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A procedure is developed for the production of strong (- 0.5%) reversible strains in bulky single crystals. 
The procedure is based on deformation of a complicated system of which the sample is a part. The strain in 
such a system is calculated and it is shown that in the central part of the sample it is uniform and of the 
uniaxial tension type. The ratio of the diagonal components of the strain tensor can vary, depending on the 
geometry of the system and on its elastic moduli. The procedure was used to investigate the Shubnikov-de 
Haas effect in Bi, as well as in semimetallic and semiconducting Bi,-,Sb, alloys in tension along the binary 
and bisector axes. The change of the Fermi surface is investigated, and the McClure theory is used to 
calculate the character of the displacement of the terms in the L and T points under deformation. It is 
shown that in the entire deformation region the change of the anisotropy and of the orientation of the hole 
ellipsoid and of the electron "ellipsoids" does not exceed 10-15%. Also observed and investigated are the I. 
M. Lifshitz electronic phase transitions connected with the following topological changes of the Fenni 
surface: 3e + Ih+2e + lh; 3 h l e ;  3 h 2 e ;  semiconductor-mmimetal with ellipsoids le + l h  and 2e + lh. 
A pseudopotential method using 160 plane spinor waves is used to calculate the change of the energy 
spectrum of the Bi in deformations of the indicated type. The results of the calculation agree well with the 
experimental data. 

PACS numbers: 64.70.Kb, 46.30.Lx, 46.30.Rc, 71.25.Rk 

INTRODUCTION metals. 

Investigations of the dependence of the parameters 
and structure of the spectrum on the parameters of the 
crystal lattice reveals not only the possibility of prac- 
tical applications, but also additional possibilities of 
verifying various theoretical models on which both nu- 
merical calculation methods of the band structure and 
model representations of the spectrum a r e  based. Most 
studies in this field (see, e.g., the r e v i e ~ s l - ~ )  a re  de- 
voted to the investigation of the influence of hydrostatic 
compression on the Fermi surface (FS) of metals. 

Further developments in this direction a r e  the stud- 
ies of the physical properties of substances under uni- 
axial compression o r  tension. The most interesting 
feature of uniaxial strains is the possibility of changing 
the symmetry of the crystal lattice; this distinguishes 
them in principle from hydrostatic compression and can 
lead, even a t  small strains, to qualitative changes in 
the spectrum. The high-sensitivity of the electric, 
magnetic, and other characteristics to uniaxial defor- 
mations and the ensuing possibility of obtaining sub- 
stances with new properties make research in this field 
most interesting. 

Studies under uniaxial deformations have by now been 
made on many simple metals, such as white 
lead,' indium, and a l ~ m i n u m . ~  Also investigated were 
noble''g and some transition metals.1° However, be- 
cause of the low elastic limits of most metals (100-300 
kgf/cm2), the attained strains c -lo-% and the ob- 
servable effects a r e  quite small. Much larger uniaxial 
strains can be obtained in a number of semiconductors 
(Ge, Si) and semiconducting compounds (InSb, HgSe ), 
owing to the higher elastic limit (up to 2X104 kgf/cm2, 
Ref. 11). As a result, this class of substances was 
better investigated under uniaxial deformations than the 

It should be noted that elastic extension up to  1-2% 
can be produced in whisker crystals. However, the in- 
convenience of working with such small objects, the 
arbitrary crystallographic orientation of their growth, 
and the difficulty of obtaining whiskers of many ele- 
ments, alloys, and compounds makes it urgent to  seek 
for new methods of producing strong elastic strains in 
bulky crystals. 

Methods have been recently developed, whose main 
idea is either to produce lateral support of the deformed 
sample by the matrix in which the con~pression is ef- 
fected,12 o r  by deforming a complex system of which this 
sample is a part.I3 The most successful modification of 
these methods, which makes possible reversible 
strains 6 -0.5% of the uniaxial tension or  compression 
type with high degree of homogeneity in the investigated 
part of the sample, is the procedure developed and 
employed in the present study. 

This procedure was used to investigate the Slubnikov- 
de Haas (SdH) effect in bulky single crystals of Bi and 
Bi,-,Sb, alloys in tension along the binary and bisector 
axes up to strains 0.5%, to obtain detailed information 
on the change of the Fermi surface, and to observe a 
number of I. Lifshitz's topological electronic transi- 
tions.14 The pseudopotential method is used to calcu- 
late the change of the band structure of Bi under uni- 
axial deformations of the investigated type, and the ex- 
perimental and calculated relations a r e  compared. 

STRAIN-PRODUCTION PROCEDURE 

To increase the elastic (or reversible) strain, we 
used the idea of producing on the surface of the sample 
boundary conditions such that, on the one hand, maxi- 
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FIG. 1. Sample in ring: 1-sample , 2-ring, 3-gap filled 
with Araldit resin, 4,5-current contacts, 6,7-potential con- 
tacts. 

mum possible strains a r e  produced, and on the other, 
damage to the sample i s  prevented. To realize this 
idea, the sample in the form of a disk i s  rigidly 
mounted in a ring having a Young's modulus much 
larger than that of the sample, in such a way that the 
gap, between the sample and the ring, filled with 
Aral'dit resin, i s  negligibly small compared with the 
sample dimensions (Fig. I). 

It follows from general considerations that the char- 
acter of the strain produced in the sample when the 
ring is under tension should differ from the strain due 
to  the uniaxial stretching of a free sample. It i s  also 
obvious that the deformation of the sample as a whole 
is  not uniform. Therefore the possibility and benefits 
of using such a procedure a r e  determined, f irst ,  by 
the dimensions of the region where the strain of the 
sample is sufficiently uniform, second, by the value of 
this strain, and third, by the possibility of measuring 
effects connected only with the uniformly deformed 
region of the sample. 

