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The distinguishing features of the polarization and the laws governing the damping of photon echoes 
produced by two successive standing-wave pulses separated by a time interval T and polarized in planes 
making an angle 1C, are investigated. It is established that the even photon echoes produced at the instants 2 7, 
47, ...., have properties greatly differing from those of the odd photon echoes that appear at the instants 37, 
57, ..... The even echoes are elliptically polarized, with the exceptjon of the cases 1C, = 0 and y? = rr/2 or of 
strict resonance, when the polarization becomes linear. From the damping of the intensity of the even echoes 
it is possible to determine experimentally the transverse relaxation time. The odd echoes, on the other hand, 
are always linearly polarized and their radiation intensity does not contain the characteristic narrow 
resonances of width 7/2. The distinguishing features of the damping of the odd echoes and the law governing 
the rotation of their polarization plane with changing T make it possible to determine the widths of the upper 
and lower resonance levels, as well as the dipole moment of the atomic transition. 

PACS numbers: 42.65.Gv, 32.70.J~ 

The method of separated fields, which is of great 
interest for nonlinear spectroscopy, has been under in- 
tensive study in the past few years. This method is 
being developed both for spatially separated 
and for fields separated in time.5-7 In the latter case, 
the resonant medium is subjected to the action of two 
successive standing-wave light pulses separated by a 
time interval 7. The result is coherent radiation of the 
excited medium in the form of photon echoes that appear 
at time intervals 27, 37,. . . after the first  excited 
pulse. This process lasts until an equilibrium state is  
established by the action of the irreversible relaxation. 

ExperimentalSv6 and theoretical7 investigations of the 
echo phenomenon in the case of standing waves were 
performed for identical polarizations of the exciting 
pulses. In the present paper we investigate, for the 
f i r s t  time ever, the polarization of coherent radiation 
in the form of a photon echo produced by pulses of 
standing waves whose polarization planes make an 
angle JI .  For simplicity, we consider resonant atomic 
transitions with a total-angular -momentum, change 
lz 0, but the individual features of the obtained regular- 
ities remain in force also for other atomic transitions. 
The results  a r e  of direct interest also for the investiga- 
tion of a gas medium acted upon by spatially separated 
 field^,"^ inasmuch as  in the c.m.s. of the moving atom 
the action of spatially separated fields is equivalent to 
the action of pulses of time-separated standing waves. 

With respect to their features, a distinction is  made 
between even and odd photon echoes, the former ap- 
pearing at the respective instants of time 27, 47, . . . 
and the latter at 37, 57, . . . The appearance of even 
echoes is  due to the phase memory of the behavior of 
the polarization vector of the medium in the time inter- 
val between the two exciting standing wave pulses, 
whereas the onset of odd echoes is due to the phase 
memory of the populations of the resonant intervals in 
the same time interval. This is also the cause of the 
difference between their properties. The even echoes 
are  elliptically polarized, with the polarization ellipse 
dependent on J I ,  7 the detuning A ,  and the phase differ- 

ence @,-@, between the first  and second standing-wave 
pulses. Linear polarization appears only a t  $ = 0  and 
$ = n/2 o r  A =@,-@,. The damping of the even echoes 
is  due to irreversible relaxation of the polarization 
vector of the medium. In contrast, the odd echoes a r e  
polarized in a plane whose position depends on $, 7, and 
the probability y of the spontaneous emission of the 
atom, a s  well a s  on the widths By, and tiy, of the upper 
and lower levels. The relaxation constants y,, y,, and 
y influence strongly the damping of the odd echoes, a 
fact that can be used for an experimental determination 
of the constants in the case $#O. 

The obtained polarization properties and the damping 
laws of the phonon echoes produced by standing-wave 
pulses differ in principle from the properties of photon 
echoes produced by traveling-wave and a re  
more meaningful and promising for practical applica- 
tions. The use of the polarization properties of stand- 
ing-wave photon echoes offer advantages over the 
traditional methods, in that it permits a simultaneous 
determination of all the sought relaxation constants: 
the width of the homogeneously broadened spectral line, 
the widths of the upper and lower levels, and the 
dipole moment of the atomic transition. All this adds 
greatly to the applicability of the echo phenomenon in 
nonlinear spectroscopy. 

