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The temperature dependence of the amplitude of the "high-temperature" oscillations (HTO) of the 
magnetoresistance (MR) of bismuth is investigated in the range 7-60 K. At T -- 10 K the amplitude reaches a 
maximum value, after which it decreases. The rate of attenuation of the amplitude, determined by the 
derivative sly-ik/aT, does not depend on the cyclotron frequency, and at a tixed temperature (20 K) the 
amplitude of the oscillations of the diagonal component of the MR tensor does not depend on the direction of 
the magnetic field H. It is established that for H directions in the C,C3 plane (binary plane) the HTO are 
predominantly superpositions of two frequencies that differ by a factor z 1.22. It is shown that for any 
direction of the vector H in the binary plane the period of the HTO varies as a function of the temperature in 
accordance with the same law. In the range 3'< 0 < 8"[0 = 4(H, C3)] it became possible to identify, for the 
first time ever, the HTO connected with the electron Fermi surface. The experimental results are 
discussed within the framework of resonances of the magnetophonon type. The dependence of the plasma 
frequencies on the magnetic field, with account taken of the real structure of the Fermi surface of 
bismuth, is calculated as part of an evaluation of the resonant energy. The influence of the nonparabolicity 
of the electron spectrum on the resonances is considered. 

PACS numbers: 72.15.Gd 

In 1973, two of us' observed oscillations of the trans- 
verse magnetoresistance (MR) of bismuth with the fol- 
lowing characteristic features: 1)  periodicity in the re- 
ciprocal magnetic field, 2) weak temperature damping 
of the amplitude. The observed oscillations cannot be 
identified with the Shubnikov-de Haas (SdH)effect: Their 
period does not fit the accepted ideas concerning the 
Fermi surface of bismuth, and the damping of the am- 
plitude at  a relatively small  period is such that the os- 
cillations can be observed up to nitrogen temperatures. 
(In the interval 20-65 K the period decreases by 20- 
3 0% .') 

A connection was s u b ~ e q u e n t l ~ ~ ' ~  established between 
the "high-temperature" oscillations (HTO) and the ener- 
gy spectrum of the carriers.  It turned out that the de- 
pendence of the HTO frequency on the direction of H 
duplicates the angular dependence of the cross  sections 
S and of the cyclotron masses m* connected with the 
hole Fermi  surface (S= 21rm*a, for holes). The position 
of the extrema of the HTO in fields up to 56 kOe satisfy5 
the resonance condition 

e,(H, T )  +eol=(N+L/r)hB. ,  (1 
which correspond to transitions from the Fermi level a, 
into states determined by the quantum numbers N, k,, 
and k, =O. The magnetic fields at resonance a r e  de- 
termined by the relation 

(1/H),,= (N+l/r)eh/m'c{er(H, T )  +eel}, (2) 

and at a constant Fermi  energy their difference is 

A (i/H),,-P=eti/m'c(eI+eol).  (3) 

Here 52, = e ~ / m * c  is the cyclotron frequency, N is the 
number of the Landau level, and cOl = Roo,= 20 meV is 
the characteristic energy calculated withthe aidof formula 
(3) at  H <  15 kOe, when E,= const= 11.8 meV. The val- 
ues of the Fermi  energies of the holes as functions of 
the magnetic field were taken in the preceding paper4 
from Ebel'man's paper.5 

The possibility of describing the evolution of the HTO 
in a magnetic field with the aid of the Fe rmi  energy 
points to a relation between the period of the oscilla- 
tions and the ca r r i e r  density n. This is attested by the 
correlation between (H-I),,, and n when the temperature 
is varied: according to Ref. 4, raising the temperature 
from 18 to 70 K produces in (H-I),,, a change equivalent 
to an increase of the ca r r i e r  density by 75%, in agree- 
ment with the known published data.6 

The condition (1) was obtained in Ref. 7, where multi- 
phonon resonance (MPR) was predicted for the longi- 
tudinal magnetic conductivity of a degenerate electron 
gas. In contrast to transverse MPR, a t  jllH a contribu- 
tion is made to the current by electrons near the Fermi  
surface (j  is the current-density vector). For  aniso- 
tropic crystals, the analysis of Ref. 7 can be formally 
generalized to the case of transverse MR, inasmuch as 
each element of the matrix I pi, 1 contains generally 
speaking all the elements of the matrix 1 of I . 

