
Higher harmonics of spontaneous radiation of 
ultrarelativistic channeled particles 

M. A. Kumakhov and Kh. G. Trikalinos 

Nuclear Physics Institute, Moscow State Uniwrsiv 
(Submitted 27 November 1979) 
Zh. Eksp. Tear. Fiz. 78, 1623-1635 (April 1980) 

Spontaneous radiation of channeled ultrarelativistic particles is discussed in the case in which the dipole 
condition is not satisfied. Account is taken of the change of longitudinal velocity of the particle, which affects 
the maximum frequency of the radiation. The frequency and angular characteristics of the radiation are 
investigated for ultrahigh energies. The effect of slowing down on the trajectory of the particle is estimated. A 
detailed comparison is made between the characteristics of spontnneous radiation of channeled particles and 
bremsstrahlung. It is shown that there is an optimal energy at which the density of the radiation is maximal. 
The effect of the angle of entry of the electrons into the crystal and of the divergence of the beam on the 
radiation is analyzed. 

PACS numbers: 6 1.80.Mk 

The channeling of charged particles in crystals has 1. EQUATION OF MOTION OF A CHANNELED 
been studied intensively in recent years (see for example PARTICLE 
the review by Gemmell). The main theoretical ideas 
regarding channeling were formulated by ~indhard. '  

One of the present authors3 has indicated the possibil- 
ity of existence of a new effect-the spontaneous radia- 
tion of relativistic channeled particles in the x-ray and 
7 -ray regions. The theory of this effect has been dis- 
cussed by a number of The existence of 
radiation of this type1' presents a significant interest 
a s  a result of the fact that the spectral density of the 
radiation in channeling is several orders of magnitude 
higher than the spectral density of b rem~s t rah lung .~  
In Refs. 3-7 the radiation was discussed in the dipole 
approximation. This condition in channeling can be 
described approximately a s  follows: v, /c<< l / y  , where 
v, is the transverse component of the particle velocity 
in the channel, y = (1-fl2)'lf2, and /3 = v/c. The dipole 
condition is satisfied for channeled-particle energies up 
to several GeV in planar channeling of positrons and 
approximately up to 1 GeV in axial channeling of elec- 
trons. At higher energies it is necessary to take into 
account the nondipole nature of the radiation and to 
consider the radiation in higher harmonics. The pur- 
pose of the present work is the solution of this problem. 

In Section 1 we discuss the motion of the particle with 
inclusion of the conservation of relativistic momentum 
and find the change of the longitudinal velocity of the 
particle, which when the nondipole nature is taken into 
account affects the maximum frequency of the radiation 
(Section 3). In Section 2 we consider the principal 
characteristics of the radiation in higher harmonics. 
In Section 4 we evaluate the influence of radiation forces 
on the trajectory of the particle. In Section 5 we con- 
sider the question of capture of electrons in the chan- 
neling regime, and in Section 6 we discuss the effect of 
the electron energy, initial angle of incidence, and beam 
divergence on the basic characteristics of the spontan- 
eous radiation. 

At high velocities of channeled electrons and posi- 
trons the concepts of classical mechanics a re  appli- 
cable.' We shall obtain the equation of motion of a part- 
ticle in a channel in the general case. Here we shall 
designate the potential acting on the particle in the 
:hannel by U. In channeling 

where go is the initial kinetic energy of the particle. 
The field in the channel can be represented in the form 

where El, i s  the field component parallel to the channel 
axis and E,, is the component perpendicular to the chan- 
nel axis. Here 

where e is the charge of the particle. 

With inclusion of (1.2) the equation of motion has the 
form 

where I= I, -U is the kinetic energy of the particle and 
v =  v, + v,, is its  velocity. Using Eq. (1.3) and also the 
equation for the relativistic momentum1* 

with allowance for the inequality vL2/c2<<1, we obtain 
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It follows from Eq. (1.6) that the conservation of rela- a channel a t  an angle \ki to the axis of the string. Then 
tivistic momentum (1.4) has the result that in the gener- the equation of motion has the form1' 
a1 case the velocity along the channel axis is not con- 
stant, but changes with time, although no forces a re  

2 
t= dr (- [gL-u (r )  1 - . 

L2 
acting on the particle in this direction. (1.15) 

ma7 
Let us consider now the equations of motion of a par- 

ticle in the channel for various specific cases. 

