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It is shown that superconductivity and ferromagnetism can coexist in systems that are unstable to
restructuring of the single-particle electron spectrum with formation of a Bose condensate of triplet electron-
hole pairs (spin wave density) and containing localized moments. The ordering of the localized magnetic
moments is due to both intraband and interband RKKY interactions. The latter can be treated as exchange of
triplet electron-hole pairs. In this system the coexistence is possible even at arbitrarily weak exchange
scattering. The Curie temperature in this system is higher than the superconducting-transition temperature.

PACS numbers: 74.30.Ci, 75.30.Ds, 75.10.Lp

INTRODUCTION

The coexistence of superconductivity and ferromag-
netism has been the subject of many experimental and
theoretical studies, Within a phenomenological frame-
work, this question was first discussed by Ginzburg'
and Zharkov.? They have shown that in typical ferro-
magnets, owing to the large internal fields (compared
with the critical fields of superconductors) no super-
conductivity can appear in a ferromagnetic phase,

This question was considered in a microscopic model
by Gor’kov and Rusinov.® They have shown that in
superconductors with sufficiently low magnetic-im-
purity concentration there can appear a narrow region
of mixed phase. The impurity becomes magnetized
because of exchange interaction with conduction elec-
trons. The region of existence of the mixed phase is
narrow because the Cooper pairs are produced in the
superconductor in the singlet state with a finite binding
energy. Therefore at T =0 (disregarding scattering)
the exchange interaction of the electrons becomes im-
possible, On the basis of this fact, Baltensperger*
has concluded that realization of a mixed phase is im-
possible. However, according to Gor’kov and Rusi-
nov,® allowance for exchange scattering and spin-orbit
scattering by a nonmagnetic impurity leads to a nonzero
paramagnetic susceptibility of the superconductor even
at T=0. Consequently exchange interaction between the
localized moments via the conduction electrons is
possible.

Upon appearance of ferromagnetic ordering, the ex-
change interaction moves apart the Fermi surfaces of
electrons with different spin projections, and this ef-
fect appears in first order in the exchange-interaction
constant.

At the same time, scattering by a paramagnetic im-
purity (which leads to a nonzero paramagnetic suscep-
tibility of the electrons in the superconductor) is an ef-
fect of second order inJ. The spin-orbit scattering
intermingles the Fermi surfaces of electrons having
different spin orientation, and decreases the moving-
apart effect of the exchange interaction.> We note that
the narrowness of the coexistence region is actually
due to the fact that the effect of the magnetic ordering
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of the paramagnetic impurities in a superconductor is
the consequence of scattering effects that are quadratic
in J. The suppression of the superconductivity by the
exchange magnetization of the electrons is linear in J,

Andreichenko and Burmistrov® treated the question of
the coexistence of superconductivity and ferromagne-
tism within the framework of a phenomenological scheme
as applied to ternary superconducting compounds that
exhibit magnetic ordering.® They call attention to the
fact that in transition metals the effective scattering
time in the presence of several (s and d) bands in-
creases if there is no exchange interaction with elec-
trons of the d band. This increases the critical con-
centration of the magnetic impurity and facilitates the
magnetic ordering in the superconductor. The appear-
ance of an inhomogeneous magnetic structure decreases
the influence of moving-apart effect. The question of
the coexistence of superconductivity and ferromagne-
tism with helicoidal structure was discussed by Blount
and Varma, as well as by Bulaevskii, Kulich, and
Rusinov.”

In this paper we demonstrate the possibility of coex-
istence. of ferromagnetism and superconductivity in
systems with an electron spectrum of special form.
The coexistence turns out to be possible within the
framework of the assumed model even at arbitrarily
weak exchange scattering., Therefore in contrast to
other models, the appearance of superconductivity in
the ferromagnetic phase is possible.

