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Interaction of ion-acoustic solitons with Langmuir waves
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An analysis is made of the interaction of strong ion-acoustic solitons with Langmuir waves considered in the
approximation of slow changes in the soliton parameters compared with the rate of evolution of the wave
spectrum. The scattering matrix is found for the interaction of a Langmuir wave with an ion-acoustic soliton
of given amplitude and a determination is made of the change in the frequency and wave number due to the
Doppler effect. The change in the soliton parameters under the action of the waves is found. Even when the
Langmuir noise level is low, the characteristic attenuation time of a soliton interacting with waves may be less

than the attenuation time for the interaction with resonant particles.

PACS numbers: 52.35.Mw

1. INTRODUCTION. FORMULATION OF THE
PROBLEM

The interaction between Langmuir waves and intense
ion-acoustic waves transforms the energy of a Lang-
muir turbulence shifting it to shorter wavelengths where
collisionless dissipation is important., The first analy-
sis of the transformation (conversion) of Langmuir
waves in a random field of ion-acoustic waves is given
in Ref, 1, The interaction of ion-acoustic waves (peri-
odic and solitary) with Langmuir waves is considered
in Ref, 2 allowing for the reflection of the latter from a
density perturbation created by an ion-acoustic wave.
The use of the geometric-optics approximation in Ref,
2 makes it possible to consider only relatively weak
ion-acoustic waves which are of considerable intrinsic
width, In this approximation the transformation inter-
val of Langmuir waves is narrow,

In contrast to Ref, 2, we shall consider the interac-
tion of Langmuir waves with a strong ion-acoustic soli-
ton without the above restriction in the case when the
width of an ion-acoustic soliton and the Langmuir wave-
length are both arbitrary.® We shall initially find
rigorously the scattering matrix for a Langmuir wave
interacting with a given soliton (as represented by the
reflection R and transmission T coefficients), and we
shall then determine slow changes in the parameters
of the soliton under the action of Langmuir waves,

We shall assume that an ion-acoustic soliton appears
in a plasma with a weak Langmuir turbulence!’ at a
moment =0, In the presence of a moving density per-
turbation the field of plasma waves is described by
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_GE 1 3 Ve
1.07+m,,(1+?a(¢,z))E—?EAE-o, 1)

where B=n(x,t)/ny=v(x,#)/C < 1; n, and n are the par-
ticle density and its perturbation; v is the velocity of
particles in an ion-acoustic wave; C is the velocity of a
perturbation; w, is the plasma frequency of electrons;
V= nT,/m,)!/? is the thermal velocity of electrons,

The equation for nonlinear ion-acoustic waves tra-
veling in the direction of x has the following form when
the striction force is taken into account:

9 B, 1 o 1 o .
e TP ; il 2y,
5 T Gt e = o 5a (B, (@)

where D=V /w, is the Debye radius; p, =mn, is the
plasma density; ¢, is the velocity of ion sound; the angu-
lar brackets on the right-hand side of Eq. (2) denote
averaging over the ensemble, Since the field of plasma
waves is homogeneous at right-angles to the x axis and
the spectral components of the field are regarded as 6-
correlated, only the derivative of the high-frequency
potential with respect to x differs from zero in Eq. (2).
In considering the interaction between plasma waves and
an ion-acoustic soliton, we shall ignore other mecha-
nisms of the nonlinearity of plasma waves and particu-
larly their interaction with particles and decay pro-
cesses, We shall determine the validity conditions of
this approximation later,

2. TRANSFORMATION OF LANGMUIR WAVES IN
THE FIELD OF AN ION-ACOUSTIC SOLITON

We shall first consider the reflection of a harmonic
(in respect of time) plasma wave by a traveling density

© 1981 American Institute of Physics 63



profile created by an ion-acoustic soliton; 8= 8, cosh?
X(E/4), where& =x=Ct; C=c,(1+3B,) is the soliton
velocity; A =61/2Dg;1/2 ig the soliton width,?

