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We propose a method for evaluating the electron conductivity o (,,T) as function of the frequency w,,, the
temperature 7', and the Fermi energy E, for the case when the electron motion is described by a one-
dimensional nonrelativistic Dirac equation with a Gaussian random & -correlated potential. We show that at
T =0 the conductivity is given by the Kubo-Greenwood formula o «wdp?(Er), if @,<Er<4, and
o(wo) xwlln’w, when E >4, where 24 is the width of the impurity band. The last expression for o'(w,) is
the same as the one which was obtained earlier [N. F. Mott and E. A. Davis, Electronic processes in
noncrystalline materials, Clarendon Press, Oxford, 1971; Yu. A. Bychkov, Sov. Phys. JETP 38, 209 (1974); V.
L. Berezinskii, Sov. Phys. JETP 38, 620 (1974); A. A. Gogolin, V. I. Mel’nikov, and E. L Rashba, Sov. Phys.
JETP 42, 168 (1975); A. A. Abrikosov and I. A. Ryzhkin, Sov. Phys. JETP 44, 630 (1976)]. We find an
analytical expression for the conductivity o(7") in the low- and high-temperature limits: o/(T) < T (T) as
T—0and E; =0 and o(T) = 0(0) + bT?, if w &KE; where b >0, if E. <4, and b <0, if E;>4 ; as T— o,
o(T)« T ~’In’T. Taking it into account that the level density p (E) < E* ~' as E—0 [A. A. Ovchinnikov and N.
S. Erikhman, Sov. Phys. JETP 46, 340 (1977)] we obtain a power-law dependence for the conductivity
o(T) & T**? as T—0, and not an exponential one as for a pure semiconductor (E; = 0). The results indicate a

sharp decrease of the conductivity at electron energies E, ~4 , (a jump in the conductivity).

PACS numbers: 72.10.Bg

INTRODUCTION

The problem of describing the kinetic properties of
one-dimensional (quasi-one-dimensional) systems with
impurities is a timely one. Most of all because the de-
struction, even though small, of strict periodicity leads
in the one-dimensional case to a sudden change in the
electronic properties of the system. It was shown al-
ready in the first papers on this problem that the pre-
sence of impurities leads to the localization of eigen-
states,’ and to vanishing of the static conductivity.?+3
In Mott and Davis’ monograph* a wide range of theoret-
ical and experimental studies of the electronic proper-
ties of non-crystalline substances is discussed. How-
ever, in view of the complexity of obtaining quantitative
results for disordered systems, many conclusions
reached in Ref. 4 have a semi-empirical character, and
this refers in particular to the formulae for the temper-
ature and frequency dependence of the conductivity
o(w,,T) givenin this monograph. It is therefore of in-
terest to consider models which enable us to obtain
quantitative results.

Many papers®=® have recently been devoted to this
problem. In Refs. 6-8 of the presence of impurities is
simulated by a random “white noise” type potential, and
in such a model asymptotically exact expressions were
found for the frequency dependence of the conductivity
o(w,) inthe limit of low frequencies w, and for large
Fermi energies Eg, thus confirming Mott's ideas. In
those papers systems were considered which gave a
model of the situation in a metal [Schrddinger equation,®
Dirac equation with zero gap, ® single-band approxima-
tion with an arbitrary energy spectrum” €(2)]. In this
connection an analysis of the situation in semiconduc-
tors when there is a gap in the energy spectrum is of
interest. The present paper is devoted to that prob-
lem.
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We choose as our mathematical model in the present
paper a non-realativistic Dirac equation with a 6-cor-
related random Gaussian potential. Such a model en-
ables us to describe a one-dimensional (quasi-one-di-
mensional) semiconductor or metal with a narrow for-
bidden band when the mean distance between the impu-
rity centers is much larger than the Bohr radius of the
eigenfunctions of an electron.*

It is well known that for the calculation of the conduc-
tivity o(w,, T) one needs to average a product of Green
functions over the realizations of the random potential.
This problem turns out to be very complicated as in
the given case perturbation theory is unsuitable. In the
evaluation of averages it was therefore necessary in
Refs. 6—8 to sum infinite classes of divergent diagrams
in order to obtain asymptotically exactly (w,~ 0) soluble
recurrence relations even for finite quantities.

We propose in the present paper a new method for
evaluating averages of Green functions without using a
diagram technique. The representations obtained for
the averaged Green function enable us to obtain asymp-
totically exact expressions for the conductivity o(w,)
as wy— 0 in the case when the Fermi energy E; lies
sufficiently far from the edge of the impurity band
[see (26)].