To solve these problems we calculated the strains 
produced in the system when stretched by two concen- 
trated forces. Since the sample i s  a disk, a planar 
stressed state is produced in the sample and in the ring. 
To describe this state we used the s t ress  function 
q ( r ,  6) proposed by Papkovich,15 in the form 

(r ,  0 )  =R:" r q  + (A:" P+c;''++~) cos ( k g ) ,  
k-2.1.0 ., 

for the disk and in the form 

cp,(r, 0 )  =B:~'  T'+c:" In r+ (A:~'~+B:~'~-~+c~~'F+~+D~~' rktZ) eos (kg), 
k=Z.6,8. ... 

r,<r<r,, 0<0<2n (2) 

for the ring. 

Here r and 8 a r e  the polar coordinates of the variable 
point of the ring or  disk, 9 is the angle reckoned from 
the direction of the applied force o, a s  shown in Fig. 1, 
rl is the radius of the disk, and r, is the outer radius 
of the ring. The quantities B$) ,  A;), c:), B$), c$), 
A?), B?', cP), and D?) a r e  indeterminate coefficients. 

Since the s t ress  function determines the s t ress  ten- 

sor,  which is connected by Hooke's law with the strain 
tensor, the solution of the problem of the planar 
stressed state of the strained body reduces thus to de- 
termining the indeterminate coefficients of the ser ies  
(1) and (2). We used for this purpose the boundary con- 
ditions on the outer periphery of the ring and the con- 
ditions f o r  joining-up the solutions for the disk with the 
solution for ehe ring on i ts  inner periphery. Since the 
sought s t r ess  functions a r e  ser ies  in powers of r, the 
components of the s t ress  tensor, a s  well a s  the dis- 
placement vector 6 r  of any point, a r e  also represented 
in the form of series in powers of v. The joining-up 
condition and the boundary conditions a re  satisfied by 
equating, term by term, the ser ies  solutions for the 
ring with the ser ies  solutions for the disk. This cal- 
culation procedure determines the strain tensor com- 
ponents c,,, E,,, E,,, E,, and the s t ress  tensor components 
u,, uyy, uzz, a,, for  any point (x, y) of the sample in the 
rectangular coordinate system shown in Fig. 1. 

The actual calculation of the strain was carried out 
for Bi samples whose trigonal axis was perpendicular 
to the plane of the ring. In this case the Young's modu- 
lus El and the Poisson coefficient vl corresponding to 
tension and compression in the basal plane of the crys- 
tal a re  3.88 x 10" dyne/cm%nd 0.31, respectively, 
while the Poisson coefficient vo that determines the 
change of the sample dimensions along the trigonal axis 
is 0.43.18 The Young's modulus of the ring is E ,  =20 
x1O1l dyne/cm2, and its Poisson coefficient is v, =0.33 
(40 KhNYu heat-treated steel). The calculations were 
performed with a computer for  a tension force 15 kgf. 
The average values of the strains Ex,, F,,, F,, in the cen- 
t r a l  part of the sample, of radius ro =0.15.~-,, and of 
their inhomogeneities qxx, qYy, qzI in this region, a t  
r, = 2  mm and a t  a ring and sample thickness 0.8 mm 
a r e  listed in Table I. The subsequent measurements 
were made a t  r,/r, =0.75. 

Figure 2 shows the strain-tensor components &,(r, O), 
cyY(r, 6), E,,(Y, 6) along the radius of the sample a t  var- 
ious values of the angle 0 and a t  y , / ~ ,  =0.75. When the 
force is applied to the ring, the sample i s  stretched 
along the applied force and compressed in a perpen- 
dicular direction. The quantities E, and &,, a r e  maxi- 
mal a t  the center and a r e  decreasing functions of the 
distance from the point to  the center of the sample, 
with the exception of a small region of angles 6 near 
the x axis. As seen from Fig. 2, E,, and E,, a r e  prac- 
tically constant in the region r<0.2vl, while &,, is 
negligibly small in this region. The component c,, is 
several times smaller than E, and c,,, and its mean 
value does not depend on the averaging area. Calcu- 
lation yields the following values of the strain a t  the 

TABLE I. 
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FIG. 2. Variation of the strain-tensor components &,, c,, 
c,,, E, along the sample radius (8 is the angle between the 

\ direction of the radius and the x axis), a= 15 kgf. 

central part of the sample: 

An increase of Young's modulus of the ring decreases 
the strain more the larger the ring. For  rings with 
r,/r, 2 0.75 the value of cyy ceases to depend on the 
ratio E,/E, ,  whereas c ,  continues to change noticeably. 
This leads to an interesting property of the system: a t  
r, /r2 2; 0.75 the change of Young's modulus of the ring 
makes it possible, a t  a given load, to separate the ef- 
fect of pure uniaxial tension, wherein the sample di- 
mensions change only along the action of the force. 

In the actual application of the described deformation 
method, the sample and the ring of 4OKhNYu material, 
with "lugs" for stretching, were cut in accordance with 
special programs with a program-controlled electric- 
spark lathe in such a way that the gap between them, 
filled with polymerized Aral'dit resin, did not exceed 
15-20 pm. The trigonal axis of the sample C, was 
perpendicular to the plane of the ring, while the binary 
axis C2 and the bisector axis coincided with the tension 
direction. Since the experimental determination of the 
strain in the central part of the sample entails great 
difficulties, and attempts t o  measure them with an 
FKPA-1 strain pickup or  with silicon whisker crystals 
yielded values that differed by 4@, we use henceforth 
the calculated strain values presented above. The re- 
sultant e r ro r  can be due only to the nonlinearity of ~ ( o ) ,  
which can be produced in the system by plastic defor- 
mation on the boundary of the sample and the ring. 
However, the fact that glide bands appear on the perip- 
heral sections of the sample after etching only a t  a 2  25 
kgf allows us to assume that the nonlinearity of &(a) in 
the central region, if it does take place, is small for 
most employed loads. 

Current and potential electrodes of copper wire 30 p m  
in diameter were soldered to the sample by the electric- 
spark method along the direction of application of the 

force (see Fig. 1) in such a way that the distance be- 
tween the potential contacts, which were located in the 
central uniformly deformed region, did not exceed 
0.5-0.6 mm. It is obvious that the locations of the cur- 
rent lines in the system shown in Fig. l a r e  such that 
the contribution to  the oscillatory dependence of the 
magnetoresistance is determined only by the central 
uniformly deformed part of the sample, whereas sub- 
stantially non-uniformly deformed peripheral regions 
of the sample can contribute only to the monotonic 
dependence of the resistance on the magnetic field. It 
is also obvious that to separate the oscillating signal 
from the central region, the current contacts a r e  best 
placed as close as possible to the potential contacts. 

