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A measurement procedure that permits the counting of optical quanta without their absorption is considered.
The inverse Faraday effect leads under specific resonant conditions to an effective generation of microwave
quanta from optical ones. The number of optical quanta remains unchanged. The existence of two effects,
optico-magnetic transition radiation and optico-magnetic Cerenkov radiation, is predicted.

PACS numbers: 42.50. + q, 78.20.Ls

The possibility of measuring very small values of
magnetic microwave fields with the aid of the magneto-
optical Faraday effects was noted in Ref. 1. In fact, the
angle A¢,, of rotation of the plane of polarization of a
light wave propagating in an optical fiber with a Verdet
constant V*,

Aq op=V"H.L,

reaches the easily measured value #10~7 rad if V*=10"°
Oe™ cm™, the fiber length is L =10°, and the micro-
wave magnetic field strength is #,=10 Oe. The value
H,=10"® Oe corresponds to an energy of the order of one
microwave quantum 7Zw,~2 X 1077 erg, if the volume of
the inductive part of the resonator is *1 cm®, In order
for a linear connection to exist between A¢ . and L, it
is necessary that each turn of the optical fiber be in an
integer ratio with the microwave wavelength (a unique
geometric resonance). The linear connection between
A@ ¢ and L means the possibility, in principle, of an
arbitrarily accurate measurement of only one of the
quadrature components of the magnetic microwave
field 2* The second quadrature component, in accord-
ance with the Heisenberg uncertainty relations, should
then be strongly disturbed. It was indicated in Ref. 1
that inasmuch as the interaction of the light wave with
the microwave field of the resonator is via the mag-
netic component of the oscillations, it follows that the
source of the perturbation should also be a certain
fluctuating microwave field induced by the light.

The purpose of the present paper is to consider this
fluctuation influence of light on a microwave resonator,
and to discuss a new possibility of nondemolition quan-
tum counting in two optical effects that have apparently
not been considered earlier.

In 1965, van der Ziel, Pershan, and Malmstrem® have
discovered (see also Refs. 5 and 6) the inverse Faraday
effect, namely that a circularly polarized light wave
produces constant magnetization of a substance with a
nonzero Faraday constant. The magnetization vector I
is connected with the Poynting vector II of the light
wave by the simple relation

1= 1)

where w,,, is the frequency of the optical radiation.

We note that this magnetization effect is similar to the
ponderomotive effect and to the effect of optical detec-
tion (the effect is quadratic). If the power of the circu-
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larly polarized optical wave is modulated, then the
alternating magnetization of the medium can serve as a
source of electromagnetic radiation at the modulation
frequency. It is precisely this effect which is responsi-
ble for the fluctuation reaction on the investigated mi-
crowave resonator in the measurement system used in
Ref. 1. It is due to the fluctuating circularly polarized
component in the probing light flux (which is linearly
polarized on the average). This component is always
present, if for no other reason, by virtue of the Heisen-
berg uncertainty relations for electromagnetic-field
oscillators.” Straightforward but rather cumbersome
calculations, which will not be presented here, yield
the following smallest measurement errors (AH ¢J); and
(AH )y, of the two quadrature components of the magnet-
ic microwave field in the resonator. If the probing light
flux is constant, then the two quadrature components
are simultaneously measured with equal accuracy

(AHL) = (AH) n=(2nhio/ Vo)™, (2)

where V, is the volume of the inductive part of the
microwave resonator. Their perturbations in the
course of the measurements are also equal and given by
(2). If the light beam is intensity modulated in time with
a period equal exactly to 27/w,, then only one quadra-
ture component is measured, and the accuracy of its
measurement can in principle be arbitrarily high. The
second component is perturbed in this case, and the fol-
lowing condition is satisfied

(AH)1(AH,) u=2aho V.. (3)

We consider now an experimental setup that is the
inverse of the one considered above. In this setup the
energy of low-power optical radiation is measured,
without absorption, by the inverse Faraday effect—the
source of information on the optical energy is a con-
stant or alternating (relatively low frequency) magnetic
field.