Volkov and Mnatsakanov® have shown that in systems
that are unstable to formation of a Bose condensate of
electron-hole pairs in the triplet state (spin density
waves, SDW), it is possible to have, besides the usual
Ruderman-Kittel-Kasuya-Yosida (RKKY) interaction®
between the localized magnetic moments, also exchange
via triplet electron-hole pairs. This leads to magne-
tization of the localized moments, i.e., to ferromagne-
tism. In their opinion this mechanism is apparently
responsible for a number of magnetic pulse transitions
in R,Al, compounds (R is a rare-earth element).'°

We shall study below the behavior of magnetic sub-
stitutional impurities in systems that are unstable to
formation of SDW and to Cooper pairing. The coexis-
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tence of a singlet superconducting and a dielectric
pairing within the framework of a model of a semimetal
with almost coinciding electron and hole Fermi sur-
faces at T =0 was investigated in Ref. 11. It can be
shown that the equations describing the coexistence of
SDW, i.e., of antiferromagnetism and singlet Cooper
pairing (and the absence of localized moments) reduces
to the same system of equations as in Ref, 11. When
magnetic impurities are introduced in such a system
they become magnetized via the SDW, i.e., ferromag-
netism appears,

The suppression of superconductivity by the moving-
apart effect increases with increasing intraband ex-
change-interaction constant, which we shall assume to
be arbitrarily small. In the scheme proposed in Ref. 3,
coexistence is possible only at 7Tc,s< T, (7T, and 7,, are
the Curie and superconducting-transition temperatures),
with 7,,4,2 1 (7 is the exchange-scattering time).

But it is precisely in this region that a strong sup-
pression of the superconductivity takes place because
of the exchange scattering, and when magnetic order
appears there is also magnetization of the electrons,
and this effect is linear in J.

The conditions for the coexistence of ferromagnetism
and superconductivity in the single-band scheme are
therefore very stringent,

HAMILTONIAN AND FUNDAMENTAL EQUATIONS

We consider a model of a doped semimetal that is
unstable to electron-hole and Cooper pairing. We write
the Hamiltonian of the system in the form

H=H+H,y,

H0=Zei(p)aiu+(p)a(a(p)v (1)
where H; is the Hamiltonian of the free electrons in the
first and second zones; the electron spectrum is as-
sumed for simplicity to be isotropic.

€12(P) =—px(p*/2m—es),

where L is the shift of the Fermi surface by the doping;

Hini= Y, AVi(@)ai” (0t @) as” (0 —0) a2 (1) 210 (P)
|
+V.(q) [aw* (pHq) ax* (p'—q) ais (') a2 (P)
+a.* (p+q) aw* (p'—q) ax (p’) aza (p) +0.c.1}

+Z‘ Ve(p,P’) i (P)@i-a(—P) Gia (p') Aeca(—P) (2)
is the Hamiltonian of the electron-electron interaction,
in which we have retained only the terms responsible
for the exciton and Cooper instability within the limits
of each band.

As usual, we shall assume the high-density approxi-
mation na}>>1 (r is the carrier density in the semi-
metal and aj is the Bohr radius of the electron). In
this limit the Fourier components of the potentials
V.2(q) can be replaced respectively by the constants
&12. This replacement is possible because V,(q) and
V,(q) are short-range, the first because of screening
and the second because of the orthogonality of the Bloch
wave functions from different bands. As usual, we re-
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place also V (p, p’) by the constant g.. Without loss of
generality, the constants g, , . can be regaided as
real,!

The interaction of the electrons with the localized
moments of the impurity will be written in the form

Hi= Y Ui (@) et ®las(pra),

ij9.q
ap

®3)
U@ =—f Y\ 151 008.00" () i (),

where ¢, ,(r) are the Bloch wave functions of the i-band,
and §, is the moment of the a-th impurity atom.

