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The theory of cooperative Raman scattering of light is considered under conditions when the exciting field
splits the energy levels of the atoms. An approximation is used in which the scattering is resolved into two
spectral components with Raman and steplike transition frequencies. It is shown that in the case of exact
resonance of the exciting-field frequency with the atomic-transition frequency, the characteristic times and
the intensity of the light scattering are equal in both components. In the case of deviation from resonance, the
delay time and the intensity of the Raman component are larger than the corresponding characteristics of the

steplike-transition component.

PACS numbers: 32.80. —t

1. INTRODUCTION

A number of papers were published recently on the ex-
perimental investigation of cooperative emission (CE)
in atomic gases. -4 The CE phenomenon has a thres-
hold and is observed at sufficiently high population den-
sities of the excited levels produced within a relatively
short time (shorter than the population relaxation time).
This requirement is satisfied by the optical method of
excitation. In all the cited pa.persl'4 the excitation
source was a dye laser, whose emission had a one-
photon or two-photon resonance with some atomic trans-
ition. The CE was observed in this case in an adjacent
transition. If the duration of the exciting pulse exceeds
the characteristic time of the CE, the process evolves
in the presence of a high-power exciting field and one
can speak of resonant cooperative Raman scattering
(RCRS). A similar situation took place, for example,
in Ref. 1.

The earlier papers on the theory of cooperative Raman
scattering either disregard a significant feature of res-
onant scattering-population of an intermediate state®7—
or treat the RCRS in a linear approximation, assuming
the populations of the initial and final states to be con-
stant in time.® In the present paper we consider the
RCRS in an essentially nonlinear case, when all the
atoms go over in the course of scattering from the ini-
tial to the final state. It is assumed that the amplitude
of the exciting field has a steplike form in time and that
the characteristic duration 27 of the scattering pulse is
much longer than the period of the oscillations of the
populations of the initial and intermediate state under
the influence of the exciting field.

As shown by Bowden and Sung,® the oscillations of the
populations modulate the scattering field in time. In
spectral language, the modulation corresponds to a
multicomponent equi-distant structure of the scattering
spectrum with frequencies w =w, = wy + 3R+ (3 +n)Q,,
where n=0,1,2,...; w, is the frequency of the exciting
field, wy; is the frequency of the forbidden transition
between the initial and final states, =w, — w3, and
w3, is the frequency of the transition between intial and
intermediate states (see Fig. 1). When the condition
78,>>1 is satisfied, the amplitude of the »n-th spec-
tral component is small as the n-th power of the small
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(TQ,)". We consider in this paper therefore scattering
only into two spectral components w=w, - wy, + /2

+ Q‘/Z. If we interpret the oscillations of the popula-
tions of the initial and intermediate states as the split-
ting of the energy levels of the atom in the exciting field
into two pairs of energy quasilevels, then the employed
approximation corresponds to allowance for only the
spectral components of the scattering that are at res-
onance with the transitions between the energy quasi-
levels of state 3 and the final state 2 (Fig. 1).

2. DERIVATION OF BASIC EQUATIONS

We consider the RCRS process within the framework
of a three-level scheme (Fig. 1). The exciting field
interacts with the transition 1-3, and the scattering
fields interact with transition 2-3. The volume oc-
cupied by the atoms is elongated along the z axis. The
exciting field is incident at a right angle to the z axis,
and the cooperative scattering takes place in the pos-
itive and negative z directions. If the characteris-
tic scattering time ¢, is much less than the time re-
quired by the light to pass through the medium, then in
the case of transverse excitation we can neglect prop~
agation effects and consider the scattering in the spat-
ially homogeneous approximation. 9

The amplitude of the exciting field is specified in the
form of a “step”
1, =0
0, <0
and that of the scattering field in the form of two quasi-
harmonics

E,='/.&u(t)etcc., u(t)={

’

2
1 ) . .

E, = ) 2 (&t +&,me™ ) e +c.c.,
—

©;=0,—w,+e; j=1,2.

Hey) ———

e =~ -

e,)

FIG. 1. Transition scheme in a three-level system.
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The quantities ¢, describe the shift of the energy quasi-
levels of the states 1 and 3 in the exciting field, rela-
tive to the position of the unperturbed levels, and are
given by

61, 1= (Q2£Q42), (1)
where
Q=w.— 03, Q,=[Qz+4]G.|’]"’, G,=d,&./2k.