A. Planar channeling of positrons 

In this case the potential of the plane in the f i rs t  
approximation can be represented in the form4 

U=VeX1, (1.7) 

where V o =  0.35(4nNZlZ2e21 b)e'b ', 1 =d, /2, d, is the 
channel width, N is the density of atoms, and Zle and 

where %', = U(r i  )+ &9 hki is the transverse energy; L 
=pr i  9, sinx is the projection of the angluar momentum 
on the a+ of the string; %"= 0.5pv; ri and x i  a re  the 
initial coordinates of the particle. 

Solving Eq. (1.15) with inclusion of the potential ( l . l4),  
we find that the particle trajectory is an ellipsewhich is 
defined by the parametric equations14 

x=a(cos 8 - e ) ,  y-a(l-e')" sin 6, (1.16) 
t= (8-8 sin 8 ) I a ,  

where 
Z2e are  respectively the charges of the particle and the 

a-ZeV2 (&' , I ,  e-  (i- lePLI L'lm,r (Zea)3 "', atom of the target; b = 0.3/a; a is the screening para- 
meter in the Thomas-Fermi model of the atoxi2'  a - ( 2  l8,l) hlZe'm.,"'y"', (1.18) 

Solving Eqs. (1.5) and (1.6) with inclusion of (1.7), we f.=u,(l-azaa12c'). (1.19) 
obtain 

2: SPECTRAL PROPERTIES OF THE RADIATION 
x=xm sin a t ,  (1.8) 

Let the trajectory of the particle in the general case 
where x, is the initial amplitude, be given by the equation 

zmZa1 
u.=uo exp ( -- 2cz sin2 a t )  

(1.9) 
r(t) = i z ( t )  + jy ( t )  +kfi.ct. 

We shall assume that 

The quantity xm2W2/c2 is small, and therefore Zi~2nb .c la ,  (2.2) 

~ . ~ ~ ~ [ l - ' / ~ ( x ~ a / c ) % i n ~  a t ]  

or  on the average 

(1.11) where 1, is the length of the crystal (i.e., that in the 
entire length of the crystal the particle can complete a 
1 arge number of oscillations). 

G.=u,[l-V,(xrndc)'].  (1.12) Then in analogy to wiggler radiation" we fine that the 
spectral and angular distributions of the intensity of the 

Then the trajectory of the particle in the channel can be k-th harmonic of the radiation a re  
described by the equation 

_=- el 7 I&(*h, 9) 1' dq, 
r ( t )  -ixm sin a t + k ~ , t .  (1.13) d o  2np.o 

d l ,  e1o, 
In the case in which x,i;/c<< 1 /y (this is the dipole -=-Iah(ok,6,q)  1 % .  

dP 2ncah 
condition, since x m Z x  v, ) we can assume that & v,, 
i.e., it is not necessary to take into account the change where 
of longitudinal velocity. At the same time on violation 
of the dipole condition, a s  we shall see  below, inclu- k a  I - k a / o  

01 = 6,=m cos - 
sion of the change of longitudinal velocity leads to a I-p.cos6 ' 6 .  ' (2.4) 
shift of the maximum frequency of radiation. ~ a h ~ ' = ~ b h ~ l - ~ ~ h ~ l ~  

B. Axial channeling of electrons 

We shall discuss the spectral and angular character- 
In this case the potential of the string can be repre- istics of the radiation of the particle in various cases of 

sented in the form1' channeling. 

l 4  A. Planar channeling of positrons 

w h e r e ~ = ( ~ ' + ~ ' ) " ' ; ~ a n d ~ a r e ~ a r a m e t e r s ~ h o s e n s o  l . T h e d ~ p o l r a p p y o x i m ~ i o n ( x m ~ * < < l / l , y > > l ) .  
that the potential U coincides with the Lindhard poten- In this case the motion of the particle is given by Eq. 
tial.2 (1.13), where iTE x u .  Then from Eqs. (2.3)-(2.5) we 

We shall assume that an electron with energy %' enters obtain 
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where 

i =x,2e2ahyr/3~3, (2.7) 

w is given by Eq. (1.9) and urn= 2 G  is the maximum 
frequency of the radiation. 

Equations (2.6) and (2.7) were obtained previously in 
Refs. 3 and 4.  