The end-point energy of the optical phonons in bismuth 
is8 9.2 and 12.4 meV, i.e., much less  than cot .  There- 
fore the HTO oscillations cannot be treated, at  least, a s  
MPR with participation of one optical phonon. I t  must 
be added that the resonance condition (1) is not limited 
to the electron-phonon interaction alone, and is applica- 
ble also to interactions of electrons with quasiparticles 
of other types. 

Since the resonance (1) is due to the scattering of car- 
r i e r s  located on the Fe rmi  surface, it is clear that the 
amplitude of the oscillations with period (3) contains the 
same temperature factor a s  the amplitude of the SdH ef- 
fect: 

kT sh-' (2n2kT/hQ,) .  

As already mentioned, the HTO a r e  connected with 
I C  heavy" ca r r i e r s  (m* - O.lmo for holes), and conse- 
quently from the point of view of the considered reso- 
nance (1) the damping of the amplitude should be quite 
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intense. Nevertheless the HTO a r e  observed up to 65 K, 
in contrast to the SdH oscillations which a r e  observed 
at HIIC,,H= 20 kOe only a t  T s 4 K. Therefore the char- 
acteristic energy cot can be naturally connected with ex- 
citations of the Bose type, the number of which a t  kT 
<< E~~ increases like ~ X ~ ( - E ~ ~ / ~ T ) .  The foregoing prem- 
ise is the basis of our problem, that of investigating in 
detail the dependence of the HTO amplitude (F) on the 
temperature and of comparing the results with the law 

An experimental confirmation of the relation'(4) with 
the proof of the fact that the HTO is a manifestation of 
the resonance (1). The obtained data, however turned 
out to be quite unexpected: whereas the properties of 
the HTO period (its dependence on the ca r r i e r  density 
with change both of temperature and of the quantizing 
magnetic field) can be described by the resonance con- 
diton (I) ,  the properties of the amplitude pertain more 
readily to a resonance of the type 

where e 0 = 3 2 m e V a t  T S 2 0  K, H-lOkOe, M=1,2  ,... . 
This circumstance raised a large number of questions. 
These include the dependence of the dielectric anomaly 
of bismuth on the magnetic field (we have in mind the 
plasma frequency w, at  zero  plasmon wave vector), the 
influence of the nonparabolicity of the band on the period 
of the HTO, and the temperature dependence of the elec- 
t r ic  conductivity in the 20-70 K range. 

We investigated here in greater detail than before3 the 
angular dependence of the period of the HTO, namely, a 
considerable part of the range of angles between HIIC, 
(the trigonal axis) and HllCl (the bisector axis) was cov- 
ered in steps of lo. As a result we were able to identify 
the oscillations connected with the electrons, as well a s  
to observe a nonmonotonic dependence of the period of 
the HTO on the direction of the magnetic-field vector. 
(In the preceding paper3 we reported observation, be- 
sides the fundamental frequency, also of doubled and 
tripled HTO frequencies. In the present paper we deal 
throughout with the fundamental frequency.) 

It must be noted that despite the detailed investigation 
reported below, the question of the origin of the reso- 
nance energy still remains open. The study of the kine- 
tic properties of bismuth alloys has s o  far  not yielded 
any positive results. Investigations of the optical pro- 
perties of bismuth in the IR band may be promising. Di- 
verse arguments on this question have been advanced in 
the discussions of the results. 