We represent the amplitudes of the states in the form

n+

(n) (n)-
ar =Y 165" (exp(ihan) +by  (1)exp(~ikzn) lexplieg),
J

a,(')=b:") (t), ) (2)
0= YV (657 (0) exp (ihiza) +5577 (1) exp(~ikizn) lexpiest),

where 7 is the number of the atom.
In the representation (2), the quantities
b7 exp (ik;za) +b5y~ exp (—ikiza)

have the meaning of amplitudes of states with quasi-
energy hw;. We assume that the characteristic time
of variation of the amplitudes b,(:,)* (the scattering time
7) is much less than the reciprocal 1/ 2, of the field
splitting of the levels. Under this condition, the pro-
cesses of scattering with participation of different
quasilevels of a given state can be regarded as in-
dependent, and the equations for the amplitudes of
states of different quasilevels can be uncoupled.

Scattering in the positive and negative z direction
will be assumed equal, i.e., #,,=%;,. We assume
that all the atoms are in identical states, i.e., the
amplitudes b\* are the same for all atoms. The po-
larization density is written in the form

Py*(t)=Nds.b."bs; (3)
where N is the density of the total number of the atoms.

We require also that the level shifts under the in-
fluence of the scattering fields be negligibly small
compared with the shifts due to the interactions with
the exciting field. In the case of small detunings of the
exciting-field frequency from resonance, || <|G,|,
the following estimates are valid

QINZIGﬂla |G:1.2[""T_‘

and the requirement that the field shifts be small co-
incides with the condition £, > Tl At large detunings,
|2|e> |G, |, the following estimate is valid for the
matrix elements of the interaction with the scattering

fields [see expressions (18a, b)]

|GeGa/Q| ~| Gz ~v*
and the condition that the field shifts be small cor-
responds to the inequality |G,|%7/|2] > 1.

With allowance for the assumptions made, the amp-
litudes of the states satisfy the following system of
equations:

dby, _ile|

G.ibs
a9 (4a)
db,
S2=2i V' Gy,
dt ZLZ_J o (4b)
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d i
—+ _— .
(dt P)G" Db (4c)
where I’ is a constant that describes the linear
losses-absorption, diffraction, etc., and 7§
= 21w, |dy, |27 7'N. :

The system of equation (4a—c) has an integral of mo-
tion

2Q .
Ibzl‘+2 L | byyl2=n,, (5)
J

le;l

where n; is a certain constant determined by the ini-
tial conditions.

We assume that at the initial instant of time there was
no correlation between the atoms, and the scattering
fields were equal to zero: G,(t=0)=0. The RCRS
process begins with incoherent spontaneous scattering.
Since it is assumed that the characteristic duration of
the scatte'ring process greatly exceeds the period of
the oscillations of the populations of states 1 and 3, we
assume for the initial amplitudes b, the values estab-
lished when the atom interacts with the exciting field
in the absence of a scattering field. If there was no
atom in state 3 at the instant when the exciting field was
turned on, then the amplitudes b,, are given by the ex-
pressions

1 Q+e; o Gl o (6)
V2 Q

where n;, is the initial population of the state 1.

The initial amplitude of the state 2 will be chosen to
correspond to spontaneous incoherent scattering during
the initial stage. The estimate for by(f=0) can be ob-
tained in analogy with the procedure used by one of us
in Ref. 9, and takes the form

ba(t=0) ~ (NA%L) ~*, ™
where [ is the characteristic range of the photon in the
medium. The quantity NA%l is equal to the number of
atoms correlated in the scattering process, and is as-
sumed to be much larger than unity. In the case 7> !
we must choose I to be ¢I™!, and in the case 7<< T we
have I=c7.

3. SCATTERING AT EXACT RESONANCE (2 = 0)

When the frequency of the exciting field is equal to the
frequency of the 1-3 transition, the shifts of the quasi-
levels relative to the unperturbed levels are symmetri-
cal:

Ea=—52=_lG.|

and the intensities of scattering into both components
are equal: |Gy|=|G,|. The substitution
ba=n,'sin(8/2), by=n,"cos(6/2),

where
1
0=V8 [ dt'IG.(t') 1 +6,,  B=2arcsin[b,(t=0)/n,'],
reduces the system of equation (4a—c) to the equation

of the oscillations of a mathematical pendulum with
damping

S. G. Rautian and B. M. Chernobrod 688



OB _ M (8)
e + PR sin 6.