An incident Langmuir wave of frequency w may, in a
laboratory coordinate system, either catch up with the
soliton or run away from it, depending on whether the
projection of its group velocity V,, on the x axis is
greater or smaller than C, Since the parameters of the
medium in a reference system linked to the soliton (we
shall call it the system C) are constant in the approxi-
mation of a given soliton, the frequency of an incident
wave Q is equal to the frequency of the transmitted and
reflected waves., The dispersion relationship for Lang-
muir waves in the system C is

Q=w,+k*/2m'—kL=Q"+E2/2m"+k,*/2m", (3)

where m* =w, /3V% is the plasmon “mass”; Q* =w,

- m*C%¥/2; k, is the component of the wave vector per-
pendicular to the x axis; k =k - k,, k  is the projection
of the wave vector of the x axis; k, =m*C is the pro-
jection of the x axis of that wave vector for which V,,

= c_

1t follows from the one-dimensional nature of the in-
vestigated ion-acoustic solitons that k, =const and that
|z, | is also conserved on reflection, Therefore, if a
soliton catches up with a Langmuir wave (B, <Ry),
transformation accompanied by an increase in £, and w
occurs in the front edge of the soliton, If a Langmuir
wave catches up with a soliton (2, > ky), this wave trans-
forms at its rear edge into a Langmuir wave with re-
duced k2, and w. The equation for the field in the co-
ordinate system C_is obtained by the substitutions ¢’ =1,
g¢=x- Ct and E=Eexp{- im*Ct}. Transforming Eq. (1),
we have

OE -1 .
1W+[Q+s§(§)]E—mAE=O, 4)

where s=w, /2. Since the parameters of the medium in
the system C depend only on £, we shall seek the solu-
tion of Eq. (4) in the form

E=E (8, @, k.) exp {i(Qt—k.r,)}, (5)

where Q and k, are related by Eq. (3), and r, is the co-
ordinate transverse to the x axis, Substituting Eq. (5) in
Eq. (4) and using Eq. (3), we obtain

B ()
3Dk’

@’E,
dg’

Equation (6) with B= B, cosh~%(£/A) is investigated in
Ref. 5. Using the results of Ref, 5, we can find the
solutions of Eq, (6) stationary in the system C and cor-
responding, far from a soliton, to incident, reflected,
and transmitted Langmuir waves,

R (1 - ) E,=0. (6)

According to Ref. 5, the field E, (¢, Q,k, ) is a linear
combination of two solutions of Eq. (6):

Eo(E, @, ko) =A.Q:(§, Q, k) TA:0Q:(E, Q, k) for >0, (7a)
Eo(E, Q ki) =B.P, (g, Q, ki) +B.P,(§, Q, k,) for §<0, (7p)
where

Qi.z(g, Q, k) =P2.l(—§v Q, kJ.) =exp (:Filkx|§)
x(1+exp (—28/A))F(d, d+2a, 1£2a, —exp (—28/A)); (8)
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F is the hypergeometric function; a=ia |k, |, d=%(1

—i 7). The functions @, and P, in the system C corre-
spond to waves incident on the leading and rear edges
of a soliton, respectively, whereas @, and P; are waves
reflected from a soliton or transmitted by it. The co-
efficient for a reflection of waves from a soliton is

_ I'(2a)T'(d—2a) T (1—d—2a) ch?*(n Im d) ©)
I'(—2a)T'(d)T'(1—-d) ! ch?(n Im d) +sh? (2xlal)

When an ion-acoustic soliton appears at some moment
in a plasma with a random field of Langmuir waves,
these waves begin to be reflected by the front and rear
edges of the soliton, For each spectral component Q
the dimensions of the region with reflected waves in-
crease with time m accordance with the law / «< IBQ/
dk |t, where 3Q/ak, is the group velocity of waves in
the system C. Within the limits of this reg1on in the
case of sufficiently long times  so that l>>k , we find
that for all the spectral components a solutlon close to
stationary is established:

IRI*=

E(r,t)= _\' dQ J' dk, Eo(8, Q k) exp(i(Qt—kE—k.r,)}, (10)
where dk, =dkdk, and the field Ey(£, Q,k, ) is of the
form

Eo(8 Q, k1) =E.(Q, k) [Q:(§, @, k) +R(Q, k,)Q:(§, @, k)]

+E-(Q, k) T(Q, k) Qu(E, 2, k1) for £>0, (11a)

Eo(§, Q, k) =E_(Q, k) [P:(§, Q, k) +R(Q, k)P (§, 2, k)]

+E (Q, k)T (R, k) Pi(§, Q, k,) for E<0. (11p)
Here, T(Q,Kk,) is the coefficient describing the coeffi-
cient of plasma waves by a soliton, The functions @,,,
and P, , corresponding to the limit |§[ — o transform
asymptotically into plane waves exp{+ i Ik |€} The quan-
tities E,(Q,k,) and E_(R,k, ) are the spectral ampli-
tudes of the field corresponding to, respectively, }3, <0
in the limit £ — < and to &,> 0 in the limit £ — - <,