2. The dip01 e condition i s  not satisfied (x,w/y c<< 1 ,  y 
>>I). The motion of the particle occurs in accordance 
with the law (1.13). After using Eq. (2.5) we obtain 

k a  
bk=-i 

sin 6 cos cp 
J,(kx). 

where 

t,e sin 6 cos a, 
X = 

c(l-fl*cos e) ' 

and J ,  ( kx) is the Bessel function. Consequently 

In the relativistic case for 9 <<I, i.e., in the interval 
of angles where the principal part of the radiated energy 
is concentrated, we obtain 

where 

G= [ k2 
(k-ta)cosz cp 

2 zmay x = -- 
k c (E(k-Ea) '" cos cp, (2.13) 

I z,GIy 
a = ~ + - ( ~ ) ,  

o g=-= 
k 

2137' I+ (67) 2 + ' / 2 ( ~ m a y / ~ ) 2  ' 

It is easy to find also that for 9 = 0 only the first  har- 
monic is radiated, with an intensity 

B. Axial channeling of electrons 

1. The dipole approximation: Motion of the particle 
in this case is described by Eqs. (1.16) and (1.19), 
where G,= v = c .  The spectral distribution of the radia- 
ted intensity is4 

d l ,  31, o (2.15) 

where 

2 .  General case.  Using E q .  (2.5) and also the proper- 
ties of Bessel functions, we obtain 
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FIG. 1 .  Spectral distribution of radiation from electrons with 
6= 5 GeV in channeling through diamond in the (110) direction. 

where 

= + x h  p-0.5 arccos (*) x.Z+x; ' 
a e  sin 19 a(l-e')  "GI sin 6 (2.17) 

Xi = coscp, x u =  sin q+e ,  
c(1-fB.cos6) c(1-B,cos6) 

where J; (kx)  is the derivative of the Bessel function. 

From Eqs. (2.3)  and (2.4) we can find the spectral and 
angular distributions of the radiation. 

In this case the radiation does not have axial symme- 
try. However, a s  was shown by Kumm et al . ,  '* in the 
axial channeling of electrons there i s  a motion of the 
rosette type which can be described approximately a s  
the rotation of an ellipse in a plane around the axis of 
the string. Consequently, from a certain depth the rad- 
iation can be considered symmetric. We shall estimate 
this depth. 

We shall use the potential 

U ( r )  =-Ze2/r1+h, (2.18) 

where A<<l. Then for the depth we obtain 

For g-- 1 GeV and A -  0.05 we find 1-  50 pm, which is 
much less than the dechanneling depth. 

In Fig. 1 we have shown the spectral distribution of 
intensity in axial channeling of an electron with energy 
$= 5 GeV through a diamond crystal in the (110) direc- 
tion. 

3. EFFECT OF NONDIPOLE CONDITION ON THE 
MAXIMUM FREQUENCY OF RADIATION 

The Doppler formula for the frequency of radiation of 
the first  harmonic has the form 

o - e / ( i - ~ .  C O S ~ ) .  (3.1) 
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Consequently the maximum frequency of radiation is 

O ~ = C ~ I ( ~ - F , ) .  (3.2) 

As we have already shown in the general case, & #  P . 
For example, for planar channeling of positrons 8, is 
determined by Eq. (1.12). Consequently 

Taking into account that f i  = 1,l - f i  w 1/?y ', we obtain 

In the dipole approximation, where the condition 
x,w/c<<l/y is satisfied, we obtain 

Similarly, for axial channeling of electrons the maxi- 
mum frequency of the harmonic is 

Equations (3.4)-(3.6) have another important conse- 
quence. It is well known that W - y -I/'. Thus, a t  
low energies where the dipole condition i s  satisfied 
the maximum frequency of the first  harmonic r i ses  rapidly 
(om- y 312).  However, on increase of the energy the 
rise occurs more slowly (wm-y 'I2). 

We find from Eqs. (2.6), (3.4), and (3.5) that a t  low 
energies (when the dipole condition is satisfied and the 
maximum frequency of radiation is proportional to 
y 312) the spectral intensity of the radiation at w= w, i s  
proportional to y1I2. At high energies (when the maxi- 
mum frequency of radiation i s  proportional to y112) 
the spectral intensity of the radiation a t  w = wm is pro- 
portional to y -'I2. This important result agrees with 
the result obtained by zhevagol' in a quantum-mech- 
anical treatment of the problem. 

Let us consider the physical meaning of this result. 
We shall define the transverse velocity of the particle 
(for example, a positron in planar channeling) in the 
system of coordinates inwhichon the average it is at rest. 
This system moves along the z axis with a velocity v, . 
Then from Lorentz transformations we find that in the 
new system the transverse velocity is 

- 
We know that v,= x,w, and therefore 

Thus, when the dipole condition is not satisfied the 
transverse velocity of the particle in the new system 
becomes relativistic. 