EXPERIMENTAL RESULTS 

1. Temperature dependence of the HTO amplitude 

The main results were obtained for a bulky (cross 
section 5 x 5  mm) single-crystal (Bi-X) of high purity 
(A= 700, where A is the ratio of the resistances at room 
and helium temperatures in a zero magnetic field), 
whose longitudinal axis was parallel to the binary axis 
C2. Data a r e  also presented for a sample with 2 X 2 mm 

FIG. 1. Temperature dependence of the HTO amplitude in the 
binary plane at 8 = 60' and H =  15.1 kOe. 

cross section and A =  126 (Bi-XI), with the longitudinal 
axis along C3. We measured both the diagonal and the 
off-diagonal components of the MR tensor, expressed in 
terms of the axes XIIC2,YIICI, ZIIC,. The experiments 
were performed a t  temperatures from 4.2 to 70 K. The 
temperature pickup was a KGG thermometer produced 
a t  the Semiconductor Institute of the Ukrainian Academy 
of ~ciences." 

A study of the HTO at T c 15 K entails considerable 
difficulties because of the superpositon of SdH oscilla- 
tions, whose amplitude increases rapidly with decreas- 
ing temperature. The HTO can be separated from the 
background of the much larger-amplitude SdH oscilla- 
tions only if the periods differ substantially, when i t  is 
possible to compensate for the change of the SdH signal 
over a relatively large section of one half-period. From 
this point of view the favorable angles between the mag- 
netic field and the C3 axis were B =60° (in the measure- 
ment of p,) and 90" (in the measurement of p,). The 
temperature dependence of the HTO amplitude a t  B =60° 
is shown in Fig. 1. It is seen that the amplitude reaches 
the maximum value in the region of 10K. We note that 
the relative value of ~ / p  fo r  HTO at T - 20 K and H- 10 
kOe does not exceed several tenths of 1% (p is  the 
monotonic part of the MR). 

Detailed measurements of the HTO amplitude at T > 15 
K were made for the orientations 8=5,  17, and 60" in 
different magnetic fields. The results a r e  shown in Fig. 
2 together with the data for HIIC', obtained for the Bi- 
XI sample in a superconducting solenoid. It is seen 
that, at least in the investigated temperature range, the 
HTO-amplitude damping, which is determined by the 
derivative a lnj3/a~ does not depend on the direction o r  
magnitude of the magnetic field, even though the cyclo- 
tron mass changes by more than 3 times when the vec- 
tor H is rotated from Cj  to C1. The inset of Fig. 2 shows 
for comparison with experiment the function 

which describes the damping of the amplitude a t  the 
resonance (I), and "follows" the values of the cyclotron 
mass and of the magnetic field. Thus, starting with 20 
K, the plots of In f(T) a re  straight lines whose slopes 
a r e  proportional to r n * / ~ .  

The temperature dependence of the experimentally 
measured amplitude 6 of the oscillations of the MR are  
influenced by the monotonic part  of the magnetoconduc- 
tivity (MC) a. In fact, assuming the MC to be the sum 
of a monotonic part and an oscillating part (oh =a,, 
+Btk), inverting the matrix lo;& 1, and retaining the 
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FIG. 2. Temperature dependence of the HTO amplitude (ar- 
bitrary scale). The plots of the functions that differ only in the 
value of the magnetic field are superimposed: 1-HI1 C,, H 
=29 kOe; 2-0=5", + and 0 correspond to H=15.6 and 10.8 kOe 
respectively; 3-0 = 17'. a and A correspond to H= 16.7 and 6.9 
kOe; 4-0= 60". 8 and n correspond to H=15.13 and 6.0 kOe. 
Inset-the function f at wm = 20 meV: 1-H= 8 kOe, m* = 0.12 
mo; 2-H= 16 kOe, m* = 0.06 mo. One division on the ordinate 
axis of Fig. 2 or 3 corresponds to unity. 

terms of the first  order in ei,, the summary magneto- 
resistance can in the general case by expressed in the 
form 

~e '=~u+~ ,r=f : ' '  (T) +f:I' (T)utl. (6 

where fit, 3 fj2'(T)6,,, while f f * 2 ' ( ~ )  a re  determined gen- 
erally speaking by the orientation of the magnetic field. 

FIG. 3. Temperature dependence of the monotonic component 
of pyx (arbitrary scale): curves 7, 3, and 2 correspond to H 
= 18.2, 9, and 6.9 kOe and 0 =17"; curves 6 and 4 correspond to 
H=17.5 and 10.8 kOe and 0=5"; curves 5 and 1 correspond to 
H=15.3 and 6.9 kOe and 0=6O0. The temperature on the ab- 
scissa axis is in the natural logarithm scale. 