In the subsequent determination of the law governing
changes in the soliton amplitude we shall require only
the asymptotic form of the Langmuir wave field in the
limit IEI—- o, The complete expressions (10) and (11)
may be useful in a more detailed analysis of the soliton
structure, in particular, in a study of the behavior of
its tails,

The dependence of |R| on k, is shown in Fig. 1. For
k, =Pk, the modulus of the reflection coefficient is unity
and it falls on both sides of this value. We shall define
the boundary of the characteristic interval of wave num-
bers where significant reflection of Langmuir waves
takes place by selecting the value of Ak, corresponding
to |[R|2=%. Then, using the relationship between the

FIG. 1. Dependence of the Langmuir-wave reflection coeffi-
cient on k,.
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FIG. 2. a) Unperturbed Langmuir-wave spectrum, b) Lang-
muir-wave spectrum ahead of the soliton, ¢) Langmuir-wave
spectrum behind the soliton.

soliton amplitude and its width, we find from Eq. (9)
that

AR.~0.54D8,". (12)

The quantity Afe, is close to the interval of trapping of
Langmuir plasmons found in Ref. 2 in the geometric-
optics approximation, It follows from Eq. (12) and from
Ref. 2 that the width of the trapping interval rises
rapidly on increase in 3, and even for 8,~2x10~* we
have Ak, ~k,. However, for 8,~0.25, we have A%,
~0.27D"! and the boundary of the transformation inter-
val reaches the region where the Landau damping is
important.® Thus, even in the case of a fairly low am-
plitude of an ion-acoustic perturbation the reflection
coefficient of Langmuir waves is close to unity in a
wide range of wave numbers of Langmuir waves. In
particular, the interaction with a soliton can result in
transformation of other than just plasma waves, for
example, spatially homogeneous oscillations with |k| =0
are transformed by a traveling soliton into a wave
whose wave number is &, =2k« .

The changes in the Langmuir wave spectrum created
by an intense ion-acoustic soliton (with a wide trapping
interval) are illustrated in Fig, 2. Figure 2a shows an
unperturbed spectrum of a Langmuir turbulence. Since
the trapping interval covers the energy-carrying part
of the spectrum, all the plasma waves are reflected
from a soliton with |R| close to unity and the energy
density of two plasma waves in front of the soliton (Fig.
2b) is much higher than behind it (Fig. 2c).

3. CHANGES IN SOLITON PARAMETERS

We shall determine the changes in the parameters of
an ion-acoustic soliton under the action of Langmuir
waves on the basis of Eq. (2). Transformations similar
to those in Ref. 2 give

ik
The following conditions for conservation of the soliton

shape are assumed to be satisfied during the interaction
process:®

P 2
32%0' ! ﬁE&IE(r, £) 1> dE. (13)
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B=Bo(£) ch™* (E/A (1)),

We shall seek the solution of Eq. (13) in a quasista-
tionary approximation when the distribution of the Lang-
muir wave field at a soliton is governed at each moment
t by the soliton amplitude at the same moment. We
shall determine the relationship governing changes in
the soliton amplitude by substituting Eqs. (10) and (11)
in Eq. (13); then, assuming that the spectral components
of the field are 6-correlated, we obtain the following
equation

a s dIE(§, k) I?
@l k= 32np jdg J'dkl j als;p-—-———-E

We shall transform the right-hand side of Eq. (15)
using Eq. (6). We shall multiply Eq. (6) by dE; /d¢,
where Ej is the complex conjugate of E; and we shall
add to the resultant expression its complex conjugate.
This gives the following relationship for the integrand
in Eq. (15):

dIE,|*
dg

Substituting Eq. (16) in Eq. (15), integrating with re-
spect to ¥, and applying (12), we obtain

dd {poc; j ﬁng}_—jdo jdkL 1Rl

This relationship represents the law of conservation
of the momentum of an ion-acoustic soliton and of Lang-
muir waves in the coordinate system C.* In the ab-
sence of a perturbation, the velocity of plasmon motion
in the system C is — C, whereas in the presence of a
soliton the velocity is V,=- C+wv, The soliton momen-
tum is the difference between the momenta of the per-
turbed and unperturbed media:

Bo (£) A* (£) =6V 22/, (14)

(15)

—o0

B(®)

— 30 ?(kzm|+| 9E, ). (16)

-1, (A7)