4. BREMSSTRAH LUNG 

Let us consider the change in energy of a particle due 
to its radiation in channeling. It is well known that the 

retarding force isi2 

where E is the electric field strength in the channel. 
We shall assume that the particular energy is $=moyc2. 
Then the change in energy in time dt is 

Taking into account that v =  c, we obtain 

and after integration 

Thus, we have found the change in energy of a spon- 
taneously radiating channeled particle as a function of 
time. In order that the energy loss be small, it is nec- 
essary that the following condition be satisfied: 

Let us evaluate this condition. For axial channeling 
of electrons in silicon in the (110) direction we have 

e2EZoI.2. i03 eV/A2 and r = A x l v  $;: Axlc, 

where Ax is the dechanneling depth a t  the given energy. 
In silicon at energies of several tens of GeV we can 
assume Ax- 10' A. Then we obtain go<< 100 GeV. Con- 
sequently, up to energies of several tens of GeV the 
energy loss due to the radiation can be neglected in thin 
single crystals. 

Similarly, for planar channeling of positrons in sili- 
con through the (100) channel for Ax- 10' A we obtain 
~q,<<10~ GV. 

We shall consider now the question of the change in 
the amplitude of transverse motion of a particle in 
channel in the case of planar channeling. The equation 
of motion (1.5) takes the form 

We shall assume that the condition (4.5) is satisfied. 
Then we can assume that y does not depend on time. 
From Eq. (4.6) we obtain 

where C(=8e2y2~02/3rno2~5 is a small parameter. The 
solution of Eq. (4.7) is obtained in the form 

x=x, sin a t ,  (4.8) 

where 

~ , = ~ x , [ r n , y 1 ( 4 r n ~ y + ~ ~ ~ ~ t )  1'''. 
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It is easy to see that if the condition (4.5) is satisfied, 
we can set x, % x,. 

5. CAPTURE OF ELECTRONS INTO THE 
CHANNELING REGIME 

It is known that in channeling of positively charged 
particles practically a l l  of the particles a r e  captured 
into the channeling regime. A different situation exists 
in channeling of electrons. It has been showd8 that in 
axial channeling of electrons the entire beam is not 
captured into the channeling regime, but only a certain 
part determined from the conditions 

where r,,, and r,, a r e  the minimum and maximum dis- 
tances of the particle from the string in channeling, D 
is the distance between strings, and r, is the critical 
radius. The condition (5.1) means that the particle 
cannot approach a string of atoms closer than a distance 
r , .  The condition (5.3) is necessary in order that the 
particle be captured into the potential well. 

Using the potential (1.14), we obtain 

where 

and a and b a r e  determined from Eq. (1.17). 

From Eqs. (5.4) and (5.5) we determine r,,, and r,, 
and consequently the fraction of particles n which a re  
captured into the channeling regime. As can be seen 
from Eqs. (5.3)-(5.5) and (1.17), n depends on the 
initial angle of incidence * i  and on the critical radius 
r, . For E >> m,c2 the value of n does not depend on the 
electron energy. 

It is well known1' that a t  high incident-particle ener- 
gies r, decreases and can reach a value of the order of 
the amplitude of the thermal vibrations of the atoms of 
the string. In Fig. 2 we have shown the dependence of 

FIG. 2. Fraction of particles captured into the channeling r e  
gime, as a function of the initial angle ff incidence for the 
(110) channel of diamond: 1-rc= 0.1 A, 2-rc=0.05 A. 

FIG. 3.  Initial distribution of particles captured into the (110) 
channeling regime of a diamond crystal: 1-*,=0.31kC; 2-*, 
= 0.5*,; 3-lkt= 0.7*,. 

the fraction n of electrons captured into the channeling 
regime on a t  [in units of the Lindhard critical angle 
9, (Ref. 2)] for two values of r, for  the ( 1 1 0 )  direction 
of a diamond crystal. In Fig. 3 we have shown the 
initial distribution of particles captured into the chan- 
neling regime for various fixed \ k i  . 

Under real  experimental conditions the incident beam 
has some angular divergence 9. When the divergence 
is taken into account the number of captured particles 
changes substantially. For example, for the (110) 
channel of diamond a t  an electron energy $ = 5 GeV with 
* i = O  and a divergence 8 = 2  x lo-* rad for r, =0.5 A, 
we have n = 15%. 