Assume that a circularly polarized wave circulates in
a closed light-conducting ring (see the figure). The
produced magnetization is proportional to the energy of
the wave and does not contain information on its phase.
This, in accordance with Ref. 8, is a sufficient condi-
tion for an approximately nondemolishing measurement
of the energy. The magnetic flux can be measured, for
example, with a quantum magnetometer. Estimates
show, however, that by using light-conducting materials
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FIG. 1.

with the presently known values of the Faraday constant
it is impossible to attain a sensitivity level of one quan-
tum of light energy. In fact, the quantum-magnetometer
sensitivity attained to date is such that within a time 7
they can sense a magnetic flux of the order of ®:!°

0~10-"®v~"* G-cm?,
where ¢, is the magnetic-flux quantum. On the other

hand, the magnetic flux induced in a light-conducting
ring is equal, in accordance with (1), to

0=2V}lopt&ph (4)
(#,p¢ is the energy of the wave circulating in the optical
waveguide, and [ is the length of this waveguide). In a
measurement time 7=100 psec (which corresponds to
an attenuation of 0.2 dB/km for the best optical wave-
guides known at present) /=1 cm, A, =0.5 pm, and V*
=1X10" Oe™ cm™ (the highest value for substances
weakly absorbing in the optical band'!) the energy mea-
surement error is A%, 1X 10™ erg, which corresponds
to approximately 2 X 107 optical quanta.

We consider another possible method of measuring
the induced magnetization. Assume that the light pulse
has a length shorter than the length of the optical wave-
guide ring, and that part of the optical waveguide is in-
side the inductive part of an electromagnetic resonator
(see the figure). Then, for each passage of the light
pulse to this part of the optical waveguide there will be
induced in the resonator a current pulse proportional to
the energy of the light. By choosing the period of the
natural oscillations of the resonator equal to the time of
circulation of the light in the ring, we can attain reso-
nant accumulation of the effect.

The equation of motion of the field in the microwave

resonator is of the form

HAotH—= 4:;0(0.’1" B 1), (5)

«Wopt

where H, is the magnetic field of the microwave reso-
nator, chosen to be its generalized coordinate, w, is

its natural frequency, V, is the volume occupied by the
inductive part, &,,, is the energy of the light pulse, and
#,,tf(t) is the fraction of energy contained at a given in-
stant of time inside the inductant [ /(¢) is a periodic func-
tion of the time with a period 27/w,]. Equation (5) is
similar to the equation of motion for a ponderomotive
energy meter.? In both cases, the force acting on the
probing oscillator (in this case, the microwave resona-
tor) is proportional to the energy of the investigated
system. The fluctuating reaction in Ref. 8 reduces to a
random shift of the frequency of the investigated oscil-
lator. In our case the situation is somewhat more com-
plicated, since a light pulse bounded in space consti-
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tutes an excited state of a large number of radiation os-
cillators. It can be shown that in the course of the mea-
surement the light pulse becomes “smeared out” over
the entire optical waveguide ring under the influence of
the direct Faraday effect that is due to the fluctuating
component of the magnetic field of the microwave reso-
nator. The energy exchange between the light pulse and
the microwave resonator takes place in this case at the
expense of the change of the frequency of the light quan-
ta. In particular, when the microwave resonator is in
the ground state prior to the start of the measurement,
an overall downward shift of the light frequency takes
place. The number of the light quanta remains un-
changed in this case.

We calculate now the energy measurement error in
the described setup. In the usual methods used to pick
off information from a microwave resonator (for ex-
ample, the use of a linear low-noise amplifier), action
on the resonator is sensed if it corresponds to a change
of the resonator energy by at least one microwave quan-
tum at zero initial conditions. With this taken into ac-
count, when the conditions

. .
T<Te, T<Tgp

are satisfied, where 7} and 7%, are the relaxation times
of the resonator and of the light in the waveguide, re-
spectively, the energy measurement error is

AEopt=2 (10 V) "/AopV 0.7 (6)

At 2, =05 um, V*=10" Oe™ cm™, w,=2Xx10" sec™,
7=100 usec, and V,=1 cm® we have A&, ~1.5x 107
erg, i.e., approximately 4 X 10° optical quanta.

This numerical estimate was obtained for the experi-
mental-technique level reached at the present time, and
does not describe the fundamental limit of the method.
It is possible to increase radically the sensitivity of the
method and to be able to count single light quanta with-
out absorbing them if substances are discovered having
a Verdet constant of the order of 10 to 1 Oe™ cm™ at
the attenuation typical of optical glasses. From among
the presently known substances, certain garnets come
closest to satisfying this requirement. They have Ver-
det constants up to 0.1 Oe™ cm™ (TbAIG at 4 K, Ref.
11).