P= fpVCd§— fp.,Cd§= j:pvdgzp.,c, f}szdg,

where p=nm;, p=p,+p. The last equality is derived
on the assumption that the difference between C and ¢
is small,

We can thus see that on the left-hand side of Eq. (17)
we have the rate of change of the soliton momentum,
whereas the right-hand side gives the change in the mo-
mentum flux of Langmuir waves reflected from a soli-
ton:

o= kJE.|? v kJELI* 3V 2
8nw, 8nw, ©p

Substituting Eq. (14) in Eq. (17), assuming the unper-
turbed Langmuir wave field to be statistically and spa-
tially homogeneous with a spectrum E, (k), and going
over from integration with respect to the variables Q
and k, to integration with respect to 2, and k, , we ob-
tain the following equation for the soliton amplitude:

3
= —DkK|E.|%
8n IE.

dﬁo 6’/: V
—_ = dk, |E, (k) I*|R (k) |* ks
dt 4n poc.m,,Yﬁq[ 'L R FIRE!
— [ B IR(k)I’?E,’]. (18)

he>k,

The relationship (18) describes attenuation or amplifica-
tion of an ion-acoustic soliton under the action of Lang-
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muir waves (the first and second terms in the brackets).
It is valid both at low soliton amplitudes when the
trapping interval of Langmuir waves AE, is small, as
well as at high amplitudes when all the Langmuir waves
are reflected, If B, is small, we can go over from Eq.
(18) to the limiting case investigated in Ref, 2 in the
geometric-optics approximation. We shall analyze the
other limiting case of considerable values of B8, such
that A%, >>|%,|, and the reflection coefficient of all the
Langmuir wave is close to unity. Without specifying the
form of the Langmuir wave spectrum, we shall simply
assume that the energy of these waves is concentrated
in the long-wavelength region [k,|<< ky. Allowing for
this factor, we find that Eq. (18) yields a simple equa-
tion for the amplitude of an ion-acoustic soliton:

dg 1 (m.)"'mpﬁu_% &

dt 36" \'m, nxT,’

1 2
a’=§j IE.(k) 12 dk, (19)

where & is the unperturbed energy density of plasma
waves, The solution of Eq. (19) is

Bo () =Bo (0) (1—t/7.) "5, (20)
where
—1 A nxle ¢ m * h
Y (~m—) 8" (0)

is the characteristic time of the change in the param-
eters of an ion-acoustic soliton and B;(0) is the value of
By at t=0. The relationship (20) holds, in the case of
sufficiently large B,.

We shall now determine the limits of validity of the
results obtained. The above discussion is valid if the
characteristic time of the change in the Langmuir wave
field under the action of an ion-acoustic perturbation
Ty, i much shorter than the time 7; of changes in the
soliton parameters, We shall take 7y, to be the time
during which the plasma wave with the a wave vector
|z, |= %, travels a distance L=10x 27/ |k, |:

L
= 8Q/o%.

The inequality 7,> 7, imposes restrictions on the ini-
tial amplitude of a soliton:

me
Ty, =60 — wp~'.
me.

Bo(0) > (me/mi) ™ (30m/6%) s (& nxT.)"s; (21)

in the case of a hydrogen plasma, it follows from Eq,
(21) that B4(0)>>0.93(&/m.T,)*/%,

The maximum energy density of Langmuir turbulence
at which our analysis still holds is found from the condi-
tion of absence of a modulation instability:’

&

nxi,

< (k.D)? =~ 5-10-, (22)

The condition for conservation of the shape of a soli-
ton, which is that the change in B, should be small in
the time 7,=A/Bc,, i.e., T,>> 7, corresponds to the
inequality

me

& )% ~ 6.5-10"( il

Ys
>
Bo(0) ( 2m; nxT, ch,) !

23)
which is stronger than the inequality (1) if &/nn T,

<1074, Equation (19) is derived on the assumption that
|k,|<«<Ak,. Assuming that |2, |~k,, we find that
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Bs(0)>2-10-. (24)

We can neglect other nonlinear mechanisms resulting
in the diffusion of plasmons in the wave-vector space if
TNy << T,, Where 7, is the characteristic time of the most
important of the above processes. In the range Ik[

s 2k, this process is the induced scattering of Langmuir
waves on ions® with a time 7,~ mT,m,/#m,w,. The
corresponding inequality is &/mT, <1074,

One should also find in which case the attenuation of
an ion-acoustic soliton by Langmuir waves is con-
siderably greater than its attenuation due to the inter-
action with particles. Electrons are trapped by the
soliton field and mixing of their initial phases takes
place during the motion along trajectories, and at-
tenuation ceases rapidly. Ions are reflected in the field
of a soliton, acquiring continuously energy from the
soliton, The soliton is attenuated in accordance with
the law®

Bo(2) =B (0) (1+t/7.) 2, (25)
where
Ti= (121’() h (m'/me) I/’ (Ti/Te)AI' exp (‘/zT,/T.-) (90(0) ) —‘I’ﬁ)p_"

Equation (25) is derived assuming a Maxwellian dis-
tribution function of the particle velocities.