It is known'’ that Eq. (8) describes the CE by a med-
ium of two-level atoms. In the limiting cases 7> I'"!
and 7)< l'"l, analytic solutions are known. 10,11 At Ty
> I'! the solution is of the form

sin O=sech[ (¢—t,) /], (92)
cha;Nn, t—t, '
I(#) = ——2—-sech*—
T (3b)
- 21T o T In 1+cos 6,
n " 27 1—cos6,

where I,(t) is the scattering intensity. As follows from
(9a) the scattering pulse has a duration 27, and the in-
tensity maximum is reached at the instant ¢,.

If the damping time is long compared with the os-
cillation time, 7,< I'""!, the damping in (8) can be neg-
lected. The solution can then be expressed in terms
of Jacobi elliptic functions!!:

cos(0/2) =cos(0,/2)sn[ K (k)—t/x, k],
I;(t) ='/Nchw;n, cos® (8./2) cn® [K (k) —t/v, k],

(10a)
(10b)

where K(k) is a complete elliptic integral of the first
kind

k=cos(8:/2), t=(2/no)".

The scattering intensity, defined by (10b), is a periodic
function of the time with a period T=27K(k). At 6,
<1 the following estimate is valid!?

T~27In(4/6,). (11)

The scattering intensity at 6,<<1 is a sequence of pul-
ses of duration 27, separated by a time interval T much
longer than the pulse duration. Inasmuch as at 6,<<1
the function cn’{K(#) -t/ 7, k] is approximated on the in-
terval 2nT <t <(2n+1)T by the function sechq{(t=t,)/7],
where t,= 7K(k), the form of the individual pulse is
close to-the form of the pulse in the monopulse regime.
Under conditions when the damping time is long, an
inverse process evolves, namely scattering with ab-
sorption of a photon at the frequency of the scattering
field and emission at the frequency of the exciting field;
it is this which makes the scattering regime periodic.

In the intermediate case, obviously, the regime is
that of damped oscillations of the scattering intensity.

4. NONRESONANT SCATTERING (1Q|>>1G, )

At large deviation of the exciting-field frequency from
resonance with the frequency of the transition 1-3(| |
> |G,|) the shifts of the quasilevels differ substantially
in magnitude and are given by the following approximate
expressions:

em—|G Y10, em—Q+|G.IY|QI

We shall henceforth call the component of scattering
with frequency w; =w, = wy; + ¢, the combination line,
and the component with frequency w;=w, - wy; + ¢, the
steplike transition line.

In analogy with the preceding section, we now analyze
two limiting cases: 7>TI™' and 7« I'"'. In the case
> T, neglecting the derivative with respect to time
in (4c), we have
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t 0
G,= T bssba". (12)

Substituting expression (12) in Eqs. (4a,b), we obtain
the following system of equations

%’_ lesl 2
dt ——"To’—mbulbzl » (13a)
b, 2 .
= —To—zrbzz’llbul. (13b)

From (13a), the amplitudes b3, can be expressed in
terms of the function

1 t
=——14dt’|b.(t") 1
(] 'rozl‘ ;f I z( )l

bsy=bs;(t=0)exp(—|e;| ¢/Q). (14)

Using the integral of motion (5), we can write for ¢
the equation

do 1 2Qqn;,, 2iejiq )]
A e

where n3 = |b3,(t=0) [ 2.

The solution of (15) can be written in quadratures:

g, 2Q,n50 C2q0lelyy Tt
Jo [ Eree (-75,7)] =w .
The scattering intensity is, according to (12),

choNny 2lesle 2Q,ns, _2lele ]
Ii(t)= — exp ( - 2, ) [ n, Z o) exp ( o ) .
(17

From the condition dI,/dt =0 we estimate the values

of G, I,, and ¢ at which the intensities reach maxima.
Recognizing that ny~1, |¢;| > ||, we obtain the es-
timates

h

Q.In2 nso chm,x\'n,;
max® ————,  Gumez® =, limex= - ;
Pemes™ el R iy (182)
"
Q. 2n,e ') G, chw.N | G, |?
N — ~ - — omax N ——— | — -2
T |a2 ] Fomee o | 2| nte. (180)

According to the estimates (18a,b) the intensity of
the Raman line at the maximum is much larger than
the intensity of the steplike-transition line

L masl I max=2| GIQ|*. (19)

The results of the numerical integration of (16) are
shown in Fig. 2, from which it follows that the in-
tensity of the Raman line is always larger than the in-
tensity of the steplike transition line, and the max-
imum values are reached at different instants of time.