Magnetic ordering gives rise in the system of loca-
lized moments to a nonzero mean value S=(S,). After
averaging over the positions of the impurity atoms!?
we have

Hi== Y 1(008) aia* (B)ay (B),

aB

],»,-=N¢mj. Ji5(r) @up” (r) @sp (r) dr, (4)

where N, is the total number of atoms with localized
moments. We assume next that the relation between the
couplii:z constants g, and g, for electron-hole pairing is
such that an excitonic dielectric phase with triplet
pairing is realized, and the temperature of the dielec-
tric transition is higher than the temperature T of the
superconducting pairing (T, is the temperature of the
transition to the superconducting state in the absence
of other interactions).

As shown by Volkov and Mnatsakanov,® the transition
to the excitonic-dielectric phase with triplet order
parameter (at a nonzero interband exchange-interaction
constant and at electron and hole band extrema that
coincide in momentum space) is the necessary and suf-
ficient condition for ferromagnetic ordering of the
localized moments.

If the electron and hole Fermi surfaces are not fully
congruent, the excess carriers remain above the gap
after the dielectric transitions. At certain conditions
a superconducting pairing is also possible. We shall
investigate below the stability of a doped ferromagnetic
excitonic dielectric with a triplet order parameter with
respect to Cooper pairing. We assume that the char-
acteristic cutoff energy for the superconducting pairing
satisfies the condition > wy, > A (€5, wp, A are re-
spectively the Fermi energy of the semimetal, the
Debye frequency, and the dielectric gap). In this limit-
ing case the carriers of the completely filled valence
band also take part in the Cooper pairing.

In view of the great computational difficulties, we are
forced to confine ourselves to an investigation of the
stability of the ferromagnetic excitonic phase to Cooper
pairing. The complete phase diagram cannot be con-
structed even for T =0.

It is convenient to solve the problem by the method of
temperature Green’s functions.!? We consider first the
transition from a semimetal in a state with SDW, We
assume that the extrema of the electron and hole bands
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coincide in momentum space. The period of the resul-
tant SDW is then equal to the period of the initial lat-
tice.

The equations of motion for the Green’s functions
take, after Fourier transformation with respect to
imaginary time, the form

(io—e:(p) =) Gu* (0, p) = (A+1) G * (0, p) =1,
(lo—e.(p) £1.) G21* (0, ) £ (A+1) Go* (@, p) =0,

(5)

where + corresponds to the up and down spin projec-
tions on the z axis,

=18, L=1S;
J||=Ju=-,n, Ju=Jznl=Jb-

The quantities in (5) are determined in a self-consis-
tent manner, The self-consistency equation for the
triplet order parameter is of the usual form

1 L dp
A=—2~g,TZ‘jbpﬁGz;(m,p)W, ) (6)

where g, =g, +g, is the coupling constant responsible for
the triplet electron-hole pairing. The expression for

the average magnetization of the localized moments
takes according to Ref, 3 the form

S=Sp [8 exp (—Ein(8)/T) 1/Sp lexp (—Ein (8)/T) 1. (M

The interaction energy of the localized moments of
the atoms with the magnetized electrons is obtained by
averaging the Hamiltonian H, in (4) over the state with
SDW. We have

e N dp

1;.-..,—(H,>——bp{TZ|o,,L,J.G“ n(m,p)w}. (8)
After the calculation we obtain for (6) the following re-
sult:

Too\ . 1 A+,
Aln( T )+? j - (n(~E—p—L) —n(E—p—1L.)
. ¢ n(—e)—n(e)
+n(—E—u+I,,)—n(E-—p.-rI,)}de—Aj-—-—-—e—de=0, (9)
where n

E(p)=(e*(p)+(A+1)")", n(z)=(e"+1)7",

Ll.ss+Ll,s, 2L+1 2L+1 1 z

S=LBL<-——7————), BL(I)=Tct.h(—2L—z)—§Tcth(-2—17).
(10)