§1. STATEMENT OF THE PROBLEM AND
DERIVATION OF THE BASIC EQUATIONS FOR
AVERAGED QUANTITIES

We consider a system which is described by a Dirac-
type equation in the segment (-L,L) with a random po-
tential £(x):

A

—i—— +[ Ao+t (2) Jr=Epy,

P <& (z)>=0;

)

9y,
i'% +[A0+§(z) ]¢A=Elvz,
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where
&(2), E(y)>=2u’6(z—y).

Here (...) indicates statistical averages.
the boundary conditions in the form
w(~L)=t(-L)=1, $(L)/4s(L)=1. ’ @)

One verifies easily that conditions (2) guarantee the
Hermiticity of the Hamiltonian (1). From (1) and (2)
follows the symmetry condition

We choose

$u(2) =" (2). )
Moreover as L— « we have the symmetry
B()=5(3) B(Z5)=-5(1q) - @

Equations (3) and (4) turn out to be useful to establish
the symmetry properties of the Green functions.

Equation (1) has the integral
\Pz:@lz"¢zz¢zi=const, (5)
where y; and J; are any two solutions of (1).

Using (3) and (4) we write down the symmetry condi-
tions for the Green functions G* as L~ :

[G“*(I, yIE)]'=GH¢(yv x|E)=G,f(z, ylE)v

[Gi*(z, y|E)]'=Gs7 (y, z]|E)=Gu™ (2, y|E) ®)
and

Gu*(z, y|—E)=—Gu7(x, y|E),

Gu*(z, y|-E)=G.7 (2, y|E). (7)

We note that the symmetry (6) holds also for finite L,
as it is a consequence of (3).

We write down the expression for the conductivity
when the frequency of the alternating current is w,. To
do that we use the standard method (see, e.g., Ref. 9)
and as a result we get

(- -
o I)=——\ dE{f(E,T)+{(-E,T)} | dzj (E+ ., Elz—y),

o(onT) m{d (B, T)+1( )}vj 2] (E+0o, Elz—Y) ®)

where f(E, T) is the average number of electrons or

holes with energies E at a temperature T, while the

quantity j(E + w,, E |x —y) is given by the following ex-

pression:

j(E+@o, E|lz—y)=[j*"(E+w, E|z—y)—j**(E+a., E|1~y)]
—[j*~(E, E—oo|z—y) —j**(E, E=a]2—y) ]
+i (B, E—oo]z—y) =i** (E, E=wola—1)]. ©)

The quantities j** are given by the relation

j*(E', E|lz—y) ={G\*(y, z|E’) Gy *(z, Y|E)
+Gn*(y, | E') Gu* (2, y|E) —Gis* (¥, 2| E') Gu* (2, ¥ |) E)
—Gu*(y, 2|E)Gu*(z, y|E)D, E'>E, 2>y (10)

In obtaining Eq.(9) we used the symmetry properties
(6) and (7) and also the fact that the probability flux and
the electrical current for holes (E <0) have the opposite
direction. We note that the last term in (9) is purely
imaginary. This follows easily from (10), (6), and (7).
For the determination of the real part of the conductiv-
ity— and that is the only one we shall be interested in—
it is therefore sufficient to be able to evaluate the quan-
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tity j* —j**. The averaging methods differ somewhat de-
pending on whether the Fermi level Eg is situated in the
impurity band or in the conduction band. We consider
first the case E; > A, (a metal).

§2. EVALUATION OF THE CONDUCTIVITY AT T=0
FOR THE CASE WHEN £.> 4,
We write the Green function in the following form:
i (lpm(x)'@sz(y) Vs (2) Prs (y) )
ViPr—PraPes \ Ve (2)Pr2(y)  Pm2(2) P (y)

when z<<y,

G(z,y|E)= )
11

where the functions y (x) and i (x) satisfy Eq. (1) and
the boundary conditions for x =~L and x =L, respective-
ly. Using (5) we verify easily that (11) is a Green func-
tion. To obtain the retarded and advanced Green func-
tions G*(x, | E) it is sufficient to add in the represen-
tation (11) an infinitesimally small imaginary part to
the energy Ezi,, and after that go to the limit L ~ .

