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It is shown that in the general case the singularities of 4 (p,w) in p,» space are due to changes in the topology
of the line of intersection of the Fermi surface £(p) = £, with the equal-energy phonon surfaces w, (q) = .
" The singularities of the averaged quantity 4 (») = <4 (p,»)), are the consequences of the singularities in
4 (p,w). The function 4 (@) can have singularities of two types. The first is due to the fact that at a definite
value p = p* the surfaces £(p* + q) = £; and w, (§) = w are tangent at the point q = g, where the vector q,
satisfies the conditions of Kohn singularity for the surfaces £(p*) = &£, and £(p* + q.) = €. The second type of
singularity of 4 (w) exists if the surface w,(q) = @ changes its topology at some value q = q,, while the

surfaces £(p) = £, and £(p + q, ) = &5 intersect or are tangent.

PACS numbers: 74.20. — z, 74.90. + n, 63.20.Kv

The most complete information on the energy spec-
trum of a superconductor can be obtained by investi-
gating the tunnel effect. From the tunnel characteris-
tics obtained for polycrystalline samples one deter-
mines the averaged value of the order parameter in the
superconductor, Aw=(A(p,w)),.! Here and below the
symbol

Coopml (98 g1
(21)° J Jv,l vo(er) !

1 ds,

'Vn(Br)=—"(2n), m

means that the integration is carried out over the Fermi
surface £ (p) =¢p; dS, is the surface-area element, v,
=V,e(p) at e(p) =€ is the quasiparticle velocity and
Vy(ep) is the electron-state density.

It was observed in experiment that the quantity A’(w)
= 3A(w)/3w has singularities.! [The functions f/(w)
designate hereafter derivatives with respect to w.]
Scalapino and Anderson? proposed that these singulari-
ties are due to the presence of a singularity in the de-
rivative of the irregular increment to the density of the
number of phonon states with respect to energy when the
topology of the equal-energy surfaces of the phonons is
changed.

The singularities of A’(w) are the consequence of sin-
gularities of the generalized order parameter A’(p, w),
which depends on the momentum p and on the frequency
w. The nature of the singularities in A’(p, w) in p, w
space was not established in Ref, 2. The conditions for
the realization of the type of singularity chosen in Ref.
2, as well as the possibility of existence of other singu-
larities in A’(w), were therefore left unexplained.

In this communication, following the previously de-
veloped® concepts, we consider from a unified point of
view the possible singularities of A’(p,w) and of A’ (w).
It is shown that in the general case the singularities of
A’(p,w) in p,w space are due to a change in the topology
of the line of intersection of the Fermi surface with the
phonon equal-energy surfaces w,(q)=w. The function
A’(w) can have singularities of two types. The first
type of singularity in A’(w) is due to the fact that at a
definite value of p=p* the surfaces £(p* +q)=¢, and
w,(q) =w are tangent at the point q =q,, where the vec-
tor q, satisfies the conditions of the Kohn singularity
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for the surfaces ¢ (p*)=¢p and £ (p* +q,) =cz. The
second type of singularity in A’(w) exists if the surface
w,(@) =w changes its topology at a certain value q =q,,
while the surfaces ¢(p)=¢p and €(p +q,) =¢p intersect
or are tangent.

1. DERIVATION OF THE INITIAL EQUATIONS

To investigate the singularities of A(p, w)=¥(p,w)/
Z(p,w) in p, w space we start from the Eliashberg! sys-
tem of equations for the functions ¥(p, w) and Z(p, w),
which for our purposes are best written in the form

1 % I , 0
RE¢(p.w)=; jdm'%ﬂm—)ﬁb»

_ ¢ do’ ¢ dp’
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Here £(p) and w,(q) are the electron and phonon disper-
sion laws, g 1 .. is the parameter of the electron-phonon
interaction, A is the number of the branch of the phonon
spectrum, ¢ is the Fermi energy, Q is the volume of
the unit cell in momentum space, T is the temperature,
and U(p, p’) is the screened potential of the Coulomb in-
teraction of the electrons.