Here L is the localized moment, T, is the temperature
of the transition into the state of an undoped excitonic
dielectric in the absence of magnetic impurities. The
quantities s, and s, in (10) have the following meaning:
s, determines the polarization of the spins of the quasi-
particles located above the gap on account of doping and
thermal excitation, and s, characterizes the polariza-
tion of the spins of the electron-hole pairs. It is seen
from (10) that the interaction with the triplet electron-
hole pairs also contributes to the polarization of the
local moments. The quantities s, and s, are given by

5.=2N(0) j de{n(E—p—1.) —n(E—p+1) +n(—E—p—L) —n(—E—p+1)},

or (11)

=N | A;’” {(n(~E—p—1)—n(E—p—1,)

+“n(—E——u+I,,) —n(E—p+L)}de, (12)
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where N(0) is the state density on the Fermi level.

We assume in addition that the difference between the
electron and hole densities in the system is given,
Therefore Eqs. (9)-(12) must be supplemented by the
electroneutrality condition

2n = j de {n(E—p—L)+n(—E—p—L) +n(E—p+1) +n(—E—p+1) -2},

(13)
where N =4N(0) is the difference between the electron
and hole densities.

We proceed now to consider the possibility of super-
conducting pairing in the ferromagnetic excitonic di-
electric phase. An investigation of the stability of such
a system to Cooper pairing of the electrons within the
limits of each reduces to a system of equations for the
vertex functions I';,(¢) and I';,(¢) at a small total mo-
mentum,

The system of equations for the vertex functions
takes at ¢ =0 the form

2 (-7 o o

1 . 1 7
N—1 % R 1 e ; 2
) 7 N1
Iy =_é”’u + _&, o Iy '*_'-al —— I,
- N e e I RE TR
- - <%
-a /] N ,”‘ )
3 o« o, «
N of o o _« o/1 I o /!
chz 7 7 7 qu 5 7 !
I; = I I;
7 3% - 3 E o
~ o -az 7 ] - 2 AW
-gzl AN [ fl-oc Z <

The solution of this system at ¢ =0 is
_ g.(1—g.Il) _ &’y
det ’ det
det=(1—gcII,,) (1—g.Il.;) —g 2110,
The polarization operators Il,;, and Il,, are defined as
follows:

- w o\ dp
nu(q)—TZ“‘j'Gl. @=P)6 ™ ()

Ty
(14)

—a-a dp
Hn =T G;z“ - 12 —_—
(g) Z.,,“I @-PC™ () s (15)
9=(q, @), p=(p,0).
The Green’s functions contained in the polarization op-
erators satisfy the system (5).

The superconducting transition temperature is deter-
mined from the condition that the vertex function be-
come infinite, i.e., from the condition det =0. We note
that det is a quadratic function of the coupling constant
g for the Cooper pairing. Therefore the equation

- det =0 has, generally speaking, two solutions for T

To clarify this situation, we write down the equations
for the superconducting order parameters in bands 1
and 2. At T =T_we have
Ay=g Il Ay tg Il Az, (16)
Anr=g 220+ g 1120 A .
In analogy with Ref. 13, it can be shown that the system
(16) has two solutions: A, =+ A,,. We shall call the
solution A}, =A ,, symmetrical and A, =- A ,, asym-
metrical. We have respectively for these cases the fol-
lowing equations for the superconducting transition
temperature:
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1) In (T/Teo)— o+ (p— (A+13) 2/ p) J2) =0, 1)
2) In (T/Te0)— (J+pdz) =0, (18)

where the quantities J, , are defined as follows:

17 (1
L= j' de{—E[n(—E—p—Ia) —n(E+p—L)

+n(—E+M—Iu)"n(E_P'_Ia)]_M}v (19)
_ 1 ¢de { n(-E+p—L)-n(E—p-1.)
w7 o
_ n(—=E—p—1L)—n(E+p—L)
E+p } (20)

We note that at J,=J, =0 Eqs. (17) and (18) go over
into the relations obtained in a study of the coexis-
tence of singlet Cooper and electron-hole pairings. The
symmetrical (4;, =A,,) and the asymmetrical
(A, =- A,,) cases then change places. The reason is
that in the case of triplet exciton pairing the dielectric
order parameter satisfies the relation Aty =— Ay (in
the z representation in which we work), whereas in the
singlet pairing it satisfies the relation At =Ay.

