefficient relative to the resonance remains.

The foregoing analysis was made for the case of ideal
collimation of the incident beam. If the beam incident
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on the crystal is not collimated, then to describe the
intensity of the reflected radiation we must average (5)
over the parameter o. The dependences of the reflec-
tion coefficient on the incidence angle, on the magnetic-
field orientation, and on the y-quantum energy are then
smoothed out compared with the case of a collimated
beam, In particular, if the collimation & of the incident
beam exceeds noticeably the dimensions of the region
of the diffraction reflection (6> 4,,) then the angle-
integrated reflection coefficient takes the form

[Clf T
R(n(_ [F..lz(ui llz )
B - E 21 "

88" =12

e (e ), a2

where p?’: wImF3; is the linear coefficient of absorp-
tion of y quanta with polarization vector n{’ in the k,
direction. As seen from (12), in this case the sharp
maxima in the energy dependence of the intensity of
the reflected radiation average out and do not appear
in the integrated scattering.

DYNAMIC SCATTERING

In scattering by thick perfect crystals, the essential
role is played by multiple scattering of the radiation in
the crystal. In this case the amplitude of the reflected
wave E, is generally speaking not small compared with
the amplitude E, of the primary wave, and we must
obtain for the system (1) a solution in which it is not
assumed that E, is small. In the case of strong bire-
fringence of the y quanta [see condition (3)], the cor-
responding solution is also given by expression (4), in
which now #*° and ** take the form

= (b ke Y exp (—inLA, V4lyal) /D, (13)

re=2Fs" (1—expl—ixL (Al "—As ") /4l1:11}/D,

D= —2(F ) — (A2 (Fa —~a) Texp[—ixL (A =3 ") /Iyl ],

;\-1'2.=’1_2F11+F22 "‘(Zi{(‘zz Fu‘Fzz +(Z) 412 Fiz le }
Y1

Formulas (5), (4) and (13) determine the reflectlon and
transmission coefficients of the M8ssbauer radiation
for crystals of arbitrary thickness. For thick crystals

2L s o> 1

4.
the coefficient of reflection of a wave with proper po-
larization n®’ into a wave with proper polarization n”
is

RS =4/ EL 1 oo/ P ="
+{(a— /I —FL " Y —dly/ P ), (14)

An analysis of expressions (13) and (14) shows that,

just as in the case of scattering by thin crystals, the
angular, magnetic, and energy dependences of the in-
tensity of the radiation reflected from a thick crystal
have a complicated (multiple-hump) form. The details
of these dependences, however, differ for thin and thick
crystals.

Consider Md&ssbauer scattering by a thi_ck crystal.
In this case, neglecting absorption, the angular depen-
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dence of each of the four maxima in Ry(a) coincides
with Darwin reflection curve known from x-ray diffrac-
tion,'? The angular position of the centers of the max-

‘ima concides with the value a; previously obtained for

thin crystals, and the width A @ of the maxima is

Aa=4(ly/1uFis Fii' )™,

The maximum value of the reflection coefficient for an
unpolarized incident beam is equal to 1/2, since one
polarization is totally reflected while the other is not
reflected at all.

Just as in the case of thin crystals, the condition
under which the angle positions of the two central max-
ima do not coincide is the violation of relation (10), but
for an actual separation of the maxima it is necessary
that the difference between the angle positions exceed
the width of the maxima, i.e.,

IRelFsi —Fa —lo/vl (Bl —Fi) >4 (Iy/vu|Fis Fi')®,  s#s’.  (15)

The condition for separation of the first and second
maxima, as well as of the third and fourth, is deter-
mined by relation (3), in which the right-hand side
must be multiplied by 4( |v,/7, [)*/% The inequality ob-
tained in this case, together with relation (15), deter-
mines the condition for the resolution of the maxima
also in the dependences of the reflection coefficient on
the magnetic field and on the energy.