It is seen from the system (1) that the singularities of
the functions Rey(p, w) and ReZ(p, w) are connected with
the singularities of Imy(p, w) and ImZ(p, w). To investi-
gate the singularities in Imy(p, w) and in ImZ (p, w) it is
convenient to change from integration with respect to
dq to integration with respect to the variables w,(q),
£(p +4q), and ! *~the length of the contour of the line of
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intersection of the surfaces e(p +q)=¢ and w,(q)=w
(henceforth referred to as the ‘I line” for brevity).®

In the general case there can be several such Z} lines,
since the functions €(p) and w,(q) are multiple-valued
and periodic. To determine how many I} lines are
realized, it is convenient to consider the functions

€(p) and w,(q) in the repeating-band scheme. In this
scheme it is easy to take into account the umklapp pro-
cesses in the electron-phonon interaction, and also to
determine the [, lines corresponding to these processes.
The length of the 2 line depends on the external param-
eters p and w, We assume hereafter that the summation
is over all the possible I} lines,

Integrating with respect to the variables w,(q) and
€( +q), we obtain expressions for Imy(p, w) and
ImZ(p, w) in the form

Im $(p, ©) =nv,(er) jdm' th _;T
[
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XZ‘I dlqllgm)‘waz Re o
- Veral IS (0—@") Isin®, [0 —A*(ptq,0’)]"’
where

|gr:n+¢!z= fg:,,ﬂf’/ (21t} vy (gr);

9, is the angle between the vectors v, and S (w)
=Vw,(@) at w,(q) =w, and depends on p and on w,

As seen from (2), when the parameters p and w are
varied the integral with respect to dI} can have singular
parts at certain values p=p* and w =w"*, namely: 1)
at the points g=gq, at which sing,, =0, and 2) at the
points q=gq, at which S}, (@*)=0.

The geometrical interpretation of these cases is the
following. In the first case the surfaces c(p* +q)=¢j
and w,(q) =w™ are tangent at the point q =q, and the
vector p* is determined from the conditions g(p* +q,)
=¢gp and e(p*)=¢cp. Inthe second case the surface
£(p* +q) =¢, intersects the surface w,(qQ) =w near the
direction g =q, where a change takes place in the topolo-
gy of the equal-energy surfaces of the phonons, and the
vector p* satisfies the conditions £(p*)=¢c, and £(p* +q,)
=¢p. Infinitesimally close to the points g=q, and q
=gq,, the [, line changes its topology. It will be shown
later that the singular part of the integral with respect
to dl, is very sensitive to the type of topological changes
of the [, line, Under these conditions, following integra-
tion with respect to dl,, the integrand has a singularity
that manifests itself in the functions Imy(p, w) and
ImZ(p, w), owing to the square-root singularity of the
integrand [w?- A%(p, w)]~!/% this singularity is propor-
tional to the density of the number of states of the quasi-
particles in the superconductor.

To establish the analytic form of the singularities in
Imy(p, w) and ImZ (p, w), we separate in the volume
the smaller volumes 569, near the points q;=q, and
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q;=0,. The expressions (2) can then be written in the
form :

Tm p(p, 0)=Im o (p, @) + Y, Im s, (b, ),

@)
ImZ(p, 0)=Im Z(p, 0)+ Y Im 624, (p, 0),

where Imy;(p, w) and ImZ,(p, w) are the smooth parts
and Im&,;(p, w) and ImﬁZqi(p, w) the singular parts of
the considered functions, due to the change of the
topology of the /5 line near the points q; = q, and q; =q,.

The functions Imy,(p, w) and ImZ,(p, w) are known,?
We represent the functions Imé¥, (p, w) and ImdZ, (p, w)
in the form '

Im &g, (p, @) =7Wl?(5r) ;‘.dm' th-zmT
Ag(ptq;, 0)
lo™—A’(ptg, 07)]"

XRB{ }gq,. (p,0—0'),

0 o (4)
Im 6Z4, (p, ) =—mv,(er) j-dm' tho—T

’

[0V]
[o”-As(ptg,0)]"

X Bef Yoo, (0,007,

where

Eq ()= Z! 85 oq, § dgd(or (q; + q) — M) S (e(p+ & 4+ q) —er).
x 88,

In the derivation of the expressions in (4) we took into
account the fact that the surfaces (p) =¢, and w,(Q) =w
have substantially differing gradients v, > S,‘(w) and
effective masses [ 8% (p)/2p®> 2%,(@)/39%]. We have
also neglected the terms |S,*|w’/|v,|, since the char-
acteristic interval of variation of the parameter w and
of the variable w’ is of the order of the end-point fre-
quency of the phonon spectrum.