To elucidate the idea of the averaging method pro-
posed in what follows, it is convenient to represent the
procedure for getting the Green functions G* and G~
from Eq. (11) in a special way. To do that we introduce
new variables. We write the solutions of Eq. (1) with
the boundary condition for x=-L and x=L in the form

V1.2 () =exp{u.} {cos [o(z+L)+a.] + —ii— sin[w (z+L) +a,] } .

P12 (2) =exp{ii.} { cos[o(z—L) +a.]+ i)—g sin[o (z—L) +a.] } » (12)

a(—L)=u(—L)=a(L) =i (L) =0,

where
o=(E—A2)" e=E—A,. (13)

Substituting (12) into (1) we get an equation for a_ and

9% _ ) {i cos*[ (z+L) +ay] — ——sin’[o (z+L) +a,}} ,
dz e ©
du, 1 ® e\
——dx = —2—3(1) (:—""—g) sm[2m (I+L) +2a:]» ) (14)

a(—L)=u(—L)=0
and an analogous equation for &, and 17, with the boun-
dary condition at x=L. Substituting (12) into the denom-
inator of Eq. (11) we get

PeiPes— P = -2%- exp{u.t+i.} sin[2mL+a,fﬁ,] . (15)

As the Hamiltonian is Hermitian, Eq. (15) is non-van-
ishing if the energy E has an imaginary correction.
Moreover, the quantity 2wL+a, ~d, is, generally
speaking, complex when Im E# 0. Therefore, when
ImE>0

|expl —2i0L—iaetid.] |> | expl2.0L+ic.—id.]],
and when Im E <0 the opposite inequality holds [this re-
lation between the moduli of exponentials is dictated by
the correspondence with the case when £(x)=0]. Taking
into account what has been said we can write (15) in the
form of a series:

il pes () Be2 () =922 (1) P (W) 1~ '——e\p{ —u,~#,} [sin(20L+a,~a,) ]~

-$z—e\p{ u,~i,+2ioL+i(a,~8,)} Ee‘(p{:ﬂ:zltan:tZz (ay—d,)n}.

n=0

(16)
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Substituting (12) and (16) into (11) we obtain the fol-
lowing representations for the matrix elements of the
Green functions:

i 2
Gu*(z,y|lE)=7F . (1 ¥ mi) exp {u.—u,Fio (z—y)

et
Filaa—ay)} [1 o7 exp{+2ie (1+L):|:2ia=}]
To—e

*ote
X [ 1+ exp{:F2iu)(y—L)=F2id,,)]
*To—e .

XZ‘ exp{*x2i[o (z+L)+a.]n}exp{F2i[o (y—L) ta,]1n}

na=0

xexp{F2io (z—y)nF2(a—ay)n}, =<y,
e a7)
G.*(z,ylE)=F o (1 - iz) exp{u.—u,Fio(z—y) Fi(a.—a,)}
4e ©

+
x[1+
[1+

X Z exp{*2iw (z+L) nx2ia.n}exp{F2io (y—L) nF2ia,n}

n=0

+
hd exp {£2i0 (z+L) +2io.) ]

P exp{?Zlm (y—L)F2ia,} ]

x exp{F2iw (z—jy) nF2ila—a,)n}, z<y.

The matrix elements G}, and G;,, and also the values
of the Green functions for x>y are obtained from (17)
using the symmetry (6). Before taking the limit L~ «
we obtain from (17) a series expansion of the Green
function (11) in the energy region Im E>0 (+ sign) and in
the energy region Im E<0 (- sign). After taking the
limit L - « and afterwards Im E— 0 these expansions go,
respectively, over into G* and G~.

When £(x) =0 this is immediately clear. Indeed, in
that case a,=U, =a,=U_=0 and as L— = we get the fol-
lowing expression for Gj:

Fiexp{xi(E*—As)"|lz—yl}

Go*(z,ylE)= S (E A"
(D @0 A,
Ao E¥e(z—y) (B*~A)" )' (18)

where €(x)=1 when x>0 and £(x)= -1 when x<0. In ob-
taining (18) we used (13). -

We note that in obtaining the unperturbed Green func-
tions it is important to observe the order of taking first
the limit L - « and afterwards ImE - 0, for in the oppo-
site case ImE— 0 and L — « the terms in the represen-
tation (17) oscillate and have no limit. It turns out that
when there is a random potential present the calculation
of the averaged Green functions can be performed by
taking the energy to be real right from the beginning,
ImE=0. This is connected with the fact that, firstly,
the averaged terms of the series (17) have a limit as
L - = even if the energy is real right from the beginning
(vide infra) and, secondly, the series obtained of the
averaged quantities is convergent. Taking what has
been said into account we shall in what follows use for
the evaluation of the averaged Green functions and their
products the representation (17) and assume the energy
to be real. The representation (17) is convenient be-
cause one can easily obtain for the averaged terms of
the series (17) and their products recurrence relations
which are asymptotically exactly soluble in the limit
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wH(E~
For the calculation of the real part of the conductivity
at T =0 we must find the averaged correlator of the cur-
rent j* -j** [see Egs. (8) to (10)]. Substituting (17) into
(10) we get for that quantity the following represen-
tation: '