It follows from (13) and (14) that the maxima in the
magnetic and energy dependences of the intensity of the
reflected y quanta are similar in form to the maxima
of the angular dependence. By way of example, Fig. 2
shows the calculated dependences of R, on the orienta-
tion of the magnetic field in a hematite (o — Fe,0;)
crystal. At the chosen values of the parameter (see the
caption of Fig. 2), the reflection coefficient as a func-
tion of the field orientation has two distinctly separated
maxima. We note that the positions and widths of the
maxima in Fig. 2 depend on the orientations of the mag-
netic fields at the nuclei, and in particular on the rate
of change of the scattering ampltidue F§; with changing
field direction, while the quantity R, characterizes the
absorption of the proper polarizations under diffraction
condition as a function of the magnetic-field orientation.
Thus, the results of the experimental measurement of
the discussed magnetic dependences, in accord with
formulas (4), (5), and (13), can be used to determine
the magnetic dependence of the nuclear structural

" /\
i ° //Z

FIG. 2. Reflection coefficient vs. orientation of the antiferro-
magnetic axis in hematite crystal for the reflection (111) (¢
is the angle between the antiferromagnetic axis and the scat-
tering plane, enrichment with Fe 85%, y-quantum energy
E=Eg/y1/2~5T,@=7.3x107%, T-natural line width.

lll /le °
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amplitude of the scattering and of the details of the
magnetic ordering in the crystal.

THE LAUE CASE

We consider now the scattering of M8ssbauer radia-
tion under conditions of birefringence in Laue geometry
(vo/7,>0). The field in the crystal is described in this
case by Eqs. (4), in which £#* and 7** are of the form

t= 0 A ) A —2(Fa =) 18— (A —2(F —a) 183},

P2 (F =& (A=A

ixL | ..
&= exp{ 141’ A },

where A{", is defined in (13). In the presence of absorp-
tion in the crystal, an analysis of the dependence of the
imaginary part Imk*’= » Ima**® of the wave vector on
the angle of incidence of the radiation on the crystal
reveals certain peculiarities of the effect of suppres-
sion in birefringent crystals. Thus, if the following
conditions are satisfied:

ReF.s ImF.,'=ReF,\' Im Fi;
ImF, ImFh'" = ImFlj ImFs,",

then Im)\*® can vanish at incidence angles determined
by the expression

=Re F;z’-'__'{_zne F:,‘ + Im ('YzFu /Tl_Fzz )Im’(’Flz F.') .
Y 2ImF; Im Fs

(16)

In accordance with (16), the onset of the suppression
effect for different proper polarization is possible in
the general case at four unequal values of the angle of
incidence of the radiation on the crystal. The points at
which the suppression effect takes place are marked by
circles on the dispersion surface (Fig. 1).

CONCLUDING REMARKS

The results of the preceding sections reveal the
characteristic features of coherent scattering of M8ss-
bauer radiation by birefringent magnetic crystals. It
must be noted first that the angular, magnetic, and en-
ergy dependences of the intensity of the diffracted beam
have a qualitatively different character than in the ab-
sence of birefringence. The reflection coefficient as a
function of the incidence angle, of the magnetic-field
orientation, and of the y-quantum energy has a fine
structure (see, e.g., Fig. 2), which contains informa-
tion both on the amplitudes F55,i#p of the scattering
through the Bragg angle and on the amplitudes F5; of
forward scattering. This makes it possible in principle
to determine these amplitudes by a diffraction experi-
ment.

It is also possible to make a birefringent crystal dif-
fracting or nondiffracting without changing its orienta-
tion relative to the incident beam, merely by changing
the directions of the magnetic fields at the nuclei. It is
then possible to study the reflection curves for a fixed
scattering geometry by merely varying the orientation
of the magnetic fields. It is similarly possible to in-
vestigate the reflection curves by varying the energy
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of the vy quanta.

Under strong birefringence conditions, the radiation
scattered in each separated peak is fully polarized.
Thus, reflection of M8ssbauer radiation from bire-
fringent crystals makes it possible in principle to ob-
tain polarized beams of y quanta, the type of polariza-
tion depending on the magnetic structure of the speci-
men.