2. SINGULARITIES OF A'(p,w), DUE TO TANGENCY
OF THE SURFACESc(p +q) =£-AND w, (q) = w

In the calculation of the expressions Imbz,b%(p, w) and
Im6Z, (p,w) it is convenient to introduce in g-space
rectangular Cartesian coordinates, taking the common
tangency point g =q, of the two surfaces e (p* +q)=¢p
and w,(q) =w* to be the origin, and the tangent plane at
the point g =q, to be the xy plane, the normal to which
(normal to the surface) is the z axis. The expressions
for e(p +q) =¢, and w,(q) =w*, assuming the deviations
of the vector p from p* and of w from w* to be small,
can then be represented in the form

e(ptq) =e (p+a.) +| Voua |2/ (nno) +£, (2, 1)

(5)

o (@) = +18e (07) |2+ (2, 1), o =0i(4),

where f, ,(x,y) are polynomial functions that are the
first nonvanishing Taylor-series terms of the functions
£(p) and w,(q); n and n, are unit vectors in the direc-
tions of v,.q, and vy, o, respectively.

Substituting (5) in (4) we get for g, .(p, n)
go. (0= Yo" [dzdys(fr(z,vm)),

A

(6)

11A0='gp’.~|:+\1c ]z(nno)/lquc | Isq’: ("J--) I

The equation f,(x,y,7n) =0 defines the behavior of the
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I} line in the vicinity of the tangency points. It follows
from (6) that the analytic form of g,c(p, 1) is very sensi-
tive to the form of the function f,(x,y,n), which reflects
the distinguishing features of the tangency point. To
obtain the singular part of the function g, (p, n) for dif-
ferent topological changes of the I} line near the tan-
gency point, one can use the results of Kaganov and
Semenko.,®

1. In the vicinity of the tangency point, the most
probable description of the I} line is by the equation for
a second-degree curve:

Caz®+2Cozy+Cpny*+8, (1) =0, (M
8, (1) =(n—w* (g, P))/|SeM(0c7) |,

mik (9o p) =0* F 'Il;:,c(c—;_l (e(p + qc) —er)s

C =L{ m, dFe(ptq 1 9%ox(q)
®72 [Vorrg,|  0dadqs |S" (0*) | 042045 [o_q

The frequency w;(q,, p) corresponds here to the case
when the vectors n and n, become parallel as p—p*,
and w,~(q,, p) corresponds to the case when these vec-
tors are antiparallel.

When the parameters p and w are varied, two topo-
logical changes of the I} line are then possible: 1) the
1} is an ellipse that degenerates into a point, gq, ®, 1)
~ 6[6 (m] (elliptic tangency point), 2) the I3 line’is a
hyperbola that degenerates into two stralght lines,
g‘c(p,n) lnlb (17)| (hyperbolic tangency point).

To establish the form of the singularities in bzp,c(p, w)

it is convenient to use the calculated results for the
derivatives 8y, '(p,w) =wdZ, '(p, w) at T=0:

+(B"(p, 0) +i4" (p, ®)), Il — ellipse
{— (4" (p, 0) +
0,=0,"|Celyy—C?| =", (8)
B*(p, 0) =n*A¢ (pt+q.) {As* (pFqc) — (0—:* (q., p))*}
X0(Ao(PHqc) T02* (qe, ) —0),

A*(p, 0) =n*Ao(p+q.) {(0—0:*(qe, p) ) *—A(p, @)} "
X0 (0—ax* (ge, p) —Ao(P+qc) ),

8%, (P @) = Y, aavo(er)

T iB" (p,©)), lg — hyperbola’

where 6(x)=1 at x>0and 6(x)=0at x < 0.

If the [ line is an ellipse, the minus sign corresponds
to a positive definite form of C_zx,x3 and the plus sign
to a negative definite from of C ; x,x4.

2. It is possible that near the tangency point the co-
efficients C,z x,xs of the quadratic form vanish, i.e.,
if we confine ourselves to the second-order approxima-
tion, then the tangency takes place over a section of the
surface (flattening point), In this case the change of the
topology of the I} line leads to stronger singularities in
64y, (p, w) and 6Z,,' (p, w) compared with (8).

Assume for the sake of argument that the equation for
the 7} line is of the form
csz*+2¢,22y+coy*+6, (1) =0, 9)

where the coefficients ¢, are expressed in obvious
fashion in terms of the corresponding coefficients of
the functions f,(x,y) and f,(x,y) [ expression (6)]. The
calculations lead to the result
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g (P 1) ~[85(n) 170 (85(7)),

, . Al (p, 0) +iB (p, ©)
W (p'm)=zl:l ave(er) {B.‘(p,m)+iA.'(p. o)’

(10a)
(10p)
where

AMp, ©) =n (1A (ptge))*[0:* (q., p) +A0 (pFHq.) —0]~,
B(p, ©) =n* (/286 (PT4) ) "8 (0—As (P+c) —0:* (4es P)),
a'=a"|8¢ (o) [*er| 7.
The upper line in the right-hand side of (10b) corre-
sponds to the case ¢g, ¢y < 0, and the lower to the case
€5, Cy> 0, while the function w,*(q,,p) is of the same
form as in (7).