We note that the features of capture of electrons into 
the axial channeling regime and also the angular de- 
pendence of a real beam will lead to the result that the 
spectrum of the spontaneous radiation will have a fine 
structure. 

6. EFFECT OF ELECTRON ENERGY, INITIAL ANGLE 
OF INCIDENCE, AND BEAM DIVERGENCE ON THE 
PRINCIPAL CHARACTERISTICS OF THE 
SPONTANEOUS RADIATION 

The theoretical studies3-" carried out up to the pre- 
sent time have for the most part considered the radia- 
tion parameters of an individual particle. For compari- 
son of theory with experiment it i s  necessary to take 
into account the initial angle of entry of the beam into 
the channel, the divergence, and so forth. In this sec- 

FIG. 4. Number of radi- 
ated Y rays a~ a function 
of the initial angle of inci- 
dence at g= 5 GeV for dia- 
mond in the (110) direc- 
tion: lbrC= 0.1 A,  z7rC 
=0.05 A,  3-rc=0.04 A;  
the dashed curve i s  for d 
= 1 0  GeV, rc=0.05 A.  
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FIG. 5. Spectral distribution of intensity for the $110) channel 
of diamond at %= 5 GeV, *i= 0.25*,: 1-re= 0.1 A, 2-r, 
=0.05 A. 

tion we present the results of such a calculation. 

We calculated the number of y rays emitted in 1 cm 
of path with energy from 15 to 70 MeV in channeling 
of 5-GeV electrons through a diamond crystal in the 
(110) direction. 

In Fig. 4 we have shown the dependence of the number 
of radiated quanta on the initial angle of incidence for 
three values of r, . For comparison we have also shown 
a curve for $ =10 GeV. 

In Fig. 5 we have shown the spectral distribution of 
intensity for a fixed angle of incidence with inclusion of 
six harmonics. 

It is known that the number of bremsstrahlung photons 
in an unoriented target is 

where Ax is the thickness of the crystal, R is a radia- 
tion length, and w, and w, a r e  the maximum and mini- 
mum frequencies of the detected photons. 

If the angular divergence of the beam is known, we 
can determine the ratio of effect to background 

For  * ,=O, s = 2  x rad,  and r, =0.05 di we obtain 
Dm50. For Q ,=0.254,, 8=0.1\kc, and Y, =0.05 A we 
have 9 =200; for r, = 0.4 A, 9 = 300. In Fig. 6 we have 
shown dN, /dx as a function of the incident beam energy 
for \k ,=0 ,  5 = 2  x 1 V 4  rad, r, =0.05 A, and for  the 
specified range of detected y -ray energies (15-70 
MeV). A s  can be seen from this figure, under the con- 
ditions specified it is most effecient to use an  electron 
beam with energy 81 2 GeV. In that case q =  250. 

FIG. 6. Number of y rays radiated in 1 cm as a function of 
electron energy for *,=0, 9 = 2  x l o 4  rad, and rc=0.05 A. 

FIG. 7. Spectral distribution of spontaneous radiation (1) and 
bremsstrahlung (2) for the (110) channel o! diamond at '8= 5 
GeV, *i=O, 9 = 2  x 10' rad, and r,=0.05 A. 

In Fig. 7 we have shown the spectral distributions of 
the spontaneous radiation and of bremsstrahlung for 8 
= 5  GeV, *,=0, 8 = 2 ~ 1 0 ' ~  rad,  and r, =0.05 A. It is 
evident that by choosing f i  w, and fi w, one can obtain 
an increase of II . For example, for uZ w, = 100 MeV and 
ti w, = 150 MeV we obtain 77 = 150. From these calcula- 
tions it can be seen that under certain conditions there 
is an optimal energy and an optimal detection interval 
for which the spectral density of the radiation will have 
a maximum, There is also an optimal angle of entry 
of the electrons into the crystal. The beam divergence 
also greatly affects the number of radiated y rays. 

We shall consider also the effect of the r m s  scatter- 
ing angle on the ratio of the numbers of y rays radiated 
in the spontaneous radiation and in bremsstrahlung. 
In a length Ax = 10' cm for 8 = 1 GeV in the frequency 
interval 0 .l wm a A w w- in the ( 11 1) direction of a 
tungsten crystal we obtain N, - 12, N ,  = 0.06. The num- 
ber  of photons emitted in a given direction in brems- 
strahlung is determined by the multiple scattering of 
the electrons. The mean square scattering angle is 

where R is a radiation length. In regard to the spon- 
taneous radiation, here the crystal itself governs the 
motion of the particle and therefore the half-width of 
the angular distribution is not due to multiple scatter- 
ing, but is determined by the radiation, i.e., it is 
equal to - l/y . Therefore the ratio of the number of y 
rays in the frequency interval O.lw, <A w w, emitted 
in a given direction is approximately 

Az N, 
q~1760u-- 

R N,' 

where a is the fraction of particles which enter the 
channeling regime. We shall assume that a % 0.4. 