L on the direction of H a t  fixed temperature. It fol- 
lows from the experiment, however, that fin@) is prac- 
tically constant a t  20 K. At T > 15 K the damping of the 
HTO amplitude is better described by an exponential 
function (eqT, y=0.12 deg") than by a power-law func- 
tion-the function plotted a s  a straight line is lnF(T) and 
not lnfi(1nT). 

2. Angular dependence of the period of the HTO 

In the range 8 =0-40°, the HTO a r e  predominantly 
superpositions of 2 modes with a ratio of the periods 
n1.22 (Figs. 4c and 4d). It can be stated with full as- - 

surance that the observed beats a r e  not due to super- 
To determine the influence of the possible anisotropy position of electron and hole modes, otherwise the pa- 

of the dependence of the monotonic part rameters of the electron spectrum would adjust them- 
the MC On the anisotropy the dependence selves at each of 8 to f i t  the hole spectrum. At 8 
of 6 1  we have performed two experiments. In the f i r s t  > 400 the influence of the SdH effect on the HTO becomes 
we determined the cyclotron mass by measuring the noticeable and leads to additional modulation of the HTO 
amplitude of the SdH oscillations in a range 4-8 K, amplitude. The gist of the phenomenon reduces to the 
when the dependence of the monotonic part  of the MC on 
the temperature is substantial. In the calculation we , 

substituted the values of the relative amplitudes of MR 
oscillations in the formulas for the determination of m* 
with the aid of the relative amplitude of the MC oscil- 
l a t i o n ~ . ~  The obtained values of m* a r e  close to those 
obtained by cyclotron resonance.1° We therefore as- 
sume (see Ref. 6) 

p/p=~/o, pz=p(i+b/o). 

We measured next the dependence of the monotonic 
part of the MR on the temperature for 8 = 5, 17, and 60" 
in different magnetic fields. The results a re  shown in 5 
Fig. 3, from which i t  follows that the temperature fact- & 
or  of the function p(T) [or d1 '(T)] remains constant when 0.f ~ - : k ~ e - l  
both the orientation and the value of the magnetic field F"k,J 
change. It is logical to assume t h a t d 2 ' ( ~ )  has the same - 
property, more s o  because i t  follows directly from (7) bL6 

C 
I>. .- . . 

if we assume p- a". Thus, the anisotropy of the tem- ~ 0 . q  
q- perature dependence of fi determines completely the 0.2 

anisotropy of the temperature dependence of 8. 
O t  10' 30. 50. 70' E t 

It should be noted that the presence in fi of the factor HIIC, HIIC, 

2n2kT 2nzkT FIG. 4. a) Angular dependence of the period of the HTO: a- 
sh-$ (=-) - ~ x P  {- x] average. x-period obtained from the angle shift of the ex- 

trema; b), c), d) HTO for 0=90°, 17', and 2". respectively; T 
should influence also the dependence of the amplitude =20 K. 
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following. Assuming [see (?)I, for  example, ,3a = dxx/o& 
and representing ox, as a sum of the monotonic part  of 
the MR and of the oscillating term 8"' due to the SdH 
effect, we obtain 

p , = a d o $ - 2 0 ~ :  /a:, (8) 

where the term -d,3::' represents the HTO modulated 
by the low-frequency mode of the SdH. 

The contribution of the considered effect should be 
larger the closer the vector of the magnetic field to the 
bisector axis in the vicinity of which the relative ampli- 
tude of the SdH oscillations is 210% a t  H- 10 kOe and T - 20 K. Assuming next that, for example, p& 3 u&/(u;)~, 
i.e., a; < ex, and 

x au+u, 
P"w aP(l+ado,)' ' 

and separating in of, the terms connected with the SdH 
effect, we have at 8,/8,, < 8: )/dB' 

By comparing expressions (8) and (9) we can see  that 
the phase shift of 82' and 5:' should lead to a relative 
shift with respect to the magnetic field of the extrema 
of the additional beats of A, and b,, which a re  due to 
the modulation of the amplitude of the HTO by the SdH 
effect. Furthermore, if in (9) 

u s  u= a*+ 2 - -  
a,' 0,' a, 

and d,, and o, are  shifted in phase, a phase shift not 
due to the modulation should be observed also for the 
L, and b, ca r r i e r  frequencies. 