In the derivation of (8) and (10) as well as later on we
make the substitution

Re {'[mz—AAn?('p‘?L) )

_8e@)0(0=A0(p))
(087, 0) 1"

At w> Ay (p) the main contribution to the integral of (4)
is made by the values w’ = Aj(p), where A (p)
=A,[p,A(p)] is obtained by solving the equations w?

- A%(p,w)=0.

Thus, it follows from (8) and (10) that the functions
bzpqc’(p,w) and 87, ' (p, w) have singularities at w
=w,*@,, p) +A(p +q.). The analytic forms of these
singularities are very sensitive to the types of the
topological changes of the I} line near the tangency
point. For example, elliptic and hyperbolic tangency
points correspond to square-root singularities, while a
fl/attening point corresponds to a singularity of the type
1/x.

A schematic representation of some of the obtained
types of singularity is shown in Fig. 1.

3. A'(p,w) SINGULARITIES CONNECTED
WITH THE CHANGE OF THE TOPOLOGY OF THE
SURFACE w, (q) =

To obtain expressions for Imdy,, (p, w) and Im8Z,, (p, w)
[ Egs. (5)] we choose the origin in g-space to be the
point q =q,. Near this point, it suffices to retain in the

8%p,)

Ak(p,w)

I
|
|
o
|

AL (p,w)

|
|
|
|
|
|
|
1
|
|
|
v

FIG. 1. a—c) Plots of the functions A* p,w), B*(p,w) and
A?(p,w) against the frequency w as w— w{, where wy
=w} @ ,p) *Ao *q.); d) dependence of w} (q., p) on p: curve
1—for wf @, ,p), curve 2—for w5 @, ,p).
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Elprg)=¢,

@ (Q)=w

9%

\.,_

w,(q) =

FIG. 2. Variation of the surfaces £(p +q) =¢ and w, @) =w
near q=q,: a) the function w, (q) =w has a maximum or a
minimum at q=q,; b) the function w, @) =w has a conical point
atq=q,.

function w,(q, +q) the quadratic terms. The expres-
sions for g, (p, ) can be represented in the form

Zq, (P, )= ZI B pra ongq,, dqd (mr. (qe) —n+ Z e 2*541)
X8 (& (p + ) — er + Vprgyd), 11)

where (M;)~!=3%,(q)/3q® at q =q, are the principal
values of the effective-mass tensor, and ¢;=x1 is a pa-
rameter that takes into account the different topological
changes in the surface w,(q) =w, namely formation or
vanishing of individual sections of the surface, or else
formation or vanishing of the ‘bridge” between the sec-
tions of this surface. The investigation of the singulari-
ties of the function g,,*(p,n) is similar to the investiga-
tion of the singularities of the absorption coefficient of
ultrasound in metals in a phase transition of order 24°

We consider now the singularities in Ozpq’.(p, w)
=wbZq,[P,w).

1. Let the function w,(q) have at q=q, a maximum
(€; < 0) or a minimum (g;> 0); then the I} line in the ex-
pression for g,.(p, 7) is an ellipse (Fig. 2a). Integrating
in this case we arrive at the result ’

e, (. m)==tZ, bA. (potan)

x(B*(p, ) +id*(p, 0)),

B (p, 0) ={A’(p+aqn)
—(0—o*(qu, p))?} "
X8(Ao(PFas) +@r* (€, P) —0),

A ax (Pv (1))
={(0—a:*(q, p))*
—Al(pta,)} "
X0 (@—r* (gy, P) —Ao (PF) ),
@2 (g, P) =02(q))
+(e(ptq,) —er) 2 | v | ,
b=(M.M.M,)"/4x?|v*|,

12)

where v* is a vector with components
Y %
V'={V:+“Mi ,v:“th ’
My
U;HkMJ }

The plus and minus signs correspond to the minimum
and maximum of the function w,(q), respectively.
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2. Let the function w,(q) have near q=q, a conical
point (for example, €4€,>0,&5 < 0); then the I2 line in
the expression for g, (p,n) can be either an ellipse
(6° < 8°) or a hyperbola (6°> 6 _°)-see Fig. 2b [ 6°is
the angle between the vector v, .. and the g3 axis,
tan@, = (My/M,)!/?]. In these cases the expressions for
¢, (P, w) = wGZ’k(p, w) take the form

Eb,”’ (B,%(p, @) +id,%(p, 0))

Sbe, (p, 0) = ' 13)
Y 57 U (p, 0) B (p, )

where

pr_ Bo(pt )  (MiMa)": 1
1 = 2 o YR
8n* | Vosqy|cO80® R

Rt=d:(1—%:-tg’6°).