1. INITIAL EQUATIONS AND BASIC FORMULAS 

In the  experiment^,^.^ a short traveling-wave pulse 
passed through a gas medium of length L, was reflected 
from a perpendicular mirror ,  and propagated in the 
opposite direction, producing in this gas medium, over 
a short time interval, a standing wave 

E=21a cos(kz+cp) e-''"'+a'+c c., (I)  

where E is the electric field intensity, 1 i s  a unit vec- 
to r  in the polarization direction, w =kc i s  the wave 
frequency, a is the real  amplitude, and cp and @ a r e  
certain phase shifts. The time 2 ~ / c  of the motion of 
the leading front in the gas in the forward and backward 
directions was small compared with the characteristic 

40 1 Sov. Phys. JETP 52(3), Sept. 1980 0038-5646/80/090401-05$02.40 0 1981 American Institute of Physics 401 



t imes (22) and with duration of the traveling-wave pulse 
itself. This makes it possible to assume hereafter 
that the standing-wave pulse (1) is excited simultaneous- 
ly over the entire length of the gas medium. Of course, 
there a r e  also other methods of producing the standing- 
wave pulse (1). 

The interaction of the pulse (1) with the resonant 
atoms i s  described by the equations 

in which p =Trpd is the polarization vector of the 
medium, p is the density matrix, d is the dipole-mo- 
ment operator, H is the hamiltonian of the atom in 
the c.m.s., and v is the atom velocity along the Z axis. 
The last term in the right-hand side of (3) takes into 
account the irreversible relaxation, pumping, and 
arrival  of the atoms a t  the lower level on account of 
spontaneous emission on the upper level, a s  is seen 
from the formulas 

exp (-v21u') 
f ( v ) =  nV,u 

Here p,,, and p,,, a re  the density matrices that des- 
cribe the atom on the upper and lower levels with 
energies E, and E, and total angular momenta j, and j,, 
with (E, - E,)/R = w, and I w - w, 1 << w,. The matrix p,, 
describes transitions between these levels, whose 
degeneracy is due to the projections ~1 and m of the 
total angular momenta. Next, d z ,  is the matrix element 
of the angular-momentum projection, N, and N, a r e  the 
stationary populations of the upper and lower degenerate 
levels in the absence of the external field (l), u is  the 
average thermal velocity, l/yo, l/ya and a re  the 
irreversible-relaxation times due to collisions and 
radiative decay, y = 4 ( d  I2w:/3(2jb+ l)ticS is the probability 
of the spontaneous emission of a quantum Rw, by an 
isolated atom, and d is the reduced dipole moment.1° 
Summation over all the repeated matrix and tensor. 
indices is  implied throughout. The described procedure 
is valid also for molecular transitions whose degener- 
acy is  connected with the projections of the total angu- 
l a r  momenta. 

In the resonance approximation we obtain from (3) 
the following system of equations: 

2ia 
+ - A cos (k~+~)l.(H~~~,"~~~~-~~",f~n~~~~), (5) 

2ia + - cos ( ~ z + ~ ) I . ( Q ~ , ~ . - Q , ~ * - )  H:!rv., 
A (6) 

bols stand for 

Q:. = p,,d,"=w.ef(-t+" , HE! = dma dr,-l  l d 12, 

It is seen from (4)-(6) that the degeneracy of the 
levels complicates the initial equations and the sub- 
sequent solution compared with the nondegenerate 
case."." However, allowance for the degeneracy is 
needed in principle for the description of the polariza- 
tion effects. 

We shall investigate the coherent phenomena in the 
given-field approximation, when the reaction of the 
resonant medium on this specified external field is  
negligibly small. For this purpose, the product of the 
absorption coefficient by the length of the gas medium 
must be small  [see (20) and (21)]. 

In the given-field approximation, Eqs. (4)-(6) a r e  
l inear,  since the amplitude a and the phase shifts q and 
@ of the standing wave (1) a r e  assumed to be known. 
The initial conditions for these equations a t  the instant 
of time t = O  prior to excitation of the standing wave (1) 
a r e  written in the form 

N j ( v )  .P 
Q:, ( z ,  t )  l = 0, N$ (z, t )  l t-O = - n,,,,,, 

2i.+ I 

We consider below for simplicity the atomic transi-  
tion j, = 0 - j, = 1. Then lTg0 = 660/3, and the zero  sub- 
scripts p = = O  of the sought quantities will be dropped 

We change over in (4)-(6) from the variables z and 
to two independent variables 5 and t', where 5 = z  - vt  
and t l = t .  At the initial instant t = O  the sought functions 
(8) do not depend on 5, and in the region O< t we have 

where a and p run through the values 1,  2, and 3 and 
label the projections on the axes X, Y, and Z, and t 
will no longer be primed (t1- t). 