The predicted singularities of the HTO a r e  seen in 
Fig. 5, which shows the plots of a& J ~ H  and a p , / a ~  for 
the direction HIIC1 (pya- 0 for the given orientation of 
the magnetic field). 

Figure 4a shows the dependence of the average period 
of the HTO on the direction of the vector H in the binary 
plane. The determination of the period as  a function of 
8 was carried out by two methods-by constructing for 
each 8 the dependence of the number of the extremum on 
the reciprocal magnetic field, and also on the basis of 

FIG. 5. a) Plots of HTO at T=20 K, HI1 Ct: 1-B,/BH, 2- 
ap,/aH. It is seen that the carrier frequencies on curves 1 
and 2 are shifted in phase. The relative shift of the extrema of 
the beats due to modulation of the amplitude by SdH are well 
noticeable near H-' = 0.06 and 0.1 k0e-'. b) zm at 0 = T = 20 
K. 

the phase shift (inasmuch a s  a t  sufficiently large values 
of the number of the extremum the phase shift can be 
large also for a small change of the period). In the lat- 
ter  case we used the relation P = P o H r t ,  where H a t  is 
the value of the magnetic field at the extremum point 
corresponding to the period Po for a certain direction of 
H. Both procedures of determining the period lead to 
identical results (see the crosses and points in Fig. 4a).2' 
It i s  seen that the period of the oscillations is a non- 
monotonic function of 8. 

To determine the causes of this phenomenon we start- 
ed from the assumption that the angular dependences of 
the period of the HTO and of the reciprocal cyclotron 
mass a re  similar a t  [m*(~)]" .~  We plotted first  the 
function ~ ( 0 )  cc [mf (0)]-' (see the upper curve h, Fig. 4a) 
from the initial point at 8 =34", where the MR oscillates 
at practically a single frequency in a relatively wide in- 
terval of magnetic fields. (The same curve h is obtained 
if the starting points for the plotting of P(8) cc [m~(e)]" 
a r e  the values of P at  the angles 8 =22 and 60" where 
the HTO a re  similar to the oscillations at 0 = 34".) The 
points of the upper curve h of Fig. 4a were then divided 
by the ratio 1.22 of the frequencies that form the beats 
(Figs. 4c, 4d) and the lower curve h of Fig. 4a was 
plotted. It turns out that at 8 > 8" the experimentally de- 
termined average period of the HTO fluctuates between 
points lying on the h curves of Fig. 4a. It follows there- 
fore that nonmonotonic dependence of the average period 
of the HTO on the direction of the vector H at  8 > 8" is  
the result of the variation, a s  a function of 8, of the ra- 
tio of the amplitudes of the combining modes. 

The curves el  and ezV3 of Fig. 4a a r e  plotted in analogy 
with the angular dependence of the reciprocal cyclotron 
masses corresponding to the electron "ellipsoid" el, 
e2, and e3 from a starting point at HllC3, where the cy- 
clotron masses of the electrons and holes a r e  identical. 
The similarity coefficient for like curves, just as  for 
the holes h, was taken to be  1.22. I t  is seen that in the 
interval 3" < 0 < 8" the function P(8) is close to the angu- 
lar  dependence of the reciprocal cyclotron masses of 
the electrons of the "ellipsoid" el ,  and this gives ground 
for assuming that the corresponding periods of the HTO 
a re  connected with the electron Fermi  surface. It must 
be stated that in this angle interval the HTO seem much 
less effective and more complicated than in the remain- 
ing band (see the inset of Fig. 5). We shall discuss this 
circumstance separately later on. 