Using a linear expansion of the exponentials in the
integral (16), we can obtain an analytic estimate of
the duration Af, of the pulse and of the delay time #j;
of the steplike transition. Taking the estimate (7)
into account, we have

too="/.t In(8nsoNA2eT!),  At.=rt, (20)

where 7= TiT/2n;.

In the limiting case of large values of ¢ we can also
obtain an analytic dependence of the intensity of the
combination line on the time. To this end we use the
circumstance that the maxima of the intensities of the
lines are reached in substantially different instants
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FIG. 2. Dependence of the scattering intensity on the time.
Case of strong damping of the field, 7> T"-1. I ,—intensities
of scattering at the frequencies of the Raman and steplike
transitions in units of 1,"'?)=cliwy N /47T, 7= 72T /2n3, at
[Gg/R12=0.1,79=1.0001,ny(=1.

of time, so that for certain values of the time, cor-
responding to the inequality ¢ >¢,_,,, scattering at

the frequency of the steplike transition can be neglec-
ted. This approximation was used by us earlier in
Ref. 6. As noted there, the problem of cooperative
Raman scattering is in this case mathematically equiv-
alent to the CE problem, so that the waveform of the
scattering pulse coincides with that of the CE pulse:

choNny, t—to,
L(t)= : ;
4 (8) T . sech’ pat (21)
Here
to="/s7 10 (2NVA2eT=") —1/,% In (RaoNA@acT ). (22)

We turn now to the analysis of the limiting case 7
«<TI"!, We leave out the term that describes the damp-
ing in (4c). The system of equations (4a—c) takes the
form

dbsi _ ile,-l

s a, G.;bs, (23a)
db. _,, (23Db)
= _2120., by

dG,;

—-= ~ bybs (23c)

In addition to the integral of motion (5), the system
(23a—c) is satisfied by one more integral of motion:

—9—‘—z|b.,lz+|a.,12= 9’""‘2. (24)
|Ei|‘[o lﬂ;lTo

Taking (5) and (24) into account, the sought functions in
(23a—-c) can be obtained in the form

s ()").

e[ (1)) asa)
Gu= lfllnr]l sim  ( lstiz’,“l)%‘")’ (25b)

where
\p(t)=%5‘dt’bz(t’). (26)

The function y(¢) satisfies the integral equation
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I e (0 ) I

A qualitative idea of the character of the time depen-
dence of the function ¥(f) can be obtained by using a

mechanical analogy. Equation (27) is the solution of
the equation of motion of the particle in a biharmonic

potential
S (@ e

The particle has zero energy and an initial velocity

dip/dt =mny/ 7y, so that in a negative potential the motion
is infinite. Since |g(| < |e,|, the contribution made to
the potential by the harmonic with the high frequency
(the steplike-transition) has a lower amplitude. The
particle has a low velocity ~ny)/ 7, in the regions of the
maxima of the potential energy ~(%,/|¢,|)!/*rnand ac-
clerates to the velocity ~(1,/7,)!/? in the regions of the
minima of the potential ¥ ~(2,/|e;|)'/ *n(2n +1)/2.

1
U=——u| n—
PAS [n,

As already noted, when the influence of the scattering
at the frequency of the steplike transition is neglected,
the equations for the description of the combination
lines agree with the formulas that describe the CE:

(29a)
(29b)

cos p=sn(K(k)—t/z, k),
ILi=cQnsho.N|e |~  en* (K (k) —t/7, k);

Here

k2=2Qns0/ |ei[ne, T=To(Qe/Mo|er])™.