The possibility of experimentally investigating the ef-
fects discussed in the present paper is connected with
the use of crystals of high degree of perfection and of
narrowly collimated beams of ¥ quanta. Possible ob-
jects for investigation can be, for example, perfect
antiferromagnetic crystals of hematite (@-Fe,0;) and
iron borate (FeBO,)'". If these compounds are 85% en-
riched with *"Fe, the birefringence for a M&ssbauer
line of energy 14.4 keV is Re(F'} — F33)~10°, and the
characteristic angle distance between the fine-struc-
ture peaks is A= 2”. The strong-birefringence condi-
tion (3) is satisfied in these crystals for reflections
with large values of the Bragg angle (for example,

(10 10 10) in hematite, 6,="72°), and also for the mag-
netic diffraction maxima. The structural scattering
amplitude, depending on the y-quantum energy and on
the orientation of the magnetic field, can be of the or-
der of |F52|~10"%, which ensures in this case separa-
tion of the fine-structure peaks in the angular, mag-
netic, and energy dependences of the reflection coeffi-
cient. By choosing an asymmetrical scattering geom-
etry (the case |y,/¥,|>1) it is possible to obtain an
appreciable increase of the distance between the indi-
vidual peaks compared with the value of A cited above.
Taking into account the existing limitations on y,/

7 (|v2/7,| = (F;)*/?), we obtain for the maximum an-
gle separation of the peaks the estimate A} < 3/,

The same estimate determines the requirements with
respect to collimation of the beams and the mosaic
structure of the crystal.

It should be noted that the discussed features of the
angular and magnetic dependences of the coefficient of
diffraction reflection can manifest themselves not only
in the scattering of resonant ¥ quanta, but also in scat-
tering of other types of radiation, such as neutrons,
under birefringence conditions.

In conclusion, the authors thank V. P. Orlov, V. E.
Dmitrenko, and R. Ch. Bokun for a helpful discussion
of the questions touched upon in this paper.
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Radiation from a vortex in a long Josephson junction
placed in an alternating electromagnetic field
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We consider phenomena connected with the motion of one vortex in a long Josephson junction placed in an
alternating electromagnetic field. We show that under certain conditions the vortex radiates electromagnetic
energy to both sides of the junction, and the radiation frequency is in general not equal to the external

frequency applied to the junction, i.e., a single vortex plays the role of a frequency converter. The presence of
a threshold rate of vortex radiation leads to resonant singularities on the current-voltage characteristic of the

junction.

PACS numbers: 74.50. + r

1. INTRODUCTION

The electromagnetic properties of long tunnel Joseph-
son junctions have been the subject of many studies.
In the present paper we are interested in phenomena
connected with the motion of one vortex (or of a strongly
rarefied chain of vortices) along a long junction. It is
assumed that the alternating and direct currents per-
pendicular to the junctions are given and are uniformly
distributed along the junction. We list in this connection
some already known facts.

If a strong magnetic field is applied to the junction,
a periodic vortex structure is produced in it.! When
direct current is made to flow through this junction,
the vortices are moved by the Lorentz force. If their
velocity coincides with the electromagnetic-wave pro-
pagation velocity in the junction, a resonant peak appears
on the current-voltage characteristic (CVC).!** This
picture is valid only in the presence of sufficiently
strong damping, when edge effects can be neglected.
If, however, the samping in the junction is weak, then
ihe reflection of the electromagnetic waves from the
edges of the junction gives rise to standing waves, i.e.,
the junction turns into a resonator. A singularity (a
Fiske step) appears on the CVC of the junction when
the Josephson frequency is equal to one of the natural
frequencies of the junction.!:37%

Highly interesting singularities in the form of giant
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steps were observed on the CVC of a junction by

Chen et al.® in a zero magnetic field. This phenomenon
was later investigated by Fulton and co-workers.”®

We recall briefly the gist of the phenomenon,

In a long junction to which direct current is applied,
a single vortex executes finite motion,being periodically
reflected from the edges. In each reflection act, the
direction of the current in the vortex is reversed, and
in each passage of the vortex (or antivortex) from one
edge of the junction to the other the phase difference
of the order parameter of the superconductors making
up the junction increases by 2m. The average rate of
change of the phase shift is thus

where V is the vortex velocity and W is the junction
length. Since the vortex velocity cannot exceed the
maximum velocity ¢, of the electromagnetic wave in
the junction (the Swihart velocity),” we have

O<wn=210co/W.

This means that if only one vortex moves in the junction
the voltage on the junction is

V<Va=00,/2nc=0c/We,

where &, is the magnetic-flux quantum, and c is the
speed of light in vacuum. On the other hand, as v—c¢,
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