We choose the X axis along the vector 1. Then the 
general solution of Eqs. (4)-(6) for y =yo =y, =y, = A  = O  
in the presence of a degenerate lower level takes the 
form 

N22(E, t )  =Ntz(E, to) ,  N T ( ~ ,  t )  =Nm(E, to),  N s ( S ,  t )  = N , , ( f ,  t o ) ,  

F=-sin- 
2 

, (14) 
ku 1 where A = w  - w, is the detuning and the remaining sym- 
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Qldl rc' 'h A=--& - where No = ~ , / 3  - Nb is the stationary excess population 
3% ( ha: of the Zeeman sublevels in the absence of the external 

field (I), To = l/ku is the time of the reversible Doppler 
where to is the initial instant of time, A is the charac- relaxation, and ~ ~ ( 9 )  is a Bessel function of f irst  order 
teristic Rabi frequency,12 and the prime and double and of argument 0. 
prime denote respectively the real  and imaginary parts 

The integral in (17) can be easily estimated in the 
of the function Q1({, to). We obtain Q3(5, t )  and N13(5, t )  

limiting case of low-energy irradiation of the medium from (10) and (13) by replacing the subscripts 2 by 3. 
ATo(1 Once Q=Q(z - vt, t) is found, the polarization vector of 

the medium is written in Eq. (2) in the form and in the high-energy regime 

To find the field E ,  induced by the excited medium, In case (18) the reaction of the resonant medium on 
we use the Fourier expansion the standing wave (1) is small  if the following inequality - holds 

and seek the solution of Eq. (2) in the interior of the For the high-energy regime (191, the condition (20) is 
medium in the form replaced by 

IN,ILldlo/ac<l. (21) 

The characteristic time intervals, after which the 
where to = &,(z, t )  and &!*) = &Af)(z, t) a r e  slow functions functions (17) differ noticeably in cases of (18) and 
compared with the exponential exp[i(nkz * ot)]. Equating (19), a r e  respectively of the order To and l / ~ .  There- 
the factors of the equal exponentials in both sides of fore the retardation of the light within the limits of the 
(21, we get resonant medium can be neglected in the boundary condi- 

tions for Eqs. (4)-(6) if 

As a result of the integration of this equation we find 
that a t  1 the quantities &,, and &!*) a r e  small com- 2. PHOTON-ECHO POLARIZATION 
pared with &i*' =&(*) in a ratio c / w ~ I n '  - 1 I<< 1,  and Let two linearly polarized standing-wave pulses 
can therefore be discarded. Thus, the induced field E ,  
is a superposition of two waves of frequency w, pro- 
pagating in opposite directions: 

This means that the excited medium radiates in the be successively excited in the medium. Here a,, 4, cp,, 
positive and negative directions of the Z axis. The p,,  @, and @, a r e  real  constants, and the unit vectors 
amplitudes &(+I and &(-I  of the forward and backward 1, and L, make an angle 4. The durations T, and 7, of 
waves that have emerged to the Outside Of the the  pulses a r e  so  short that the irreversible relaxation 
medium a r e  given by and detuning during these time intervals can be neglected 

The derived equations (9)-(16) a r e  needed to deter- 
mine the echo produced after successive excitation of 
a medium by several pulses of standing waves with 
different polarizations. 

Using (9) and (l6), we write down in explicit form the 
amplitude &(*) of the induced field (15), so a s  to estimate 
the reaction of the resonant medium on the standing 
wave (1) excited a t  the instant of time t = O  under the 
initial conditions (7) 

where n = 1,2. The interval T between the pulses, how- 
ever,  is large, T ~ < <  T , T l << 7 and 7, << 7, SO that the 
irreversible relaxation and detuning during an interval 
of the order 7 must be taken into account. 