The oscillations of the magnetoresistance were re- 
corded by a standard procedure with the direct current 
modulated a t  a frequency 22 Hz. To separate frequen- 
cies with different angular dependences relative to the 
crystallographic axes we used both longitudinal and 
transverse modulation of the magnetic field. Magnetic 
fields up to 50 kOe were produced in superconducting 
magnetic systems. 

CHANGE OF ENERGY SPECTRUM OF Bi AND 
Bio995Sbo,o, UNDER TENSION 

The influence of uniaxial strains on the energy spec- 
trum of Bi has not been systematically investigated s o  
far. The presently available information, obtained by 
studying the galvanomagnetic characteristics,'7 the 
thermomagnetic coeff icients,18 and oscillation effectsg 
pertain mainly to uniaxial compression up to a strain 

along the trigonal axis of the crystal. Under 
these conditions the change of the energy spectrum of 
Bi i s  similar to its change under hydrostatic com- 
pression. Some information on the change of the Fermi  
surface of Bi deformed along other crystallographic 
directions were obtained from magnetorestriction mea- 
s u r e m e n t ~ , ~ ~  and using whiskers under tension.', The 
change of the Fermi surface of bismuth compressed 
along the principal crystallographic directions was in- 
vestigated by us earlierz2 with the aid of the SdH effect 
a t  strains 0.4-0.5 %. 

In the present study tension was produced in the Bi 
samples along the binary and bisector axes by the pro- 
cedure described above a t  loads up to u=30 kgf and 
liquid-helium temperature. The high homogeneity of 
the strain in the investigated part of the sample made 
it possible to observe, with the aid of the SdH effect, 
the changes produced by application of the load in all  
the sections from which oscillations a r e  usually ob- 
served a t  o =O. For convenience in the determination 
of any of the components of the strain tensor, all  the 
results a r e  presented as functions of the load. 

At u 11 C2 the SdH oscillations were investigated with 
the magnetic field intensity vector H rotating in the 
trigonal-bisector1) plane and a t  H llC2.23 At oil C, the 
ShD were investigated in the (C,C,) plane, a s  well as a t  
H 11 C,. The frequencies were separated by using longi- 
tudinal and transverse modulation of the magnetic field, 
Fourier analysis with a computer was used. In the 
most complicated cases, the Fermi surface sections 
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FIG. 3. Angular dependences of the extremal sections of the 
Fermi surface of bismuth: a-in the plane (CICS)(u~ICz), b- 
in the plane (C2CS)(uIICi). Loads a, kgf: a-O(o,a),8(0.4, 
29(0,*); b-o(o,A),~(o, A). Solid, dashed, and dash-dot lines 
are drawn in accordance with the ellipsoidal model. 

were determined accurate t o  2-3'/0, and only for  di- 
rections a t  which the change of the position of the Fer-  
mi level in the magnetic field becomes noticeable (the 
maximal electron and hole sections) did the e r r o r  in 
the cross  sections increase to  10-15%. The angular 
dependences of the Fermi-surface sections of Bi in the 
(C,C,) and (C,C,) plane and their change under tension 
a re  shown in Figs. 3a and 3b (the schematic arrange- 
ment of the equal-energy surfaces of Bi relative to the 
crystallographic axes i s  shown in the upper part  of the 
figure). 

In contrast to hydrostatic compression and com- 
pression along the C, axis, when a l l  three electron 
equal-energy surfaces decrease to the same degree, 
in the case of tension along the axes C, and C, a quali- 
tatively different change is observed in Bi for the vol- 
umes of the electron "ellipsoids" that a r e  differently 
oriented relative to the tension direction. At 011 C, the 
sections and Sh increase, whereas the sections q,, 
decrease. At 011 C,, the character of the change of the 
electron "ellipsoids" is  reversed: S;,, increase while 
Sf decreases. The hole ellipsoid increases in both 
cases. The relative variation of the Fermi-surface 
sections with load a r e  shown in Fig. 4 for two Bi sam- 
ples. The illustrated plots of AS/S against o describe 
the change of the Fermi  surface a t  al l  the investigated 
orientations (see Fig. 3) for 10 samples. The initial 
rates of change of the sections a r e  given in Table II. 
It must be noted that the largest change in the frequency 
of the oscillations when the crystal is deformed is ac- 
companied only by a weak decrease of their amplitude, 
and good reversibility of the results is observed when 
the load is removed. 

The C! sections of the "ellipsoid" that increased in 
tension along the C, axis were measured a t  u = 8  kgf 
(cxx=O.llO/o) in an  angle interval of practically 180°, 
and a t  a =29 kgf (E,, =0.41%) in the interval 20' < cp 
<160°. Within the limits of the indicated accuracy with 
which the sections were determined, no change was ob- 
served in the anisotropy of this "ellipsoid" when the 
crystal  was deformed. Similarly, a l l  the observed hole 
sections and sections of the "ellipsoids" 2 and 3 a t  

FIG. 4 .  Plots of the relative change of the cross sections AS/S 
of the Fermi surface of bismuth against the load: a a t  u(lC2, 
b-uI1Ci. The measurements were made in the interval of 
angles cp between H and Ci: a) 0.8-9O0< cp< 110",HI1C2; &,A- 
O <  cp< 50",130°< V <  180'; 0,0-2O0< cp< 160'; 0,+-0< cp< 180"; 
b) o,m-HI(Cl; A,A-O<V< 50'; o-HIIC,; 0-O<cp<9O0; +-90' 
< cp < 180". The light and dark symbols pertain to different 
samples, the solid and dash-dot lines pertain to calculation of 
the change of the sections by the McClure model, and the 
dashed lines pertain to calculation by the pseudopotential meth- 
od. The dotted curve shows the change of the concentration of 
the electrons in the "ellipsoid" 1 at u llC1. 

o 11 Cl change by the same percentage, corresponding to  
the data of Fig. 4. An investigation of the anisotropy of 
the decreasing electron "ellipsoid" in both orientations 
is made difficult by the rapid decrease of the amplitude 
of the corresponding oscillations. 