We can ignore the attenuation by ions if 7y «< 7;, which
leads to the condition

a\2ym. & \hy T \™ 1 T,
B0 < (—2_) ( m; nuT,) (T) exP(Z— T, ) ’ (26)
In a plasma with the electron-to-ion temperature ratio
T,/T;~10%, the condition (26) becomes
&\
BO(O)<<6710 (ﬁ) .

e

If the initial soliton amplitude is B,~107%, this condi-
tion is violated only for &/m.T, <1075,

27)

Figure 3 shows the limits of the range of validity of
this analysis in the plane of the parameters S;(0), %/
nnT,. The main restrictions are imposed as follows:
line 1 corresponds to Eq. (22), line 2 corresponds to
Eq. (23), and line 3 corresponds to Eq. (24). By way of
example, we shall obtain an estimate for a plasma with
the parameters T,~10°°K, n~10!* ¢m™3, 7,~10%7;, For
#/nnT,~1075, an ion-acoustic soliton with an initial
amplitude B,~107? is attenuated over a distance of the
order of a few tens of centimeters in a time 7,~7.5
x 1074 sec, As the soliton amplitude decreases with
time, the relationship (20) describing changes in this
amplitude is no longer obeyed, since Eq. (20) is valid

A0

w’

FIG. 3.
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provided the trapping interval Ak, covers the whole of
the energy-bearing part of the spectrum, In the case of
small soliton amplitudes the trapping interval decreases
rapidly and the attentuation of a soliton is described by
the relationship found in Ref, 2,

We have considered only the attenuation of an ion-
acoustic soliton under the action of plasma waves.
Clearly, this action may also amplify a soliton if the
plasma contains high-intensity short Langmuir waves
with k> k.

We shall conclude by noting that we can consider simi-
larly the problems of transformation of Langmuir waves
under the action of collisionless shock waves, and also
the interaction of ion-acoustic and electromagnetic
waves,
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The approximation of the normal skin effect is used to consider the problem of penetration of a high-
frequency p-polarized nonlinear ionizing electromagnetic wave into a plasma under conditions when the
plasma permittivity changes its sign in the field of the wave. The change in the permittivity from positive to
negative values is abrupt. The limits of this abrupt change are found and their behavior is studied as a
function of the angle of incidence and frequency of the wave. The abrupt change in the permittivity of the
plasma at its boundary results in a jump in the amplitude dependence of the reflection coefficient of the wave.

PACS numbers: 52.25.Mq, 52.40.Db

The problem of investigating the properties of a p-po-
larized electromagnetic wave propagating in a nonlinear
medium is of considerable interest in theory and in
practical applications. The problem is considerably
more difficult to tackle than the corresponding problem
of the behavior of an s-polarized wave because of an in
crease in the number of components of the electric field
vector and because of the possibility of a discontinuity
(jump) in the permittivity of the medium when the sign
of this permittivity changes in the field of the wave.!
Therefore, the solution of the problem should allow for
the jump in the field and permittivity; the boundaries of
this jump are not known in advance and should be found
in the process of solution.

The structure of continuous spatial distributions of the
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field of a high-frequency p-polarized electromagnetic
wave in a locally nonlinear medium was studied by Ele-
onskii and Silin.2** Our task will be to determine the
structure of discontinuous distributions of the field of
such a wave which appear when the permittivity of the
medium changes its sign in the field of the wave. We
shall concentrate mainly on a nonlinear wave which ion-
izes a plasma with a permittivity €,>0 in the absence of
the field because this problem is of interest in practical
tasks of generating a plasma in a microwave discharge.
We shall find the boundaries of a permittivity jump, and
study their behavior as a function of the angle of inci-
dence and frequency of the wave. We shall show that
under certain conditions such a wave can only create a
plasma with a negative permittivity. Under the same
conditions there may be a finite value of the electric
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