Ad) "<,

= (E+ @, Elz—y) —j*+ (E+oq, Elz—y)

T e 2 <{(_+

m,n=0

) [=Fu®(y)]

(B S )P D) P2 P ini D P (5

(e (%

—Fu ()1} )+

e

2 5 ({2 v

+ ('_:)"*'%7) [F:om(y)“Fa .(y) ]}Fzm —zn(ll)F—(zm:.n (2n+|)(y)

X Famys (2u+a)(1)>< F:m—zn(1){(———)[1 Fz 2(2) ]

+ (i+3) FE@-FL@1)), = (19)

where

F.?9(z) =exp{—pu,'—qus+i(mo’—ne) (z+L)+i(mo.'—nox) },
(20)

F () =exp{—pi:' —qll.—i(mo'—no) (t—L) —i(mds'—nds) },

while E’ = E+w,. When obtaining (19) we took it into ac-
count that the quant1t1es a, a, U, and U, on the one
hand, and &, and U,, on the other hand are statistically
independent, as follows from (1) and (14)

We note that as w,~ 0 the terms of the series in (19)
tend to zero as wZ. This does, however, not enable us
to reach any conclusions about the law o(wy) x w2, as
the double series in (19) diverges for w,=0. An esti-
mate of expression (19) requires therefore more accu-
rate calculations.

We introduce the equations for the averages (F2 (x)).
Using (14) we get

= i{ (mm'—nm)+§(.z) m(e—ll—i)

€

dan” (I)
—
ax

—n (i_ E’_)]}Fm,.w(x)——g(x) (—+—) (m+p)Fuisn

(0] €

+E) e Fiant 8@ (S +2) (40 Fs

i ® € Pq
0 (T ) e (21)
To obtain closed equations for the average quantities
(Fta) we use a technique discussed in a paper by
Klyatskin and Tatarskii.!® Taking the functional deriv-
ative of both sides of Eq. (21) and integrating the result-

ing equation we find
(e

I (e-
) Bt (5 L) (mep 2

OF mn?? (z)
[ (I~0)

i (
A 7
€

i i
e (—s+ﬁ) () Pl (—+
4\ 0 ¢ 4\ @

‘s“) (n—q)F:?n—z. (22)
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Averaging both sides of Eq. (21) and using the fact that
£(x) is a Gaussian random function we decouple the re-
sulting averages of the form (¢F2%) using Novikov’s
formula®;

<§(x)pmn(z)>=+f @@ (D N gy (23)
. 8 (y)
Moreover, using (1) we transform (23) to the form
. ./ SFm?(2)
<§(I)an (I)):,,l. <—m . (24)

After this the averaged Eq. (21) takes the following
form, if we use (22) and (24),%

A<F ™ . w e o e o
={i(mm —-nm)—-—[m (—,-—-—,-) —n(——————)]
dz 4 o e © &
2

’ 2 2 2
5 (542 mprzp— (S +2) (e-gt2g) } CF g
8 e 8 ‘o e

) (§-5) (-4 o
o (=) (- ) e
u(n+q)(

e
Y
e
o e
MGl E_0) (L))
4 ® e )
)
m
®

2

+X2 (”‘+”) +2 )[(m+1)

LEm=p) (m—p)

P (54
e
+%)[ (n+1)

€

@

1
©

(__
+ u’(r;—q ( +%)[(n_1) (_“'__le’,) - (:__‘:—)] (Fatn >

B (E L) (24 2) (ntp) (n40) Flan
8\ e ® &

+(m—p) (n—q) Frrzne2d+ (m+p) (n—q) Frmrsn—2>

woe | o'y\? rq
+(m—p) (n+q) F.2ni) _E(_ —,) ((m+p) (m+p+2)<F >

+(m=p) (m—p=2)F"\0} — = (: + -—) {(n+q) (n+q+2)<F2, 0

+(n—q) (n—q—2) Frma_}. (25)
We note that Eq. (25) is satisfied also by any function
of the form (F22(x) F22, (y)), if x>y. We shall use this
fact in what follows.