3. Temperature dependence of the HTO period and 
singularities of the electric conductivity and of the 
magnetoresistance 

It was established earl ier2 that the period of the HTO 
at  HIIC, depends on the temperature and that i t s  change 
is connected with the temperature dependence of the 
concentration of the ca r r i e r s  in bismuth. In the present 
paper we measured the temperature dependence of the 
HTO period at different directions of the magnetic-field 
vector in the plane C1C3(8 = 5, 17, 60, 90") and in the 
range 20-70 K. We used the method referred toabove- 
we observed the temperature shift of the phase of the 
oscillations. Within the limits of the e r ro r s  (-10%) the 

557 Sw. Phys. JETP 51(3), March 1980 Bogod eta/. 557 



FIG. 6. a) Temperature dependence of the period of the HTO. 
b) Dependence of the resistivity p,' in a zero magnetic field 
(curve 2) and of the magnetoresistivity pmH at H= 10 kOe (curve 
1) on the temperature. The points A and correspond to the 
present results, 0-data of Friedman's paper." 

relative shift of the extremum ( H ~ - H ~ ~ . ) / H ~ ~ ~  does not 
depend on the angle 0. In other words, a t  any direction 
of the vector H the HTO period varies as a function of 
temperature in accordance with one and the same law. 

A study of the HTO makes it possible to understand 
better the singularities of the temperature dependence 
of the electric resistance and of the magnetoresistance 
of bismuth (see Fig. 6, curves 1 and 2; the results ob- 
tained in Refs. 12-14 agree fully with those shown in 
Fig. 6). The maximum effective Debye temperature 0% 
=2p,s/k for bismuth, which corresponds to the value of 
the Fermi momentum along the bisector axis pe= 76.10-~~ 
cgs esu,' is e l l  K for the transverse sound (s =1.02 
x1o5 cm/sec) and =28 K for longitudinal sound (s =2.57 
x lo5 cm/sec) propagating along cl.I6 Therefore the 
function p:,- TIe2 in the interval 50-70 K (Fig. 6) can be 
naturally connected with scattering by acoustic phonons 
atT>81t; ,  whenr-T-l. 

On the other hand, since pz-T, the deviation of the 
MR from the low-temperature law T" (Fig. 6) should be 
towards T", whereas experiment reveals a relation p& 
-T"*' for T =50- 70 K (see curve 1 of Fig. 6). This 
contradiction can be reconciled by making use of the 
data obtained in the study of HTO. Thus, i t  follows 
from Fig. 6 that the deviations of d, and p z  from the 
low-temperature dependence takes place practically 
simultaneously with the s tar t  of the temperature-induc- 
ed change of the HTO period, i.e., of the ca r r i e r  den- 
sity. Therefore the equations for the electric resist- 
ance and the magnotoresistance in the 50-70 K range 
must be written in the form 

-T-Z,7 
n (T) r (T) pH(T) - n (TI rn (T) * 

and this yields m - T  and n - T  at  T-T". 

According to the results of Ref. 17, in the interval 
50-70 K the cyclotron mass of the electrons is m* 
-TOs5, which agrees qualitatively with the estimate ob- 
tained above for the temperature dependence of the ef- 
fective mass. Thus, if we take into account the temper- 
ature dependence of the concentration and of the effec- 
tive mass, the electric resistance and the magnetore- 

sistance of bismuth a t  T =30-70 K can be described by 
taking into account the interaction of the carr iers  with 
only the acoustic phonons. This conclusion in turn turns 
out to be essential in the discussion of the temperature 
dependence of the HTO amplitude. 

DISCUSSION OF RESULTS 

From the general point of view we regard the HTO as 
the result of a resonant interaction between the carr iers  
and some quasiparticles having energies 20-30 meV. 
Inasmuch as at kT << 10 meV the HTO amplitude has a 
rising section (Fig. I ) ,  i.e., the interaction probability, 
which is proportional to the number of excitations, in- 
creases with increasing temperature, the quasiparticles 
we deal with should obey Bose-Einstein statistics. 