In conclusion, we note the presence of two phenomena
whose cause is the inverse Faraday effect.

1. OPTICO-MAGNETIC TRANSITION RADIATION

When a spatially bounded circularly polarized light
pulse passes through the boundary between two media
with different Verdet constants, the abrupt change of
the induced magnetic moment gives rise to radiation
that can be called, in analogy with the usual transition
radiation,'? optico-magnetic transition radiation. Its
spectrum obviously lies in the range from zero to 75
(7, is the duration of the front of the pulse), and the
total energy &, can be estimated by assuming that the
radiation is mainly of magneto-dipole origin'®:

s, z.%ll | (%)’dz. n
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The z axis is chosen along the propagation direction of
the light pulse,

p:= Ipdzdy.

p is the density of the optical energy in the pulse, and
AV* ig the jump of the Verdet constant.

The value of &, depends on the shape of the pulse,
particularly on the slopes of its edges. Choosing for
the sake of argument a bell-shaped form:

exp{—2z%/(ct,)?}

P =B — e,

(&5 is the total energy in the pulse and c is the speed
of light) we obtain
— (Aop‘AV.gop()a (8)

3n'c’ty’

&.

If #,,=10° erg, 7,=1x10" sec, 1,,,=0.5 pm, and
AV*=1x10" Oe™ cm™, then &,%1.5x 10" erg. We
emphasize that this optico-magnetic radiation is accom-
panied by a general “reddening” of all the optical quanta
by a relative amount Sf,/ & ;> Without a change in the
number of optical quanta.

2. OPTICO-MAGNETIC CERENKOV RADIATION

As a result of the action of the inverse Faraday ef-
fect, a light pulse propagating through a medium with a
nonzero Verdet constant is in fact a magnetic dipole
oriented along the direction of motion and moving with a
velocity v =c/n(w,y,) (n is the refractive index of the
medium). Cerenkov radiation is then produced at those
frequencies for which the relation n(w) >n(w,,) is satis-
fied. For many substances the refractive index at the
optical frequencies is lower than in the microwave band.

The energy lost per unit path length, owing to Ceren-
kov radiation, by a magnetic moment pu oriented along
the direction of motion, is'

i G- [,
a= | =[] (9)

pn(e)>1

(8=v/c and v is the velocity of motion). In our case this
expression takes the form
a& ( lop(V'gopt

B _ (Lol T ) (o —t] [ @'l () (o) 4o (10)

n(@)>n(agp)
Equation (10) is valid if the Cerenkov-radiation wave-
length exceeds the dimensions of the light pulse, and the
latter radiates coherently. In that frequency region
where the radiation becomes incoherent, the light pulse
intensity decreases sharply. Therefore the region of
integration in (10) is limited in fact by the frequency
Wy =27c/1, where [ is the dimension of the light pulse.
Taking this circumstance into account, we can replace
(10) by the following approximate formula
9+ (B2 ) () 1] [ (0) =1 (g 1. (11)

I I

Assuming A, =0.5 um, V*=10" Oe™ cm™, & ,=1 erg,
1=3 cm, n*(wyy) =2.25, n*(w,) =3.75 (fused quartz), we
find that an energy of the order of 5 X 10-*? erg is radi-
ated over 10 kilometers of path. This corresponds to a
relative decrease in the frequency of the light-pulse
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photons on the order of 5% 10712,

When the light pulse propagates in an anisotropic me-
dium it will also have an electric dipole moment as a
result of optical self-detection (see, e.g., Ref. 15), and
the above-described radiation effects will be accompa-
nied by analogous effects due to the radiation of the
electric dipole. We examine now the extent of which
these effects are appreciable compared with the mag-
netodipole effects.