The angle of inclination of the electron "ellipsoids" 
to the basal plane is  characterized by the angle distance 
between their midsection and the previous direction of 
the C, axis-see Fig. 3a. According to  the angular de- 
aendences of the sections of the Fermi  surface in the 
trigonal-bisector plane, which a r e  shown in this fig- 
ure,  the angle of inclination of ellipsoid 1 a t  allC, re- 
mains constant accurate to -lo up to a = 8  kgf, and with 
accuracy -10' up to a = 3 0  kgf. There is likewise no 
noticeable change of the angles of inclination of the grow- 
ing "ellipsoids" 2 and 3 a t  oil Cl (Fig. 3b). 

Thus, a strong anisotropic deformation of the crystal 
lattice leads to a strong change in the volume of the re- 
maining parts of the FS, without producing a noticeable 
change in the anisotropy and in the inclination angles, 
a t  least in the case of the growing electron ellipsoids. 

The cyclotron effective masses were determined a t  
ulIC, for the directions HIIC, and HIIC, from the tem- 
perature dependence of the oscillations of the magneto- 
resistance up to loads o =10 kgf. In the former case the 
effective mass corresponds to the near-minimal section 
of the growing electron "ellipsoid" 1, and in the second 

TABLE 11. 

565 Sov. Phys. JETP 51(3), March 1980 Brandt et a/. 565 



to the minimal section of the hole ellipsoid. The mini- 
mal cyclotron mass of the electrons m: increases under 
tension to 15% a t  o=10 kgf, and the minimal cyclotron 
mass of the holes a t  the point T of momentum space 
remains unchanged, with accuracy lo%, in the investi- 
gated load region. 

Since strains -0.5% are  still much too small to lead 
to a noticeable change of the parameters of the McClure 
modelz4 of the energy spectrum, this model was used to 
estimate the motion of the terms a t  the points L and T 
under tension. The spectrum of the hole a t  T i s  as-  
sumed quadratic in first-order approximation. 

McClure's dispersion law is of the form 

(e-1/2e,L-1/za.k,') (e+l/ae,+llz~k,') =Q,,'k;+Q,,%,'+Q,Itkil, (3) 

where EtL  is the energy gap at the point L, 6 is the en- 
ergy reckoned from the center of the energy gap a t  L; 
the principal directions of the Fermi surface a re  
k,ll C,, k, in the elongation direction of the ellipsoid, 
and k, perpendicular to k, and k,. The parameters of 
the bismuth spectrum a r e  chosen to be Q,, =0.465, 
Q,, =0.0333,Q3, =0.346, a,=0.80; cr,=1.19 (in atomic 
units) and ctL = -9 rneV.2, The changes of c ,  and of the 
sections of the Fermi surface under deformation were 
calculated under the assumption that the terms move 
linearly a t  the points L and T with the strain, that the 
volumes of the hole and electron ellipsoids a r e  equal, 
and that E t L  remains unchanged. It should be noted that 
at 6 ,  >> ztL the change of c,, within the framework of the 
spectrum (3) has a most negligible effect on the sizes 
of the Fermi-surface sections. 

A computer was used to  select c ,  at  each extremum 
to  make the ellipsoid sections that correspond to the 
model (3) agree best with the experimental data. The 
scheme of the motion of the energy bands of bismuth 
near the Fermi level in the course of stretching is 
shown in Fig. 5, and the change of the extremal sections 
of the Fermi surface corresponding to this motion and 
calculated in accord with the model (3) is shown by the 
solid lines of Fig. 4. 

We note that some discrepancy between the experi- 
mental and calculated data on Fig. 4 cannot be at- 
tributed to  a possible nonlinearity of the dependence of 
the strain on the load o, since allowance for this non- 

r ,  MeV 

FIG. 5 .  Motion of electron and hole extrema at the point L and 
of the Fermi level relative to the top of the valence band at T 
of bismuth under tension. Solid lines-calculation by 
McClure's model, dash-dot-calculation by the pseudopotential 
method. 

linearity, while improving the agreement between the 
experimental and calculated data for certain curves, 
makes this agreement simultaneously worse for others. 

We investigated also the influence of tension along the 
axes C, and C, on the Fermi  surface of the alloy 
Bio.,,,Sb0,,. It i s  known that in Bi,-,Sb, alloys a 
smoother transition takes place with increasing x, from 
the energy spectrum of Bi to the spectrum of Sb, with 
formation of a semiconducting phase in the concentra- 
tion interval 6.5 s x s  22 at.%. The energy spectrum of 
the investigated semimetallic alloy Bio.,,Sbo,, differs 
from the spectrum of pure Bi only by a somewhat 
smaller overlap of the extrema at  L and T. It was ob- 
served that the change of the spectrum of the alloy 
Bio.,,Sb0., is similar to  that observed for pure Bi: 
the plots of AS/S against o for the electrons and holes 
coincide fully with those shown in Fig. 4b. A disting- 
uishing feature of this alloy i s  that in fields above 
5 kOe the oscillations from the hole ellipsoid dominate 
in the entire range of angles, s o  that it is possible to 
observe both the minimal and the maximal Fermi-sur- 
face sections. The anisotropy of the hole surface in the 
investigated strain region remains unchanged within the 
accuracy 10-15 % a t  which the maximum hole sections 
a r e  determined. 

THE ELECTRONIC TRANSITIONS OF I. LI FSHITZ 

The common character of the displacements of the 
electron and hole extrema of Bi and of the Bi,-,Sb, al- 
loys under tension (Fig. 5) shows that a t  sufficiently 
large strains one should observe in these substances 
the entire series of the electronic phase transitions 
(EPT) of I. Lifshitz.14 These transitions were f i r s t  
observed under hydrostatic compression in investiga- 
tions of the baric dependence of the components of the 
magnetoresistance tensor of doped Bi," of the asymp- 
totic behavior of the magnetoresistance of Cd,n and the 
pressure dependence of the temperature of the super- 
conducting transition of Te and its  all0ys.2~ Uniaxial 
deformations, by changing the symmetry of the crystal, 
greatly extend the possibilities of observing EPT. 