The period and duration of the oscillations are given
by the relations

T,=2vIn[4(1-K)""], At,~13t (30)

To estimate the duration of the pulses and their rep-
etition interval at the frequency of the steplike trans-
ition, we proceed just as in the preceding case of
strong damping 7> I'"!, namely, we expand the cos-
ines in the integral of (27) in a series. In the vicinity
of the maximum of the potential (28) we have

T,~2-%t In(anuhtNet), At~V In 2t (31)
In the vicinity of the minimum of the potential
Tz“'Atz"’Ta. (32)

The results of the numerical calculation are shown
in Fig. 3. Comparison with the quantities A¢, and T,

1,
wJ

S0

- t/T
FIG. 3. Dependence of the scattering intensity on the time.
Case of weak damping of the field, T« I'*!. I ,—intensities of
the scattering of the Raman and steplike transitions in units of
Io(l'z) = cﬁw1'2n30N, T= To(Q,/nol €1| 172 at |Ge/9|2= 0.01,”0
=1.0001,ny=1.

S. G. Rautian and B. M. Chernobrod 690



obtained from the numerical calculation, with the val-
ues that follow from Eq. (30) indicates that the in-
fluence of the scattering at the frequency of the step-
like transition on the temporal properties of the Raman
line reduces to a certain increase (30%) of the times
Atl and Tl'

The character of the time dependence of the intensity
of the scattering at the frequency of the steplike trans-
ition corresponds qualitatively to the CE. In the vi-
cinity of the minimum of the intensity of the Raman
line there are much fewer atoms in the state 2 than in
state 3 (g,); this corresponds to an inverted medium
of two-level atoms. Scattering in this case is aval-
anche-like with a delay time longer than the pulse dur-
ation. On the other hand if the number of atoms in
state 2 is larger than on the sublevel 3 (&,) (region of
maximum intensity), the scattering process is os-
cillatory.

5. DISCUSSION

Our results admit of a simple qualitative interpreta-
tion. The approximation of scattering resolved into
two components is equivalent to the presence of two
scattering channels. The first channel (the Raman
line) corresponds to a transition that couples the lower
energy quasilevels with level 2: 1(gq) ~3(g;) ~2. The
second channel (steplike-transition line) corresponds
to transition of the atoms through upper energy quasi-
levels: 1(gy) ~3(gy) ~2. If the frequency of the ex-
citing field coincides with the frequency of the 1-3
transition, the intensities of the scattering into both
components are equal and the pulse waveforms and the
times 7 and {( coincide with the corresponding char-
acteristies of CE by a medium of 2-level atoms with
initial excited-atom density N.

If the deviation of the exciting-field frequency from
the frequency of the 1-3 transition is large enough
(|©2| > |G,|), the initial populations of the quasilevels
1(gy) and 1(g,) differ substantially in accordance with
(6): ny(eq) ~1,my(e0) ~ | G,/R|*. If we neglect the mutual
influence of the scattering channels, then the char-
acteristics of the process of scattering at the frequency
of the Raman transition correspond to nonresonant co-
operative Raman scattering with initial density N of the
atoms in the initial states. Scattering in the steplike
transition channel at 7> I'"! corresponds to CE by an
inverted medium with excited-atom density |G,/Q|N.
However, the scattering channels are coupled by a
common final state, therefore their mutual influence in
the course of scattering is significant. The greater

691 Sov. Phys. JETP 51(4), April 1980

part of the atoms go over into the state via the Raman-
scattering channel, and its influence on the steplike
transition channel is much larger than the inverse ac-
tion. Thus, expression (22) for the delay time of the
Raman-scattering pulse consists of two terms. The
first is equal to the delay time of the cooperative Ram-
an scattering pulse, obtained® by that allowance for
scattering at the frequency of the steplike transition.
The second term in (22) describes the influence of the
steplike-transition channel, which reduces to a certain
shortening of the delay time ¢;;. The duration of the
pulse remains in this case practically unchanged.

The delay time and the pulse duration of the steplike-
transition line are shortened by one-half in the case
7> I! compared with the times obtained without allow-
ance for the interaction of the channels. In the case
7« I the time dependence of the intensity of the line
of the steplike transition is due to a greater degree to
the presence of the Raman-scattering channel. Com-
paring expressions (20) and (22) for the scattering-
pulse delay times, we see that the delay times can dif-
fer substantially because of the difference in the value
of the logarithmic factor. The pulse durations differ
in this case by a factor of 2.

The authors thank V.P. Drachev for the numerical
calculations.
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