From (25) it is clear that if the condition
A=(p¥/ o) (m/e+e}m)=<1 (26)

holds, the quantities (F2?(x)) for m#n contain fast os-
cillating factors exp{i (m -n)wx} and as x — « have the
magnitude ~A (F£2 (x)). This fact enables us to neglect
in Eq. (25) and in expression (19) all terms with m #n.
In particular, this means that in that approximation we
can neglect the correlator of the currents j*, i.e.,
omit the second sum in (19). This is just the kind of
approximation used by Berezinskii ® when calculatmg the
current correlator in the Schrédinger equation case.®
Taking into account what has been said we can write
Eq. (19) in the form (see footnote 2)

- (E+ou Ela—y) = —— (S+ ) 2(3 ~Bu)Cal@-Y)s  (g7)

where

B, = lim¢F. . () >= Hm<F o on (1), (28)

Ca(a—y) = B < [Fson () ~F S nea(0) ]

Lex

X F:(lf:‘:')x-(zvn-u) (y)Fz::-l,zn-n (), >y, (293.)
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Cn (0) = lim( [F::,lu (y) "‘Fz?-f.z,zn{.z (y) ] >=Bn‘-Bn+1- (29b)

Using (20) and (25) we get for the quantities B, and C,
the equations

ipnBatn?(BasytBay—2B,)=0,  By=1, limB.=0; (30)

dC,./dt=iﬁ(n+‘/,) C..'*' {Cn+1(n+1)2+Cn-1nz‘_‘cn(2nz+2n+1) } ’ (313.)

C1(0) =B.—B..., (31b)
where
o _ _ 40'~-e)
l—T(m'l"'—) (z—y), p= pE (e/otale)’ : (32)

When obtaining (30) and (31) from (25) we neglected,
in accordance of what was said above, all quantities
(F22) with m#n. Moreover, as B =lim B, (x+ L),L~,
the der1vat1ve dB,/dt is put equal to zero in Eq. (30)
And finally, in all coefficients in Egs. (30) and (31) we
retained only the zeroth and first order contributions in
W’ —w=~w, since wy/ p?<1.

The quantities B, are easily found, if we introduce the

generating function

B(z)= 2&.2"",

Nemi

|zl<1. (33)

Substituting (33) into (30) and using the condition B,~ 0

as n—«, which follows from the definition (28), we
find for B(z) the following expression:

5= g T} fere{ ) 64

Knowing B(z), and hence also the B,, we can, in
principle, find the coefficients C, (¢) from Eq. (31). The
conductivity o(w,) is determined by the integral over x
of the correlator of the currents j*~ [see (27)]. To find
this integral we note that the generating function (34) is
exactly the same as the function 7(«) [see Eq. (2.73) of
Ref. 11], if we reduce them to the same variables.
Hence, the coefficients B, found in the present paper
and in the paper by Abrikosov and Ryzhkin'! will also
be the same. Moreover, the equation for the C, (¢),
(31), is also exactly the same as the equations for the
C, (t) found in Ref. 11 [see Eq. (2.76)]. We can thus ob-
tain the integral of the correlator of the currents (27)
by using the results of Ref. 11, where it was found
[see (2.81), (2.83), (2.84), (2.96), and (2.95)] that

[a Y Be-Bu) = (-2 (3)p+* "B}, (35)

N0

Using (8), (9), (27), (32), and (13), and the fact that
at T =0 the Fermi function is a step function we get
from (35) for the real part of the conductivity the fol-
lowing expression:

maz Au! 2 . u.l _ Anz \ =1/
an(i——E,—’) In {Ga—(i Eg } - (36)
It is clear from (36) that as E; — < the conductivity, in-
creasing monotonically, tends to a finite limit

0u (00) =70:£;1n‘ (£). @7

o

3 (@o, Er, T=0)=-

We recall that Eq. (35) is valid under the condition (26).

A. A. Ovchinnikov and N. S. Erikhman 731



§3. EVALUATION OF THE CONDUCTIVITY WHEN
E. <Ay INTHET=0 CASE

The situation in the E; < A, case is in an essential way
different from the E; > A, case considered above. The
reason for this is that for energies inside the impurity
band we have no zeroth approximation for the retarded
and advanced Green functions, since they coincide in
that case. This leads to the fact that the representation
(17) for G* and G~ turns out to be inconvenient, since
the functions @, and U, introduced above [see (12)] be-
come complex for Ez<A,. We therefore proceed dif-

" ~ently. We write the solution of Eq. (1) in the form

a(—L)=u(-L)=0;
a(L)=u (L)=0.