In the present studies of Bi, of Bio.,24Sbo.,aTe alloys, 
and of the superconducting alloy Bio~,,,Sb0~,, in tension 
along the C, and C, axes, we investigated EPT of the 
following types: 1) 3e + l h e 2 e + l h ,  2) 3e- l e ,  3) 
3e - 2e, 4) semiconductor - semimetal with formation 
of the ellipsoids 2e + l h  and l e  + l h  (the letters e and h 
stand respectively for the electron and hole ellipsoids). 

The transition 3e + Ih + 2e + Ih 

A transition of this type takes place when bismuth is 
stretched along the bisector axis. Attention must be 
called first  to the fact that extrapolation of the depen- 
dence of AS:/S ,B on a of a decreasing ellipsoid (see Fig. 
4b) to a value - 100% (as was done in Refs. 21 and 29) 
can lead to an e r r o r  in the determination of the critical 
strain corresponding to the transition. The reason is 
that the character of the change of the sections S f  under 
load depends not only on the dispersion of the carriers,  
but also on the initial band structure and on the charac- 
t e r  of the displacement of the other extrema. In the 
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considered case, the presence of a hole extremum a t  
the point T of Bi, shifting in the same direction a s  the 
vanishing extremum L,, causes the vanishing of the 
ellipsoids a t  L, to be delayed and the true value of the 
critical strain can be determined only by calculation. 
Such a calculation requires not only knowledge of the 
dispersion law but also data on the terms La,, L,,, T,, 
under deformation, and these data a r e  practically im- 
possible to obtain from experiment. 

According to  the calculation by the McClure model, 
under the assumption that the terms move linearly and 
that the gaps in the spectrum remain unchanged (see 
Fig. 5 above), the vanishing of the ellipsoid 1 takes 
place a t  a,, = 38 kgf (c, = 0.053%, c,, =- 0.38%, c,, 
=- 0.076%). The change in the gap &,, which was ne- 
glected in the calculation, can lead t o  another change 
of the anisotropy of the ellipsoid a t  L, under load, dif- 
fering from that obtained by assuming a constant c,,. 
However, this change cannot shift significantly the ob- 
tained value of a,, and manifests itself principally in 
the character of the dependence of S on o. The char- 
acter of the change of the sections of a l l  the Fermi- 
surface ellipsoids corresponding to the transition 
3e +lk-2e + l k  a t  ollC, is  shown in Fig. 4b by dash-dot 
lines. 

In the region of strains preceding the vanishing of the 
sections S f ,  the carr ier  density i s  s o  low (dash-dot 
line in Fig. 4b) that the contribution of the electrons a t  
L, to the electric conductivity becomes unobservable. 
The character of the change of the carr ier  density in the 
ellipsoid 1 should lead to irregularities in the change 
of the volumes of the increasing electron and hole el- 
lipsoids. At ollC, this irregularity i s  observed experi- 
mentally on the plot of hS,B,,/S:,, against a (see Fig. 
4b). A characteristic feature of these anomalies is that 
the inflection region on the plots of AS/S against a lies 
to the left of the critical load. A similar shift to the 
left of the transition point should be observed for the 
regularities on the plot of the resistance against the 
load, a fact pointed out by Lifshitz in Ref. 14. 

At a 11 C, the transition 3e +I  h - l e  + I  h should take 
place a t  o,, -56 kgf (c,, =0.78%, cyy =- 0.56%, c,, 
= - 0.1 l'%), a value exceeding the capabilities of the 
employed strain-production method. Therefore no ir-  
regularity preceding the EPT was observed in the plot 
of AS~/S: against o for the growing ellipsoid. 

The 3e -+ l e  transition 

An EPT transition of this type is observed for the al- 
loy Bio,,Sbo.,,Te with Te concentration = l o 4  at.% 
when stretched along the binary axis." This alloy is a 
semiconductor with a direct gap &,, = I 1  meV and an 
indirect gap between the extrema a t  L and T, with value 
&,=7 meV. The Te impurity fills the electron extrema 
in L. The small value E >  - 10 meV makes it possible 
to observe in this alloy a transition to a single-ellip- 
soid electron Fermi  surface (a 11 C,) a t  smaller strains 
than in pure Bi. The general character of the change of 
the Fermi surface of Bio,,Sbo.,,Te under tension 
agrees fully with that observed for Bi and for the alloy 
Bio.w5Sbo.m. 

FIG. 6. Plots, of the relative change of the Fermi-surface 
sections of the alloy Bi0.9uS~,016Te against the load u llCz (a) 
and a llCi (b) , observed in the interval of angles cp between H 
and C3: a) 0 , ~ - 9 5 ~ < ( ~ < 1 8 0 ' ;  A,A-O< cp<  10"; b) o,.-O<p 
< 180"; O-HIIC~. The light and dark symbols pertain to differ- 
ent samples. Solid lines-calculation by the McClure model. 

The relative change of the increasing and decreasing 
sections S, and S , , ,  with changing load a t  uIIC, is shown 
in Fig. 6a. This dependence is the same for all  the ob- 
served sections of ellipsoids 1, 2, and 3. The solid 
lines on Fig. 6a a r e  the result of computer calculation 
by McClure's model performed just a s  for pure Bi, ex- 
cept that it i s  assumed here that the initial concentra- 
tion is preserved, rather than that the concentrations 
of the electrons and holes a re  equal. The parameters 
for the alloy were taken from Refs. 31 and a r e  (in 
atomic units): Q,, =0.412; Q,, =0.016;Qss =0.329; 
a,=0.63, a , = 1 . 0 ; ~ ~ ~  =10 meV. 