When the first  or second standing-wave pulse is  
turned on, the state of the medium is described by 
expressions (9)-(14) with the appropriate boundary con- 
ditions, while in the absence of these pulses we Solve 
Eqs. (4)-(6) again with allowance for relaxation and 
pumping at a =  0. In the region T +T, +T, s t we determine 
only Q. Next, using (16), we obtain the amplitudes of 
the forward and backward waves of the induced field 
(15). We retain only the terms that contribute to the 
photon echo. Finally, in the coordinate frame WZ 
with X directed along the vector \, we obtain 
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xexp{(ih-y,) ( t -d*  i[m(cp2--cpl)+cpll), 

Im = {e~,,,  sin^) cos \P cos(~z+O~-@, )  
9 2 (23) 

r l t  + e& (5 sin -) sin \P cos \P e-la*, 
2 I 

where e, and e, a r e  the unit vectors of the Cartesian 
axes, Jm(0) is a Bessel function of order m and of argu- 
ment 0,  and the terms rz /c ,  which take into account 
the delay of the signals of the forward and backward 
waves, a re  left out for brevity ( t r  t / c  - t). When (23) 
is substituted in (15), it is  necessary to make the 
reverse  substitution t -  t r  z / c ,  and we must put =@, 
in (15). The angle (l is positive when the vector 4 xl, 
is directed along the Z axis. 

The basic formula (23) is valid for both a broad 
spectral line 

and a narrow one 

In the case of a narrow spectral line (25), the pulses 
of the given standing waves interact with all  the atoms 
within the Doppler contour. This enhances the coherent 
phenomena and simplifies greatly the principal formula 

g~'=~~-~(~~~~)exp{*~[m(cp~-cp~)+ cpt]), 

im=(edm(A2z,) cos 9 cos (AT+O~-@~)  
(26) 

+e,Jm((hrz/2) sin I# erp [i(Az+@,-@,) ])e-lar, 

7 
Jm(Az~%) [cos2 \P+elanr + -(f-elma')] 

3 7 o b  

+ e,l,(A,~J2) sin9 cos \P e-'2. I 
It follows from (23) and (26) that following the action 

of two standing-wave pulses the excited medium emits 
spontaneously, a t  approximate instants of time t = m r ,  
where m =2 ,3 , .  . . , electromagnetic pulses in the form 
of two traveling waves that propagate in opposite direc- 
tions (photon echoes). In the particular case of like 
polarization of the excited pulses, $ =0, the principal 
formulas (23) and (26) coincide with the results of Ref. 
7, where it was assumed that y, = y,, p, = p,, a, =a, ,  
and y =O. For exciting pulses polarized at an angle 
# #  0, however, formulas (23) and (26) contain a number 
of essentially new effects. 

We note first  that the polarization properties and the 

law of damping of the amplitude of photon echoes with 
even numbers m =2,4 , .  . . (even echoes) differs sub- 
stantially from the case of odd echoes with numbers 
3 ,5 , .  . . . In final analysis this is due to the fact that 
the even echoes a r e  the result of the phase memory 
concerning the state of the medium in the interval 7, c t 
srl +7, a memory stored in the matrix elements that 
make up the medium polarization vector p At the same 
time, the odd echoes a r e  the result of the phase memory 
stored in the matrix elements M and N a B ,  which des- 
cribe the populations of the upper and lower levels in 
the indicated time interval. 

Even echoes a r e  in general elliptically polarized, 
and the semi-axes of the polarization ellipse and their 
inclination depend on 4, on the time interval 7 ,  on the 
detuning A ,  and on the phase difference a, -a,. The 
projection of the amplitude (23) on the direction of the 
vector I, for the even echo contains a characteristic 
factor cos(A7 +a2 - G1) that causes narrow resonances 
of width 1/27 to appear in the radiation intensity when 
the frequency w is scanned, if a, - a, is 

In the particular case A = 0 and cP, = a, or  AT +a ,  - cpl 
=nn (n =0, i1, . . . ), the polarization ellipse degenerates 
into a segment, and the even echoes become linearly 
polarized. The angle $, between the direction of the 
amplitude of the electric field of the even echo and 
the vector 1, i s  then determined in the case (24) by 
numerical methods (Figs. 1 and 2), and for the narrow 
spectral line (25) it i s  given by the simple relation 
tan p,, = i,,/i, o r  

It follows from (27) that the polarization plane of 
photon echoes with different values of m do not coincide. 
This makes their identification easier. 