From Eq. (6.4) we find that =2.5 x lo3, while N, /N, 
- 2 x 10'. Thus, the flux of y rays produced in the fre- 
quency interval 0 . 1 ~ ~  Aws w, and a given range of 
angles in channeling can in the case of heavy elements 
exceed the corresponding flux from bremsstrahlung by 
three to four orders  of magnitude. 

It should be noted the results  obtained by us  in this 
work and also in Refs. 3-6 on all  of the main para- 
meters of the radiation (intensity, spectral and angular 

820 Sov. Phys. JETP 51(4), April 1980 M. A. Kumakhov and Kh. G. Trikalinos 820 



density, polarization, and so forth)  differ  fundamentally 
f r o m  the results obtained by ~ a r ~ s h e v s k i r  et ~ 1 . ' ~  T h i s  
is due to the  e r roneous  nature of t h e i r  workz0 (a  detailed 
c r i t i ca l  ana lys i s  of Ref. 20 is given i n  Refs. 2 1  and 22). 

A substantial effect on the  radiation of channeled par-  
ticles is exerted by secondary p r o c e s s e s  which occur  
in the c rys ta l  (for example, multiple scat ter ing,  etc.). 
H e r e  dechanneling of the  particles and some broaden- 
ing of the spec t rum occur. Therefore  a s e p a r a t e  ar- 
ticle will b e  devoted to the  discussion of t h i s  question. 

In conclusion t h e  au thors  e x p r e s s  t h e i r  grat i tude to 
Yu. V. Kononets f o r  a helpful discussion and f o r  a num- 
b e r  of r e m a r k s  which made  possible  improvement  of 
th i s  article. 

 h he first indications of the existence of this effect for elec- 
trons were obtained by Agan'yants et ~ 1 . ' ~  In the current 
Soviet-American experiment at the Stanford Linear Accelera- 
tor Center (SLAC) spontaneous Y radiation was observed for 
positrons with energy 1-14 GeV in planar channeling of posi- 
trons through a diamond crystal?3 For electrons and posi- 
trons of low energies (E= 28-56 MeV) the effect was mea- 
sured by Datz et a ~ . ~ '  

 he real potential differs from harmonic. For more accu- 
rate calculation of the radiation it  is necessary to take into 
account the anharmonic part of the potential. Such a calcula- 
tion was carried out for the first time in Refs. 4 and 6 (see 
for example Fig. 1 in Ref. 6). In Refs. 4 and 6 at the same 
time the authors carried out an averaging over the amplitudes 
of oscillation of the particles in evaluation of the intensity of 
radiation [see for example Eqs. (5.4)-(5.6) in Ref. 61. 
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Stochastic self-oscillations in parametric excitation of spin 
waves 

E. V. Astashkina and A. S. Mikhalov 
Moscow State University 
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Zh. Eksp. Teor. Fiz. 78, 16361646 (April 1980) 

We consider a situation wherein an extesnal monochromatic pump excites parametrically a pair of primary 
spin waves, each of which ~reaks up in turn into two secondary wavq. The dynamics of the system is 
simulated numerically and it is shown that instability of the phase trajectories is & w e d  in it when the initial 
conditions are perturbed. The values of the Kolmogorov entrQpy are calculated for different values of the 
excesg over the parametric resonance threshold. 

PACS numbers: 75.30.Ds, 05.20. - y 

The i r revers ib i l i ty  of t h e  behavior of complicated dy- investigations1 by Smale, Anosov, Sin&, and o thers  

namic sys tems ,  consisting of a l a r g e  number of par t i -  have shown that dynamics randomization due to such an 
cles, is due to the  instability of t h e  phase t ra jec tor ies  instability is possible  also in s y s t e m s  having a s m a l l  

of such  sys tems  relat ive to s o m e  a r b i t r a r i l y  weak per -  number of d e g r e e s  of freedom. The  s tochast ic  behav- 

turbation of the  ini t ia l  conditions. Recent mathematical  ior i n  a real physical  model, descr ibed by only th ree  
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