According to the calculation that agrees well with the 
experimental data, the sections of the "ellipsoids" 2 
and 3 vanish a t  a,, = I 3  kgf (E,, =0.18%, &,,=- 0.13%, 
&,,=- 0.026%). It i s  obvious that a t  the point a,, an 
EPT takes place to a single-ellipsoid electron surface. 
The stopping of the growth of "ellipsoid" 1 and the ap- 
proximate threefold increase of its volume a t  o > a,, in- 
dicate that all  the ca r r i e r s  go over from L,,, to the ex- 
tremum L, at  the EPT point. The rate of divergence of 
the electronic extrema in the case along C, is =1.3 
meV/kgf. The amplitude of the oscillations from the 
vanishing ellipsoids decreases rapidly against the back- 
ground of the dominant oscillations from the growing 
"ellipsoid" 1 (Fig. 7). 

The monochromaticity of the SdH oscillations a t  o> a,, 
(when one ellipsoid remains in the spectrum) has made 
i t  possible to determine with high accuracy the pa- 
rameters of the single-ellipsoid electron surface, to 
ascertain that its anisotropy and inclination angle re- 
main unchanged upon deformation, and also to observe 
for the first  time for the Bi,,,Sb, system in the (C,C,) 
planes two spin-damping angles: cp,, =1.5' * 0.5' and 
cp,, =8' *0.5', which do not change in the interval 
12<u<24  kgf. 

The transition 3e -+ 2e 

When the Bio.,,Sbo.,,Te alloy is stretched along the 
bisector axis, a transition is observed from a three- 
ellipsoid to a two-ellipsoid electron Fermi surface,30 
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FIG. 7. Plots of a p / a H  against H~ for the alloy Bio.92~Sbo.076Te 
at u /IC2; H in the (CiC3) plane is inclined away from the 
axis by 5'. ?he loads u &gf) are marked on the curves. 

which is  accompanied by simultaneous vanishing of one 
"ellipsoid" and the cessation of the growth of the sec- 
tions of the two remaining ones (Fig. 6b). 

The absence of holes in T in this case causes the char- 
acter of the plots of S, and s,,, against o near the EPT 
to differ qualitatively from the analogous plots for pure 
Bi (see Fig. 4b). The transition takes place a t  o,, = I 2  
kgf (E,, = 0.17'%, E,, =- 0.12%, c ., =- 0.0024%) with com- 
plete transfer of the carr iers  from L, t o  L,,,, a s  indi- 
cated by the increase of the value of "ellipsoids" 2 and 
3 a t  oz o,, by an approximate factor of 1.5. The rate of 
divergence of the terms L, and L,,, is  in this case 
~ 0 . 9  meV/kgf. 

SEMICONDUCTOR-SEMIMETAL TRANSITION 

The semiconductor-semimetal EPT was observed 
in the n-type semiconductor alloy Bio,,5Sbo.,5, with 
carr ier  density =1015 cm-', stretched along the C, and 
C, directions. This alloy is characterized by an energy 
gap .s7 meV between the valence band and the conduction 
band," and has a semiconductor-type temperature de- 
pendence of the resistance. When the samples were 
stretched along the binary o r  bisector axes a t  a certain 
load a,, = I 0  kgf (c,, =0.14%, c,, =- 0.1%, c,, =- 0.02%), a 
drastic decrease of the signal from the potential con- 
tacts was observed. This can be attributed to the 
growth of the conductivity of the central part  of the 
sample a s  a result of its metallization. 

The intrinsic degenerate carr iers  that appeared a t  
o,, have made it possible to use an oscillation pro- 

cedure for the investigation of the produced equal- 
energy surfaces. In the region o > a,,, both a t  o llC, and 
a t  o 11 C,, SdH oscillations were observed with a fre- 
quency that increased monotonically with increasing 
load (Fig. 8). In both cases the oscillations appeared 
only in the region o> o, and were observed neither be- 
fore application of the load nor after its removal. The 

FIG. 8. Plots of a p / a H  against 1 / H  for the alloy Bi0.925Sb0.075 
at u((cZ and IiIICI. The loads u (in kgf) are marked on the 
curves. 

oscillation amplitude increased noticeably with increas- 
ing load. 

Figure 9a shows the angular dependences of the ex- 
tremal sections of the produced surface in the (C,C,) 
plane under various loads. The solid lines were drawn 
in accord with the ellipsoidal model. Oscillations with 
frequency = 1 . 6 ~ 1 0 ~ ~ ( g - c m / s e c ) ~  from the hole surface 
were observed a t  the point T only a t  maximum loads 
0=26 kgf a t  angles 0-6" from the former direction of 
the C, axis. 

It was established that neither the inclination 
(6 k0.5)' of the "ellipsoid" nor its anisotropy in the 
load interval from 18 to 26 kgf change within the limits 
of the experimental accuracy. According to a calcula- 
tion by the McClure model with the parameters cited 
above for the Bi-Sb alloys, when the load is increased 
from 18 to 26 kgf a t  ollC, the Fermi  energy of the elec- 

FIG. 9. Angular dependences of the extremal sections of the 
Fermi surface produced under tension in the alloy EXoa 9z5Sbo.075 : 
a-at ull Cz, H in the (CIC2) plane; b-u 1(Ci, H in the (CzC3) 
plane. Loads u, kgf: a) 0-18,~-22,~-24,o-26; b) 0-21, 
0-26. The solid and dashed lines are drawn in accordance 
with the ellipsoidal model. 
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trons a t  the point L, increases from -8 to = I 3  meV, the bismuth spectrum with sufficient accuracv. 
while the carr ier  density calculated from the change of 
the volume of the electron ellipsoid increases in this 
case from 4.5 x 10'' to  2.5 ~ 1 0 ' ~  cm-'. The Fermi  
energy of the holes a t  T, under maximum loads a t  
o 11 C,, calculated for a quadratic dispersion law, was 
c$ -3  meV. Thus, the band overlap produced in this 
case reaches e l 6  meV. 

At o llC,, two electron equal-energy surfaces a r e  
produced (Fig. 9b). For  these equal-energy surfaces 
E;~,, increases in the load interval 18< o<  26 from 
~ 7 . 5  to -12 meV. It was impossible to separate the 
oscillations from the hole surface a t  ollC,. 