The upper and lower lines in the right-hand side of (13)
pertain to the case when the /; line is an ellipse and a
hyperbola, respectively.

The expressions for A,*(p, w) and B,*(p, w) coincide
with A*(p, w) and B**(p, w) if we replace w,*(q,, p) by

(e(ptqs) —er)*
2M;cos® 8°|Vpq, I’Re ’
Consequently, the functions &y, (p, w) and 62, (p, w)
have at w — w,*(q,, p) + 8,(p +4q,) square-root singulari-
ties due to the fact the I} line experiences in the general
case, near the directions q =q, and following the con-
sidered topological changes in w,(q) =w, only two types
of topological changes: 1) the appearance or disap-
pearance of an I} line (the I} line is an ellipse), and 2)
the 2 line has a self-intersection point (the I§ line is a
hyperbola). In this case the singularities differ from
those due to tangency points in the form of the depen-
dences of the functions w,*(q,, p) and w,*(q,, p) on the
direction of the vector p (see Figs. 1 and 3).

. (P) =%

@*(qy, p) = @x(qy) + B (p),

Thus, from the calculations of Secs. 2 and 3 it fol-
lows that the singularities of the order parameter
A’(p, w) of the superconductor in p, w space are due to
the change of the topology of the line of intersection of
the Fermi surface with the equal-energy surfaces of the
phonons,

4. SINGULARITIES IN A'(w)

Using the expressions obtained in Secs. 2 and 3, we
can obtain the singularities of A’(w). In fact, it follows

3,
A*p,w) 8%p,w) g, ,p)

G- ——-

|
|
i
[
|
I'b c
|

|
|
|
|
1
|
il

o @y ”~o

FIG. 3. a,b) Plots of the functions A % (p,w) and B %, w)
against the frequency w as w— w,’f, where w, =w§qk,p) +A)p
+q,); ¢) dependence of w}{q,,p) on p—curve 1—and dependence
of wy(,,p) on p—curve 2.
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from (3) that
Im $ (@) =Im<p(p, @) dp=Im 1p.,(co)+z' Im 6y, (0),
ImZ (o) =Im<Z (p, 0) Yy=Im Zy(0) + Y Im 8Z, (@),
] N

with the functions Imyy(w) and ImZ,(w) known.? We ex-
press the singular part of the function Im&y,,(w) at T
=0 in the form

bo(g +9p0) ) a0~ ©)
— AP+ g0 Po !
o () =<gq, (. Mo = § dqd(wn (g +9) —n) A(q + ), (15)

wqi

4=y §d"'g" pral8(e(p) —er) 8 (e (p + 9) — ep).

Im 'qa;"(a)) = §dm' Re { .~
0

1. We determine the singular part of the function
8¢y, (W) =wbZ ¢ (w). We note that we have assumed that
at a definite value p=p* the surfaces ¢ (p* +q)=¢, and
w,(@) =w" are tangent at the point q=q,. From the form
of the function g () it follows that:

1) if the vector p=p* does not satisfy the conditions of
the Kohn singularity for the surfaces ¢ (p*)=¢p and
e(@* +q,)=¢p, then the function A(q) can be regarded
as constant in the vicinity of the point q; =q_;

2) if the vector p=p* satisfies the conditions of the
Kohn singularity for the surfaces £(p*) =¢, and ¢ (p*
+q,)=¢p, then the function A(q, +q) has a singular part
that depends on the character of the topological changes
of the line of intersection of the surfaces ¢ (p*)=¢, and
e(@* +q, +q) =&, (referred to henceforth as the 7, line
for brevity).

Consequently, in the second case the function 08a, m/

9 has a singular part 9g, (n)/3n due to the change of the *

topologies of the I} and I, lines. We present a number of
concrete calculatlons of the function ag, (m)/am.