Py=expu.tio], Y,=expu.—ia.],

(38)

Pi=expli.tia.], P.=expli.—ig.l,

The condition that ¢ = const. are eigenfunctions has the
form

a(L)=nn,

a(—L)=nm. (39)

Substituting (38) into (1) we get the following equation
for @ and U,:
da/dx=E—[A+E(z) lcos 2,

(40)

du/dz=—sin(2x) [A.+E(2) ], a(—L)=u(—L)=0.

The equations for &, and (./, are the same, but the
boundary conditions are at x=L.

We write down the solutions of Eq. (40) for £ (x)=0
—E

Rl (A=EY D)1},

o= —arctg{

(41)
ux=17-ln {1 + 2B he(AG—E?)" (z+L) ]} .

AtE
Similar formulae are valid for &, and U, With the one
difference, that L—- L.

It is clear from (41) that E <A, cannot be an eigen-
value, since
A—E

K +_ g (42)
AAE) 0 Y= (OSE)NED),

Q=—arctg (

and hence condition (39) is not satisfied for such E.

Substituting (38) into (11) we get for the Green function
the expression
iexp{u,—u.}
exp{i(a.—8.) } — exp{—i(a.—d.)}

G(z,ylE)=

X ( exp{i(d-—ay)}

exp{i(a-ta,)}
exp{—i(a.+ay)} ) !

exp{—i(a—a,)} =y 43)

To obtain G* and G~ we use the method described
above. We assume in the first case that ImE>0, and in
the second that Im E<0 and we have then in the denom-
inator of (43)

[exp{—i(o=—8.)} |>|exp{i(a=—a.)} | when Im E>0,

|exp{i(ot=—8a) } | >|exp{—i(a=—a:)} | when Im E<Q

respectively, for G* and G™. After that we expand the
denominator in a series and we substitute the resultant
expression into the expression (10) of the correlator of
the currents j* —j*.¥

If we follow this procedure we get (x>y)
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2Rel[j*~(E', Elz—y)—j** (E’, Elz—y) ]=explu,’—u. +u,~u,]
x exp{i(a:"—8:") —i(a:—dx) } [exp{i(a,’—a,) } —exp{—i(a, —a,)}]

X [exp{—i(a,'—a.)} —exp{i(d.'—&.)} ]

- 4
x ), empl2im(a~a:)] Y expl-2im(a—a)].  (44)

Mem— oo M0

One verifies easily that the sums in (44) give after
averaging the level density np(E).> They are non-van-
ishing (for finite L) only when E and E’ are eigenener-
gies. The quantization condition

2(0t—0s) lg=p =210,  2(0’'—8:") |x=s]. =2nm, (45)

which follows from Egs. (38) and (39) is then satisfied.
We can therefore assume before the averaging that the
phases in (43) satisfy condition (45). This enables us to
regroup the factors in front of the sums in (44) in such
a way that we get for j*~ —;** the expression

2Re{j*~(E’, E|z—y}—j**(E', E|z—y)}=exp{u,’—u./+tu,—~u.}
X [exp{i(a/—aa") —i(oy—ax) } [1—exp {2i(d'—8) } | +exp{—i(a,'—a.’)
+ioy—a:) } [1—exp{—2i(6.'~0.) }1]

X Zexp{zim(a{—d,')} E exp{—2im(a.—8:)}, z>y. (46)

Mot 00 M — 00

Expression (46) must be averaged.

One can prove (see the Appendix) that the series in
(46) are self-averaged quantities as L -~ © and p?
«(a% — E?)'/2 and, hence when averaging they can be
taken out of the average sign and replaced by the quan-
tity mp(E).'? It is thus sufficient to average in (46) the
factor in front of the sums. However, if we take it into
account that the parameter p? is small we can replace
them by their unperturbed values (41) when L~ . As
a result we get the following expression for the current
correlators when E’ = E = w, < p2:%

Re{j*~(E+ao, Elz—y)—j** (E+ao, Elz—y)}
=-m’:zf—”Ez)p(Em,)p(E)exp{—z(Af— 2yn(a—y)}, o>y 31

Substituting (47) into (49) and then into (8) and using
the fact that the temperature T =0 we find for the con-
ductivity when Ex> A, the following expression:

n@o’p (Er) o (Eytae) =
4(A>—EH)™ 4

2
o (@0, Ey, T=0)= 0N E),  Ep< (48)
The level density p(E) has a power-law behavior E¥™!
with v = A/ p? when E < A,.'® Hence it is clear that the
conductivity is anomalously small in the impurity band
as compared with the conduction band.