The semiconductor-semimetal transition was ob- 
served for  the f i rs t  time under uniaxial tension and 
differs qualitatively from the transitions of this type 
previously observed in the alloys Bit-,Sb, under hydro- 
static compression. Namely, the transition t o  the 
metallic state was the result of the overlap of the ex- 
tremum at  T with one (a IlC,) o r  two (ollC,) extrema in 
L. 

PSEUDOPOTENTIAL-METHOD CALCULATION OF 
THE CHANGE OF THE BAND STRUCTURE OF 
STRAINED BISMUTH 

It was indicated above that the calculation of the mo- 
tion of the extrema in deformation, using a concrete 
model of the spectrum (for example, the McClure mod- 
el)  calls also for  the knowledge of the dependences of 
the gaps E,, and c , ~  on the strain. Since these depen- 
dences a r e  difficult to obtain in experiment, it is of 
interest to compare the obtained dtaa (see Fig. 5) with 
the calculation of the band structure of Bi by the 
pseudopotential method. In addition, these calculations 
can be of independent interest. 

The accuracy of the calculation of the band structure 
by the pseudopotential method depends strongly on the 
assumptions made in each concrete case. The cus- 
tomarily employed approximations-locality of the 
pseudopotential, neglect of the spin-orbit interaction, 
coniinement to the second order of perturbation theory, 
and others lead to an attained accuracy 4 . 0 1  Hartree 
(-0.27 eV). At the same time it is well known that the 
pseudopotential method is free of any fundamental 
limitations on the accuracy, since it is  based on an 
exact transformation of the Schrodinger equation. 

The accuracy of the calculation of the band structure 
can be considerably increased within the framework of 
an empirical pseudopotential in the presence of a large 
number of highly accurate experimental data on the 
spectrum. In the case of bismuth this became possible 
recently through a detailed investigation of its Fermi 
surface and a derivation of an empirical equation that 
describes the electron part of the Fermi  surface with 
accuracy _JL%.S3 This makes it possible to find the pa- 
rameters of the pseudopotential without any other in- 
formation on the band structure of bismuth. This ap- 
proach differs in principle from the traditional method 
of fitting the pseudopotential parameters," and permits 
calculation of the principal energy characteristics of 

The form of the pseudopotential of bismuth was chosen 
to be the same a s  in Ref. 34. In the calculation of the 
spectrum a t  an arbitrary point lying on the Fermi  sur-  
face, 160 plane spinor waves were taken into account 
exactly, while the remaining waves were taken into ac- 
count in n-th order perturbation theory. The order of 
the perturbation theory and the number of the terms 
were determined from the condition that the spectra 
converge with accuracy not worse than Hartree. 
From the known spectra a t  the points on the Fermi 
surface we calculated the Fermi  levels &$ and &$ of 
the holes and of the electrons: 

Here E:, (xiy,zI) is the tenth level a t  the point ( x , ,  y,, zi) 
lying on the hole Fermi surface, E:~(X,, y,, 2,) is the 
twelfth level a t  the point (xi, y,, z i )  lying on the electron 
Fermi  surface, clo(T) is the tenth level a t  the point T, 
and &&(L) is the twelfth level a t  the point L. The ac- 
curacy with which the corresponding part of the Fermi 
surface is described was defined a s  the ratio of the 
mean squared deviation from the Fermi level to the 
value of this level calculated from formula (4) o r  (5). 
It was required that the initial pseudopotential describe 
the Fermi  surface with 10% accuracy. More stringent 
requirements have apparently no physical meaning, 
since a 10% accuracy in the description of the band 
structure of Bi, by virtue of the smallness of the char- 
acteristic energy differences in its spectrum, is at  the 
limit of the capabilities of the single-electron apprmi- 
mation of the pseudopotential: Y ,  =0.474, P =2.37, 
Z = 3,046, X =0.0125,A =0.00905. The calculated values 
of the Fermi energies of the electrons E: and of the 
holes E: of the gaps cCL and c,, a t  the points L and T 
a r e  given in Table III. The table also indicates the 
most reliable, from our point of view, experimental 
and model-derived values of these quantities. Calcu- 
lation has a lso  shown that the level s12(L) is of the L, 
type, while E,,(L) is a level of the La type, confirming 
by the same token the inverted character of the spec- 
trum at  the point L. 

In the calculation of the influence of the lattice de- 
formation on the band structure we used a pseudopo- 
tential with the same parameters a s  under normal 
conditions, inasmuch a s  a crystal deformation on the 
order of 1% is accompanied by no noticeable deformation 

TABLE III. Certain parameters* of the band 
structure of bismuth in the normal state. 

Calculation 30 237 

200+10 [ ] 

569 Sov. Phys. JETP 51(3), March 1980 Brandt era/. 569 



of the ion core. The deformation of the crystal was as-  
sumed to be equal to the deformation of the Bi sample 
in the rings of the type described above, averaged over 
the area  of a circle of radius Y, =0.15r2. This has led 
t o  some renormalization of the matrix elements be- 
cause of the change in the volume of the unit cell. The 
results of the calculation of the dependence of the 
principal sections of the electron and hole ellipsoids 
on the load a r e  shown by the dashed lines of Fig. 5. 
The maximum discrepancy between the theoretical and 
experimental data occurs for the sections q(ollCl) 
and does not exceed 25%. 

Quite interesting from our point of view a r e  the data 
on the character of the change of the gaps E,,, ,, , , under 
tension. It follows from the calculation that a l l  the 
gaps E,,,,,, decrease little under tension and change 
not more than 30% during the instant of the EPT. This 
result supports the assumption made in the estimates 
of the changes of the Bi spectrum by the McClure mod- 
el, that &,, does not change with the strain. The general 
character of the change of the structure of the spec- 
trum, calculated by the pseudopotential method, is 
shown in Fig. 5 by the dash-dot lines. The loads a t  
which topological changes of the Fermi  surface take 
place in the course of stretching along the binary and 
bisector axes a re  respectively 42 and 20 kgf. 