Assume for the sake of argument that the I, line is de-
scribed near the tangency point by an expression analo-
gous to (7), in which

85 (n) =8, (n) = (e (p*+q) —er) (nno) /| Ve |,
9% (p+q) 4 9%(p)
apu a]); le‘l 0Pa ap, p=p*

where n=vy*, J Iv, el We shall assume that C,g*v %,
is positive-definite, Then the function 8§¢c(n)/ on takes
the following form:

Cap—>Cos =—1—{ i

lvp +q|

a) If the /, line is described by Eq. (7), then

ag 'lc —n (‘Dc. - 'fl)
TR I AR @)
where
Ax=dnax(.),

0 = 1CHC M —(CaM) M=/ (27) 1S e (07) | 1vpel

Here a, coincides with a, of expression (7), in which we
must assume that n=n, and p=p*. The upper line of
(16) pertains to the case when the form C,gx,x; is posi-
tive definite (the I} line is an ellipse); the lower line
pertains to the case when the I} line is a hyperbola,

b) If the I} line is described by Eq. (10), then

934 Sov. Phys. JETP 51(5), May 1980

al!c ("’I)

—gg =" 2 Crl(n—oMI™"8 (:i:(n i

1)
[ NP

Here a{Y coincides with a} of (10), in which n=n, and
p=p*. The plus and minus signs correspond respec-
tively to the cases ¢y, Cy < 0 and ¢;,¢y> 0 [cg and ¢y are
the coefficients in Eq. (9)]. We can determine analo-
gously the form of the function aé‘c(n)/ an and of other
different forms of the I} and [, lines, It follows from
(16) and (17) that the form of the function 9q,(m)/ o
depends on the character of the topological changes of
the Z, and I} lines.

Knowing the function aé‘c(n)/ an, we can determine the
singular parts of the functions. 8¢,,’(w) and 82, (w). We
introduce the variable

Zee=0—0."—Ac(P+q.).
a) If 9Z,,(n)/9n is determined by formulas (16), then

A" (0) + iB* (0), Igline is an ellipse
oy (m)=uZAx h() \ q
B* (0) + iA" (0), l., ~line is a hyperbola

\ (18)
A*(0) == (240 (p*+qc) ) "n* (—2¢.) "0 (—Za.) s

B*(@) = (2A,(p*+q.) ) "n* (Zac) "0 (Zao) -
b) If 32,,(n)/n is determined by formula (17), then

. A (0) + iB,* (0), sign + in (17)
S, (0) = "ZIC* [B," (@) + i4;* (@), sign —in (A7)’
19)
B} (0) =— (Ao (p*+4.)/2) "1°0 (24,),
AM0)=(As(p"+q.)/2)"n?In | zq,|.
1t is seen from (18) and (19) that the analytic forms
of Gzp, '(w) and 8Z, '(w) are very sensitive to the changes
in the topologies of both the I, line and I} line.

2. We proceed now to consider the expression for the
singular part of the function 61!),’.(w) at T=0.

The analytic form of the function 92, (n)/dn depends on
the character of the topological changes of the I, and I}
lines. By way of example, we consider certain possible
cases.

a) Let the surfaces £(p)=¢, and €(p +q,) =€ intersect
in a certain interval of the values of the vector p. Then

LTUR ‘i(mx (20) — )"0 (@n (@) — )
on = — o (@) 0(n— (@) 20)
N Do@MMMy ( | 85, poa I
= 4n® T TP N T Verag ISin g,

where qq, is the angle between the vectors v, and v,.,,.

The upper line in the right-hand side of (20) pertains
to the case when an increase of w is accompanied by a
transition from a closed surface w,(q) =w to an open one
(with 2 minus sign), or to the vanishing of one of the
parts of the surface w,(q) =w (with a minus sign), while
the lower part pertains to the cases of the opposite
transitions. Consequently, in this case the singularities
in 34, (n)/on coincide with the singularities in the de-
rivative of the irregular increment to the density of the
number of phonon states with respect to energy with
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changing topology of the surface w,(q)=w.

b) The surfaces £(p)=¢, and ¢ (p +q,) =&, have only a
tangency point at p=p*. We consider several tangency
cases. I the /, line near the point p=p* is an ellipse,
then the function ag,. (n)/8n is determined by formulas
(20), in which it is necessary to replace N* by N}, To
obtain an expression for N}, it is necessary to replace
the integral with respect to dl, in the expression for N*
by the following:

=\
1 |8pe, posay I*

Io="2% ereh, — (Ch
o 2ml w— (Ca)* 7",

where the coefficients é‘,’, s coincide with the coefficients
C*; of expression (16), in which we must put q=q, and
n=n0,

@1)