Generally speaking, we must add to Eq. (48) the re-
sult of integrating over the energy to the lower limit
see (8) and (9)]:

80 = ——— [ dE [ {j*~ (E, E~aslz—y) ~** (B, E~anlz—y)}ds.
W, . v

This integral gives, when we take into account (47) and
the symmetry p(E)=p(-E), the contribution

L D08 L (0e)  TOS (49)
1601 A 0 ( ) ) < A 0*(Er) when ©,<Ep,

i.e., we can neglect it. An exception is the case Ep

<« A, when both contributions are comparable. In that
case, substituting (47) into (8) we get
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0(ws, By, T=0)= 225 j dE{p(artE) —p(ay—E)}p(E) -

B
_'Z_ATP(EI)P(")n)v

In deriving (50) we used the fact that p(E) < E"™,

@ >Ep. (50)

§4. TEMPERATURE DEPENDENCE OF o(T7)

The distribution function of non-interacting electrons
and holes has the Fermi form and the chemical poten-
tial X is determined from the equation

c p(E)dE h o\E)dE
) |}

JTexp{(E—n)/Ty+1 I exp((—E+2)/T}+1

vy, OV

where N(Eg) is the number of electrons at T = 0(Ez>0).
From (51) we obtain easily the relations needed in what
follows:

¢ zdz —p' (Ex)

x(T)=E,+2;[ AN as  T—0, (52)
K(T) ~aN(Ee)=Ep (Es>As) as T—rco. (53)

In deriving (53) we used the fact that p(E)=7""as T= =,

As T— 0 it follows from (8) and (9) that

zdz 8% (w,, E,,)

F) EFZ ’ (54)

o (@0, T) =0 (00, x(T)) +2 j
where ¢ w,, X(T)] is the conductivity at T =0, if we sub-
stitute for the energy E, the chemical potential X (7).

We consider three cases: Ex>> A, w,<¥Ep <A, Ep
=0. Substituting (36) and (52) into (54) and using the
fact that Ep> A, we get

AlT?

(55)
E;

o (@, T) =0 (w0, Ex, T=0) 24} O (00)

l+1
where 0 (w,) is given by Eq. (37). In the case w, <<Eg
<«< A, we find by substituting (48) and (52) into (54)

zdz p"(Er) T’}.
+1  p(Er)

o(T) =0 (w0, Er, T——O){1+4 j . (56)
Using the fact that p’/(E)> 0 when E < A, and u? <4,
we are led to the conclusion that the functions ¢(T) in-
crease at small T.

Finally, we consider the case Er=0. Inthat case o(T)
is given by the integral (50) in which the upper limit is
chosen to be infinite and the integrand is multiplied by a
factor [exp(Ep/T)+1]™ as for Ep=0 the chemical poten-
tial X(T)=0. This leads to the following expression for

6 (w;)

FIG. 1. Typical profiles of the function o(T') for different
values of the Fermi energy Ep. The dashed lines show the
behavior of o(T') in the case of purely static impurities
(lim o(T) = g, (wy), T —=).
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the conductivity:

o(T)= nvj ’+1

T
X (@0)p (TN — (57)

In obtaining (57) we used the fact that as E~ 0, p(E)

o« E1 13 1t is clear from (57) that the presence of im-
purities leads to a power law behavior ¢(T) < T* as
T—0 and at E=0.

We now consider the case T~ «. Using (8), (9), and
(53) we get

o(mo.T)_-—jdzj dE{—[, -(E,E-wolz—y)

~j*+(E, E—~wlz—y) ] }(1 "2ir) = 6. (o) [1+0 (Ti)] (58)

where 0«(w,) is given by Eq. (37). It follows from (58)
that the conductivity o(7T) tends to a finite limit as

T - «, We must note here that at high temperatures
static phonons play the role of impurities and the
strength of the random potential will be u%~gT, where
g is the dimensionless electron-phonon interaction con-
stant. Using (37) this leads to the law o(T) « T-31n?T.
Such a law of a decrease indicates that as T— « the
main contribution to the conductivity comes from the in-
teraction with the dynamic phonons which, as is well
known, leads to the law ¢(7T) 772,415 The formulae
given here enable us to obtain the qualitative form of
the function ¢(7T), and we show this in the figure.