The modulus of the induced dipole moment for the
case of circular polarization of the light pulse is
p=16n&,

optdv (1 2 )

where d=[(dy, +dy,)* + (dyy +dp,)* + (dyy +dg,*]*/2, and d
are the components of the second-harmonic generation
tensor. Accordingly, when the light pulse crosses the
boundary between two media with different anisotropy,
the radiated energy is of the order of
_ (32nAd)* ¢ dp. \*

g () * (s)
and the energy loss to Cerenkov radiation is, in accord
with Ref. 14, of the order of

A&/ dl= (320 &opyd/ ). (14)

[We have left out from (13) and (14) factors of the order
of unity, which depend on the direction of propagation
of the light wave and on the refractive indices of the
medium.]

Expressions (13) and (14) differ from the correspond-
ing expressions for the magneto-dipole radiation mainly
by the factor

k= (32n.’d/}uomV') 2

At d~10"° cgs esu, A, ~1 pm, V*~10 Oe™ cm™ we
have k=103, i.e., the effects connected with optical self-
detection are stronger in an anisotropic medium. It
must be noted, however, that not all media by far have
optical anisotropy, whereas the Faraday effect is ob-
served in practically all substances.
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A microscopic theory of the nonlinear Faraday effect is developed for cubic crystals containing paramagnetic
impurity ions. The autorotation and deformation of the polarization ellipse are calculated for strong
electromagnetic radiation propagated in such crystals. It is shown that a change of polarization of the
radiation occurs even for ions whose ground state is a “nonmagnetic” doublet, for which the ordinary
paramagnetic Faraday effect is absent. Allowance is made for the effect of the change of polarization of the
wave on the magnetization of the crystal, and this permits refinement of Pershan’s theory of the inverse
Faraday effect. Nonstationary phenomena are considered, and it is shown that a relaxationless change of the
crystal magnetization by a short light pulse is possible by virtue of the combinational light scattering that
occurs between magnetic sublevels of the ions, split by a constant magnetic field.

PACS numbers: 78.20.Ls

1. INTRODUCTION

In a magnetic field, degenerate states of paramagnetic
ions are split and, at not very high temperatures, are
occupied with unequal probabilities. Consequently a
crystal with paramagnetic impurities possesses circu-
lar birefringence, which leads to a Faraday rotation of
the plane of polarization of radiation propagated along
the magnetic field. The amount of this rotation is pro-
portional to the magnetic field and inversely proportion-
al to the temperature. But if the radiation is suffici-
ently strong, it also perturbs the spectrum of the ions,
and this leads to a dependence of the Faraday rotation
on the intensity of the radiation.

Besides the effect on the index of refraction, ellip-
tically polarized radiation leads also to magnetization
of the medium. This phenomenon is known as the in-
verse Faraday effect (IFE)' and is similar to the recti-
fication effect known for ferrites.? The terminological
difference is due to the fact that the IFE is observed in
the optical range and is caused by interaction with the
electric vector of the wave, whereas the rectification
effect observed in the radiofrequency range is caused
by magnetic interaction.

The nonlinear corrections to the Faraday rotation and
the IFE are closely related to each other. In the pre-
sent paper, a microscopic treatment of both these phen-
omena is given for cubic paramagnetic crystals. In
Ref. 1, the IFE was treated phenomenologically and
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without allowance for the change of the polarization
characteristics of the wave during is propagation.
Also, no analysis was made of the nonstationary phen-
omena that occur for pulsed electromagnetic radiation,
although the existing experimental methods of observa-
tion of the IFE are based precisely on the pulsed char-
acter of the phenomenon.** Furthermore, the possibil-
ity of the presence of a constant external magnetic field
leads to.new features of the IFE, connected with a
change of the populations of the magnetic sublevels as a
result of the process of combinational (Raman) scatter-
ing (CS).°

In section 2, the effective Hamiltonian is given for in-
teraction of an ion with external fields. In section 3,
the kinetic equation for an ion is obtained in the relax-
ation approximation. In section 4, the permittivity
tensor of a paramagnetic crystal is calculated with al-
lowance for nonlinear effects, and a closed system of
equations is obtained for the field and the material, with
allowance for the change of polarization of the radiation
during propagation in the crystal. These equations are
solved in the subsequent sections: in section 5 for ions
whose ground state is a Kramers doublet (in this case
the equations can be solved exactly for an arbitrary
variation of the radiation intensity with time), and in
section 6 for ions in nonmagnetic doublet, triplet, or
quadruplet states (for the case of a slow variation of the
intensity with time, in comparison with the paramag-
netic relaxation times). The results obtained make it
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