If the /, line near the point p=p* is a hyperbola, then
the calculations lead to the following result. When the
I} line is an ellipse, then

B (wn (gn) — 1) (20)4
08 (M) v | @@ —n” T e@) —n
m Z‘ M L= (@), (20)° (22)

T(m—on(g)” N— or(qn)

The plus and minus signs have the same meaning as in
(20); o is a parameter that defines a certain region
where the hyperbolic form for the /, line is a good ap-
proximation,

bt . (23)
+ M — o (qn)l

In the case when the I} line is a hyperbola we have
o (=10 () — )
9gq, (M) L] (g — )"
am 2"| Ny 0 ([ — o (aw)) In
[ (n— o (g
The plus sign in (23) corresponds to the case when the
closed surface w,(q) =w becomes open with increasing
w, and the minus sign corresponds to the opposite topo-
logical transition.

We note that the change of the topology of the [, line
enhances the contribution made to the function agr,i(n)/
o7 by the topological singularities of the density of the
number of phonon states. In these cases w,(q)=w can
undergo topological changes that lead weaker singulari-
ties in the density of the number of phonon states. If
the surfaces £(p) =¢, and €(p +q,) =€ intersect in
some interval of the values of p and have also a tangency
point at p=p*, then the function 3g,, (n)/3n consists of
two terms, the first of which is given by (21) and the
second by (22) or (23), depending on the type of topo-
logical changes of the 7} and [, lines. Knowing the func-
tion 9g,,(n)/3n, we can determine 6%, (w) =wb6Zg, ().

We substitute for this purpose (20) in (15). Putting x,
=w=-w,(q,) - 4, +q,), we obtain
, [ £ (A%(0)+iB™(0))
‘5"”(“’):2” {:f:(B“'((o)+iA“"((o))
' (24)
A% (@)= (Ac(ptq)/2)"0(zq,),
B (0)=—(As(pta)/2) " Inlz,, |.

It is seen from (24) that, depending on the type of the
topological transition in the surface w,(q) =w, the real
and imaginary parts of the functions 8¢, (w) and 623, ()
have either a logarithmic singularity at w =w, (@)
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+4,(* +q,), or a discontinuity.

It follows from (22) and (15) that

/ _ L [ £(4,%(0)+iB* (o))
8, (@) nZ‘ n{ (B () A ()

25

a5 o)=( L0+s) )‘hnln(zo)‘ 0(za,),
Z

2 a,
Ao (p* LR | z,
B (“’):(M) _2_1n',qk|1n'_;"_|,

Using the results (24) and (25), we can easily obtain
the form of or 6Z, ' (w) for the case of the topological
changes of the /; and /, lines corresponding to (23).

It is seen from the results of the present section that
the singularities of A’(w) are due to the change in the
topology of the I} and [, lines of intersection of three
surfaces: e(p)=cp, e(p+q)=¢p, and w,(qQ)=w in p,q
space. The results obtained by Scalapino and Anderson?®
can be attributed to a particular case that is realized
when, with change in the parameter w, a change takes
place in the topology of the surface w,(q) =w, while the
surfaces ¢(p) =¢ and €(p +q) =¢, intersect or have an
elliptic tangency point.

5. DISCUSSION OF RESULTS

1. It is known! that the main contribution to the tunnel
current in a system consisting of two metals interlined
by an insulator is made by electrons that move prac-
tically perpendicular to the separation boundary (bar-
rier). Therefore the singularities in A’(p,w), con-
sidered in Secs. 2 and 3, can apparently be experimen-
tally observed in investigations of the tunnel effects in
single crystals. The tunnel effect in single crystals
has been investigated relatively little, Principal at-
tention was paid to the anisotropy of A(p,0), which is
determined at w=eV=A(p,0).” The existing experi-
mental technique makes it possible to investigate tunnel
effects in a single crystal-insulator—polycrystal (film)
system. Observation of the singularities of A’(p, w)
would uncover new possibilities of investigating singu-
larities of both the phonon and electron spectra of su-
perconductors,

2. In the case of S—N tunnel junctions between poly-
crystals, the first derivative of the tunnel current (j,)
with respect to the voltage (V) is proportional to the
tunnel density Ny (w)/N(0), which takes at w> A(w) the
form?

9jx  N:(w) 1 .
oV~ W)~ 1 zar Redt).