We shall investigate below jointly the self-consistency
equations (9), (11-13), and (17), (18) by numerical
methods.

RESULTS OF NUMERICAL CALCULATIONS

The large number of parameters (T, Tpo,d o, J b, )
makes the construction of the complete phase diagram
impossible. We confine ourselves therefore to a de-
termination of the dependences of the superconducting
transition temperature in a ferromagnetic excitonic
dielectric on the other parameters of the system. To
determine T ,we solved first numerically Egs. (9) and
(11)-(13). These yielded the temperature dependences
of A(T), u(T),I,(T),I,(T), which were then used to solve
Eqs. (17) and (18) for T,

Figure 1 shows plots of T against the bare tempera-
ture T, for different doping levels. Figure la pertains
to the antisymmetrical case, and the values of the pa-
rameters n/Tp, for curves 1-7 are: 0.1, 0.2, 0.3,

0.4, 0.5, 0.7, and 0.9. Curve 8 shows the temperature
dependence of the dielectric transition for the doping
level n/Tp,=1.1. Figure 1b corresponds to the sym-
metrical case, and for curves 1-9 the degree of doping

/T .
1.0 g 10

0.8

0.6

74

0,2

4 0.2 094 o6 08 10 0

FIG. 1. Plots of the temperature of the superconducting transi-
tion in the ferromagnetic phase: a—antisymmetrical case, b—
symmetrical case.
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n/Tp, is respectively 0.6, 0.7, 0.8, C,9, 1.0, 1.1, 1.2,
1.3, and 1,5. Line 10 yields the temperature of the
dielectric transition at a doping n/T;,=9. The values
of J,,J,, L are the same for the curves of Figs. 1a and
1b and are equal to N(OY 2/T,=0.25;N(0W 2/Tp,=0.04;
L=3.

Inasmuch as in this scheme the contribution to the
magnetization of the localized moments is made (in
addition to the particles above the gap) also by the
triplet electron-hole pairs, the restrictions on the lower
bound of J, are not so stringent (J, can literally be arbi-
trarily small). Therefore, at sufficiently low J, the
appearance of superconductivity in the ferromagnetic
phase is possible,

However, in the presence of dielectric pairing there
is another mechanism that impedes the superconduc-
tivity. In the dielectric transition, a dielectric gap is
produced on the Fermi level and leads to a decrease
of the energy interval for the superconducting pairing.
This circumstance should lead to a decrease of T, in
the exciton phase, but the state density on the Fermi
level increases in the dielectric phase, and this should
lead to an increase of T.. As shown in Ref. 11, there
exist optimal conditions at which T, exceeds the value
in the absence of dielectric pairing. For the system
parameters chosen by us, T, in the ferromagnetic phase
does not exceed T, as seen from Fig. 1.

With increasing doping, the condition for the nuclea-
tion of the superconductivity become more favorable,
and for the symmetrical case (A, =A,,) the suppression
of the superconductivity with decreasing doping is
stronger than for the antisymmetrical case (4,, =— A ,,).
This is easily seen from a comparison of Figs. 1a and
1b. The formal reason is that the second term with
II,, has opposite signs in Eq. (16) for T, in the sym-
metrical and antisymmetrical cases, and it is this
which decreases the effective coupling constant in the
symmetrical case.