The partial values of the Fermi energy for the elec- 
tron ellipsoids whose volumes increase upon deforma- 
tion amount at the instant of the EPT to 60 and 95 meV 
a t  o IlC, and all C,, respectively, in satisfactory agree- 
ment with McClure's estimates (see Fig. 7). 

CONCLUSION 

As the result of the experimental and theoretical in- 
vestigation of the influence of tensile strains on the 
spectrum of Bi and of Bi,-,Sb, alloys, we obtained a 
general picture of the variation of the structure of the 
energy spectrum of the substances when strained along 
the principal crystallcgraphic directions. Even though 
the character of the strains produced by the employed 
method differ somewhat from the tensile strain of the 
free sample, in both cases the same change of the 
symmetry of the lattice takes place, and therefore the 
general picture of the change of the spectrum should be 
the same apart from some numerical calculations. 
Therefore the character of the EPT in tension along the 
principal crystallographic directions should be the same 
in both cases, but with critical values shifted somewhat 
along the deformation axes. There a r e  likewise no 
grounds for assuming that the change of the Fermi  sur- 
face following tension of the free sample will be sub- 
stantially different. 

The topological transitions that make it possible to 
obtain rather exotic spectra for bismuth with one (or 
two) electron extrema, not only uncover new possibili- 
ties for obtaining more accurate information on the pa- 
rameters of the spectrum (investigation of the Fermi 
surface made up of one ellipsoid), but a lso  attest to the 
applicability, with sufficient degree of accuracy, of the 
theoretical spectrum models for  bismuth and for the 
alloysz4 Bil-,Sbx to crystal structures distorted as a 

result of deformation. 

It was indicated above that a direct measurement of 
the gaps E,, is a very complicated task. However, the 
qualitatively same character of the shifts of the identical 
extrema L, for pure bismuth (inverted spectrum) and 
for the alloys Bi&k~, in the region of the direct spec- 
trum allow us to conclude that the corresponding terms 
L, and L, a r e  shifted in energy in the same direction 
with changing deformation, and the gaps E,, vary slowly, 
since rates of divergence of the extrema in both cases 
do not differ substantially. This conclusion agrees 
qualitatively with the results of calculation of the mo- 
tion of the t e rms  by the pseudopotential method. 

"~lthough the threefold symmetry axis vanishes upon uniaxial 
deformation in the basal plane, we shall use, for conven- 
ience, the direction of the former trigonal axis to define the 
orientation of the sample. 
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Isostructural instability and physical properties of the 
Hubbard long-range model 

I. V. Kitrchatov Atomic Energy Institute 
(Submitted 31 July 1979) 
Zh. Eksp. Teor. Fiz. 78, 1132-1 146 (March 1980) 

The use of the large-number-of-nearest-neighbor approximation enables us to evaluate the polarization 
operator which defines the permittivity and the phonon spectrum renormalization. We evaluate the long- 
range correction to the free energy in the vicinity of the metal-dielectric transition (M- or Mott-transition). 
We show that in the region of strong correlations the system loses its mechanical stability so that the M- 
transition is accompanied by a first-order isostructural transition. Far from the transition and for sufficiently 
low temperatures the singularities of the thermodynamic quantities are weakened and remind us of those near 
a second-order transition. 

PAC3 numbers: 7 1.30. + h 

INTRODUCTION 

In the theory of s t ruc tura l  t ransformations which ac- 
company the transition f r o m  the metal l ic  to the dielec- 
t r i c  s ta te  one u s e s  in an essent ial  way the assumption 
that the electron-electron interaction is small .  F o r  in- 
stance, in  the theory of an exciton d i e l e ~ t r i c ' ' ~  a l l  cal- 
culations of the i r reducible  ver tex  p a r t  a r e  res t r i c ted  to 
the second o r d e r  of perturbation theory. In Adler 's  the- 
ory3 one assumes  that the cause  of the s t ruc tura l  t ransi-  
tion is the s t rong electron-phonon interaction. The di- 
r e c t  electron-electron interaction does not occur  a t  a l l  
in this theory. In the Hubbard model4 the s t rong inter-  
action of the electrons (u) is taken into account r ight  
f rom the beginning. One can therefore expect that a 
c o r r e c t  allowance f o r  the electron-phonon and electron- 
electron interactions (in different cel ls)  in that model 
will lead u s  appreciably c l o s e r  to an understanding of 
the physical effects which take place in the oxides, sul- 
fides, and ni t r ides  of t ransi t ion metals .  

We assume that the energy f o r  the transition to a 
neighboring ce l l  ( t )  is s m a l l e r  than the energy of the 
electron interaction in one and the s a m e  ce l l  (u). One 

can then easi ly  show5 that i n  the Hubbard model there 
occurs  a s t r u c t u r a l  transition if the electron-phonon in- 
teraction energy reaches  a value of the o r d e r  of u. Such 
a situation may be  an exception-as a r u l e  the opposite 
situation occurs .  The  electron-phonon interaction is 
equivalent to an at t ract ion which is of the s a m e  o r d e r  of 
magnitude a s  (or  l e s s  than) the Coulomb interact ion be- 
tween different ce l l s  which, in turn, is l e s s  than the en- 
ergy u. Because of this we sha l l  neglect in  the p resen t  
paper  the ion motion, assuming that i t s  r o l e  reduces to 
providing electro-neutrality on the whole. Taking the 
long-range p a r t  of the Coulomb interaction into account 
makes  our model close to the well known Shubin-Von- 
sovski i  model6 where the problem was posed of finding 
the ground s t a t e  of a sys tem with an a r b i t r a r y  interac- 
tion between different cells.  

We sha l l  consider  in  the p resen t  paper the f i r s t -o rder  
i sos t ruc tura l  transition which accompanies the Mott 
transition. We sha l l  show that the rea r rangement  of the 
electron spec t rum near  the M-transition line strongly 
changes the long-range par t  of the Coulomb interaction. 
The permittivity increases  in the dielectr ic  phase when 
the p r e s s u r e  increases  and becomes infinite a t  the Mott 
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