Taking (14) into account, we can rewrite (26) in the
form
N:(0) ReAs (o) | 1 Ao(0)

= +
o T o Re{ Z.(0)
Consequently, singularities of two types can be ob-
served in the dependence of 8j;/3V on V. The first
type, due to 8y, (w), manifests itself primarily in 8%/
aV?3, and in some cases, depending on the character of
the topological changes in the , and /4 lines, also in
8%./8V? The second type of singularity, due to
63, (@), Will be observed in 8% ./aV 2

(26)

[89u(0)+0vq @1} . (27)
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The geometric interpretation of the singularities of
A’(w) is the following,

First type of singularities of A’(w), There exists a
set of vectors q =q, at which the surfaces €(p) =€, and
£(p +q)=cp are tangent. Knowing the vectors q,, we
can construct the surface £(q,) =&, which constitutes
a surface of Kohn singularities. The singularities in
A’(w) can arise at a definite value of the parameter
w=wS +4,p* +q,), if the surfaces £(q,)=¢, and w,(q)
=w" are tangent at the point q =q_.

Second type of singularities of A’(w). It is brought
about by the fact that a change of w is accompanied by a
change of the topology of the surface w,(q) =w, in which
case the surfaces e(p)=¢ and ¢ (p +q,) =€ should
either intersect or by tangent, These singularities are
observed at w =A(p* +q,) +w,(q,).

We note that in some cases the analytic forms of
these types of singularity can coincide in some cases
[see expressions (19) and (24)]. Therefore for an un-
ambiguous interpretation of the observed singularities
with respect to the tunnel characteristics of supercon-
ductors it is necessary to use neutron investigations of
the phonon spectrum. In the general case, the numbers
of the singularities in A’(w) and in the phonon state den-
sity are not equal,

We wish to point out that the tunnel effect in super-
conductors is presently used only to determine the func-
tion of the electron-phonon interaction g,(w), which is
obtained from the dependence of 3jr/3V on V. The quan-
tity 8%,./9V? is resorted to for a qualitative assessment
of the singularities in A’(w). It seems that modern com-
putation techniques make it possible to use the depen-
dence of 3%,/3V2%on Vto determine ReA’(w) and
ImA’(w), and consequently to determine the nature of
the singularities in A’(w). Such experiments would be
the next step in the study of electron-phonon interac-
tions,

3. We note in conclusion that the recently developed
microjunction spectroscopy makes it possible to deter-
mine the “transport” electron-phonon interaction func-
tion®® G(w), which we represent in the form

G@=Y" fdas(ol@)-0)4" (@),

A(q)= j'dpé(s(p)—sz)é(e(p+q)—8r) 1ZopsalK (Ve Vosa),  (28)

: [ve*l [vpyal
K (vp, Vpsd) = 1 ! AL

:
B —— 0(—Vp"Vpra).
Vp Vp—V H.Vnﬂl

We investigate now the singularities of G(w). We
represent for this purpose this function in the form

6(0)=Go(0)+ ¥ Gy, (@),
Gi(0)= Y [ dns(or(@—0)4°(),
' (29)
Goy(0) = 2 S wd@@to—o a6+,
9

a=a.+ Y s0.,.
4
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Here Gy(w) is the smooth part of the function G(w), while
.Gu(“’) are the singular parts due to the change of the
topology of the I} and , lines near the points q; =q, and

q; =0p.

If the function K(v,, v, o) at the points q=q, and q=q,
do not vanish and have no singularities, then the analytic
form of the singularities of 6G¢(w) coincides with dg,
ag?"(w)/aw. According to Kulik et al,,? the function G(w)
can be obtained from the second derivative of the cur-
rent j; with respect to the voltage applied to the micro-
junction. It is seen from (16), (17), and (20)-(23) that
the singularities appear in the quantity G’(w), which
determines the third derivative of the current with re-
spect to voltage.

It is of interest to investigate jointly the current-
voltage characteristics of tunnel junctions of supercon-
ductors (3%,/3V?) and of microjunctions (3%,/2V?3),
which can yield some information on the function
K(vy, Vy.q). Thus, for example, if the total number of
singularities in 3%,/3V? is larger than in 3%,/3V?3,
then K(v,, v,.,) vanishes at some points of p space. If at
a definite value of V a stronger singularity appears in
9%,/2V? than in 8%,/8V?, then this can serve as an in-
dication that K(v,, v,. o) has a singularity at some point
of p space.

I consider it my duty to thank A, A. Slutskin for help-
ful advice and discussions, B. G. Lazarev, I. M., Lif-
shitz, G, M. Eliashberg, N, V. Zavaritskii, and M. L
Kaganov for a discussion of the results.
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