In conclusion we note that from the symmetry prop-
erties (7) and Eqs. (8) and (51) if follows that

0(Er)=6(—E;), (59)

as should be the case, if we pay attention to the symme-
try between holes and electrons.

APPENDIX
We shall prove that the quantity

.

R(E,z)= Z expl2im (—as) | 49)
after averaging with arbitrary functionals F{(x)} can be
taken out of the averaging sign, provided the strength
u? of the correlator is sufficiently small. To do this it
is sufficient to show the validity of the following rela-
tion”:

R(E, z)=<R(E, z)> as L—oo, an

We introduce the quantities f,, (x) through the equation
(T11)

It follows from (40) that the quantities £, (x) satisfy the
following chain of equations

frun () =exp [ 2i(mo—na.) |.

—d;ff = 2UE (11—1) frn—i (BoTE) [ (frmgrntfrnms,0) =7 Fonn i Hfmno) ]-
Iv)
Putting m =7 in (IV) we get
o (48 ([fers = (n D s e (Do)
H(AHE) Unami—fomsa]. W)
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One must take all expressions which follow below in
the sense that they must be integrated over a small
energy interval 6E(LSE > 1) which tends to zero as the
length of the system L~ «. Summing both sides of Eq.
(V) over n from -« to +~ we get an equation for

R(E, x):

dR(E,z)

= =i[Act+E(2) ] [exp(2ia.) — exp(—2ic.) IR (E, z). (VD)

Using the fact that the function R(E, x) is real [ see (1)]
we write (VI) in the form

dR(E,z)
dz

=—[A,+E(2) ] [sin (20.) + sin (20.) JR(E, z), (vi)

whence
R(E,z)=R(E, L)exp {— [ [ac+2() 1 sin (2a,) +sin (20,) de}. (v

Taking the second Eq. (40) into consideration we re-
write Eq. (VIII) as follows:

R(E, z)=R(E, L)expl—u.—fi.+u.+i.]. (X)

Using the fact that the perturbing potential £(x) is small
we can replace the functions u, and #, by their unper-
turbed values (41). As a result of this we get

R(E, z)=const as L—>o, X)

We thus see that the function R(E, x) is independent of
x as L - « and for sufficiently small 2. On the other
hand, the integral of the quantity R(E, x) gives the total
number of levels of the system per unit energy inteval
(see footnote 5) i.e.,

(8E) [ R(E, ) dz=2L const-6E=2Lnp (E) 8E. (X1)
The number of levels 7Lp(E)6E is, apart from a term
~Y/L independent of the actual realization of the process
£(x)*B, i.e., it is a self-averaged quantity. Hence it
follows that also the quantity R(E, x) which equals

R(E, z) =2aLp(E)/2L=np(E), (X11)

will be a self-averaged quantity. This means that-
R(E, x) satisfies Eq. (II) and therefore when averaging
the expression (46) we can take the product

R(E, x)R(E’, x) out from under the average sign and
replace it by the product 7%o(E)p(E’).

DWhen x >y the function Glx, ) is found by using (6).

DThe equation for (F#22) is obtained from (25) by changing the
sign of the right-hand side.

3 Abrikosov and Ryzhkin used in Ref. 8 a model which is simi-
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lar to ours but with Ag=0 and with a random potential of the
form £(x)+in(x), where £(x) and 7(x) have the following
correlators:

E(2)n@)=0, (E@)EW=M(@)n(y))=p¥(z~y).

One can easily show that in this case, using the technique
given above, Eq. (25) breaks up into a class of equations,
each of which contains only quantities (Ff,:,(x)) with a constant
difference m —n=const, which at m =n are exactly the same
as the equations obtained in Ref. 8.

1t is important to note that when E <Agboth correlators give
important contributions and neither of them can be neglected.

5)For this it is sufficient to use the formula p(E)=— 713Im
(Tr G*) and to take for G* the corresponding series obtained
from (43) at Im E> 0.

6’Usmg the relations obtained in that case, which are analo-
gous to Egs. (25), one can show that this approximation leads
to a relative error ~y2(A€—E2)4 «1.

D Equation (II) means that R(E ,x) is independent of the actual
realization of the process £(x), if the length of the system
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