Figure 2 shows plots of T (T ) for the antisymme-
trical and symmetrical cases at various doping levels.
The values of J,, J,, and L, which are the same for all
the curves of Fig. 2, are N(0Y2/Tp,=0.25, NOWZ/Tp,
=0.16, and L=3. The doping n/Tp, for curves 1-6 of
Fig. 2a are 0.1, 0.3, 0.5, 0.7, 0.9, and 1.3. Line 7
shows the temperature of the dielectric state at a dop-
ing n/Tp,=1.3. The degrees of doping n/Tp, for curves

y

) 7
'“ /75 ﬁa
b i

z

7

T

——

|
]
|
|
|
|
|
|
|
|
|

Il L 1 ]
7 0.2 74 2.6 2.6 1.0
Tco/Too

0 0,2 /A

FIG. 2. Plots of the superconducting transition in the ferromag-
netic phase: a—antisymmetrical case, b—s ymmetrical case.
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1-3 of Fig. 2b are 0.9, 1.1, and 1.3. Line 4 gives the
temperature of the transition into the state of the ferro-
magnetic excitonic dielectric for a doping 7/T,,=1.3.

From a comparison of Figs. 1a,2a with Figs. 1b, 2b
it follows that T, decreases with increasing interband
exchange-interaction constant, and in the symmetrical
case the decrease of T, manifests itself more strongly
than in the asymmetrical case. We note that T is more
sensitive to a change of doping to variation of J,. Be-
cause of the complexity of the equations, we did not
investigate the behavior of the system at temperatures
lower than 7. One cannot exclude here the following
possibility, With decreasing temperature, T<T, the
dielectric gap increases and with it the magnetization
S~B,(2J,AL/g,T). Therefore at sufficiently low tem-
peratures the superconductivity can be suppressed on
account of the paramagnetic effect, since the quantity
I, responsible for this effect at T<T, is proportional
toJ B, (2J,AL/g,T).

We have attempted here to demonstrate (within the
framework of the given model) the possibility of the
onset of superconductivity in a ferromagnetic phase.
It appears, however, that the inverse situation is also
possible, The system first becomes superconducting,
and the ferromagnetic ordering appears at lower tem-
peratures via the mechanism proposed in Ref. 8.

CONCLUSION

We have thus shown that in systems that are unstable
to a restructuring of the spectrum with formation of a
Bose condensate of triplet electron-hole pairs (SDW),
and containing localized magnetic moments, supercon-
ductivity and ferromagnetism can coexist. The coexis-
tence is possible even at arbitrarily weak exchange and
spin-orbit scattering, which lead to nonzero paramag-
netic susceptibility of the superconductor. The reason
is that a substantial contribution to the ferromagnetic
ordering of the localized moments is made by triplet
electron-hole pairs. In addition, within the framework
of the model, the weak exchange scattering makes pos-
sible to onset of superconductivity in the ferromagnetic
phase, i.e., T, is lower than the Curie temperature.

We have considered so far the model of a semimetal
with energy-band extrema that coincide in momentum
space. In this case the period of the produced SDW is
equal to the lattice period. Therefore the magnetic
moments of the atoms (or the moments of the sub-
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stitutional impurities) are located at points having the
same value of the SDW amplitude. This is precisely
why the moments of the atoms align themselves in the
same direction as the SDW, i.e., ferromagnetism sets
in. On the other hand if the band extrema are separated
in momentum space by a distance equal to half the re-
ciprocal-lattice vector, then the SDW period doubles.
Therefore the magnetic moments at neighboring sites
are in antiphase. This produces two magnetic lattices,
i.e., antiferromagnetism. In the antiferromagnetic
phase the appearance of superconductivity is also pos-
sible, and furthermore more easily, since there is no
effect of the spin separation (I,=0). This situation is
also described by the presented model, except that we
must put I,=0 in (17) and (18).

We have considered here a homogeneous situation;
allowance for diamagnetic effects brings about a more
complicated spatial structure.,”

In conclusion, the authors are sincerely grateful to
B. A. Volkov for helpful discussions.
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