At JI = n/2, even echoes a re  linearly polarized along 
the vector l,, and their intensity a t  the maximum 
depends on 7 only via the factor exp(-2myor), where 
m =2,4 , .  . . . If a se t  of measurements of this intensity 
is made at different values of 7 and with the other 
parameters a,, T,, 4, 7,, m,  and JI=n/2 fixed, then 
the experimental values of the intensity can determine 

FIG. 1. Dependence of the angle @;, of the maximum-echo , 
polarization plane on the angle JI between the polarization 
planes of the exciting pulses. It i s  assumed that t = m [ r  + (T ,  

+ ~ ~ ) / 2 1 + 7 , / 2 ,  A1r,=A2r2=7r, and ( y , ( ~ < <  1. Curves 1 and 2  
correspond to even 6n = 2) and odd (tn = 3) echo respectively in 
the case of a broad spectral line r1 /Tg=r2/T0= 31.4. The 
dashed curves corresponding to the same parameters and to 
the narrow spectral lines (25) are shown for comparison. 
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FIG. 2. Intensity I, and angle $, of the polarization plane of 
the m-th photon echo vs t -t,, w h e r e t , = m [ ~ + ( ~ ~ + ~ ~ ) / 2 1  +r1/2 
is the instant of t ime of the echo maximum. The solid curves 
described I,, and the dashed$,. Curves 1 and 2 correspond 
to even echo m = 2, while curves 3 and 4 correspond to odd 
echo m = 3. The indicated curves a r e  symmetrical  about the 
ordinate axis. It is assumed that $ = r/4, A 1 ~ l  = A 2 ~ 2  = A, and 
rl/TO= T ~ / T ~ =  31.4. Unity intensity on the ordinate axis corres-  
ponds to c ( C ~ A ~ T , ) ~ / ~  or. 

the time l/yo of the transverse relaxation. The angle 
$ =n/2 is singled out here because in this case the 
measured even-echo intensity does not depend on the 
phase shifts cp,, cpz, and a,. 

The odd echoes a r e  always linearly polarized. Their 
amplitudes have a different dependence on the angle T 

and do not contain the characteristic factor c o s ( h ~  
+a,  - a,). Moreover, the intensity of the odd echoes 
depends under no condition on the phase shifts cp,, e l ,  
q,, and a,. The angle JI,, between the direction of the 
amplitude of the electric field of the odd echo and the 
vector 1, is  calculated numerically (Figs. 1 and 2) in 
the case of the broad spectral line (24), and is  deter- 
mined in the case of the narrow line (25) by the relation 
tan$,,,, = jmy/jmx or  

where m = 3 , 5 , .  . . . According to (28), the plane of 
polarization of the odd echo i s  rotated .when T changes. 
In the case yab7 >> 1 the dependence on T reduces to the 
factor e ~ p ( - ~ , , r )  in the numerator of (28), whereas for 
I Y a b ( < <  1 the numerator of (28) takes the simple form 
COS'$ +1+(yab - Y / ~ ) T .  

The projections of the amplitude E(*' of the odd echoes 
on the direction of the vector L, (the X axis) and on the 
perpendicular direction ( Y  axis) a s  r is increased, have 
different damping ra tes ,  so  that the relaxation constants 
y,, y,, and y can be determined. In fact, let $ + 0  and 
$#n/2. Then the projections of the amplitude &(') of the 
odd echoes on the Y axis at the instants of time t =mr 
dependon Ton account of the factor ~ X ~ [ - ~ , T  - (m - l )y ,~] ,  
where m =2,5,. . . , and yo is known. This makes it 
possible to determine experimentally the width y, of the 
lower level. At low values y ,~<< 1 and y,<< 1 and at $=O 

the amplitudes of the odd echoes a r e  proportional to the 
simple factor 2 - (2y, - y,, + x / ~ ) T .  The experimental 
determination of these amplitudes a s  functions of T ,  

together with the determination of the rotation of the 
polarization plane (28) a s  a function of T ,  makes it 
possible to determine y,, and y,  since the constant y, 
has already been determined above. This means that 
a l l  the sought constants yo, y,, y,, and y can be deter- 
mined experimentally from the polarization properties 
of the photon echoes produced by standing-wave pulses. 

For the atomic transition j, = 1 - j, =O. The calcula- 
tions a r e  similar, and the basic formulas a r e  obtained 
from the (23) and (26) above by making the formal 
substitution 

which i s  not reflected in the polarization properties of 
the photon echo. 

We note for comparison that after the passage of 
two exciting traveling-wave pulses, a photon echo with 
polarization of the second exciting pulse, is produced 
on the atomic transitions 1 *O and i t s  amplitude at- 
tenuates like exp(-2y,~) .~ '~  Thus, the excitation of the 
photon echoes by standing wave pulses is accompanied 
by qualitatively new effects. 
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