The singularities of the HTO period a t  HIIC1, and also 
the location of the maximum of the oscillation amplitude 
on the temperature scale (Fig. 1, inset in Fig. 2) a re  
quantitatively described by a resonance of type (1) with 
a characteristic energy =20 meV which does not depend 
on a magnetic field and on the temperature. However, 
the HTO amplitude, as seen from Fig. 2, does not sat- 
isfy the relations corresponding to this type of reson- 
ance. 

The temperature and angular dependences of the HTO 
amplitude can be qualitatively described with the aid of 
the resonance condition (5) with a characteristic energy 
cO = e t i / m * c ~  = 32 meV, a condition connected with the 
transitions between the Landau levels a t  the points k ,  
=O. In fact, using formally the results of Ref. 18, 
which contains approximate formulas for  the amplitude 
of the oscillations of the transverse MC of a degenerate 
semiconductor for carr ier  interaction with optical pho- 
nons a t  a certain end-point frequency wt, assuming a s  
before that fi -6/u2, and assuming further (see above) 
that the decisive contribution to the monotonic part of 
the MR is made by scattering by acoustic phonons, i.e., 

(n.,, and no a re  the high-frequency and static dielectric 
constants of the lattice, and Ewo =co). 

It follows from (10) that the derivative a ln~ /aT  does 
not depend on the magnitude o r  direction of the magnet- 
ic-field vector, and the amplitude itself is not connected 
with the effective mass. This agrees fully with the ex- 
perimental data. If we put, in accord with the estimates 
given above, n - T and 7-T-l in the range 50- 70 K, and 
n = const, T - T9 at  lower temperatures, then Eq. (10) 
describes a curve with a maximum near 60 K (we know 
of no data on the temperature dependence of the dielec- 
tric constant). Plotting the descending section of the 
curve in the interval 65-85 K shows that, just a s  in the 
experiment, the damping of the MR oscillations can be 
interpolated by an exponential function, but with an ar- 
gument 0.02 deg". 

The theoretical and experimental positions of the 
maximum on the temperature scale, as well as  the rate 

558 Sov. Phys. JETP 51(3), March 1980 



of damping, differ by a factor 5-6. I t  must be remem- 
bered, however, that the approximate formula used by 
us to calculate ii was derived for the simplest model of 
an electron energy spectrum, and without allowance for 
the smearing of the resonance due to the temperature 
excitation of the quasiparticles of the entire branch of 
the spectrum, and not only with energy E ~ .  I t  should al- 
so be remembered that the characteristic energies cal- 
culated from the period of the HTO for resonance condi- 
tions (1) and (5) a r e  of the same order a s  the Fermi  en- 
ergy of the ca r r i e r s  in the bismuth. For  this reason, 
when considering the resonance transitions (1) and (5), 
account must be  taken of the Fermi-liquid effects, and 
in particular of the summary width of the Landau levels, 
i.e., the smearing of the initial and final states. The 
MPR theory,18 however, was developed for E, >> CO. 

At a fixed value of 8, the ratio of the amplitudes of the 
MR oscillations corresponding to the electron and hole 
Fermi surface of bismuth, for the resonance (I), is ap- 
proximately equal to 

which yields, for  example, under the conditions 8 = 50" 
(m,* = 0.016mo, ml; = 0.085mo, T - 20 K, H- lo4 Oe, the tre- 
mendous value -10~-10'. Therefore the registration of 
HTO connected exclusively with holes a t  8 > 10" attests 
one more to the independence of the HTO amplitude of 
the cyclotron frequency, at  any ra te  in accordance with 
(11). 

This repeatedly confirmed result  can serve a s  a cri- 
terion for selecting the type of resonance, that i t  is 
necessary to prove f i rs t  that the Fermi-liquid interac- 
tion that broadens the energy levels does not lead to a 
transformation of Eqs. (4) and (11) into 

where T$ (T) a T, T$- a,. I t  is clear that this transfor- 
mation wea.kens substantially the dependence of the os- 
cillation amplitude on the cyclotron frequency, and in 
our experiments the resonances (1) and (5) may prove to 
be indistinguishable. 

The results of optical point to the 
possible existence in bismuth of quasiparticles with 
characteristic energy close to 32 meV, i.e., to the val- 
ue given by the period of the HTO (see Fig. 7, which 
gives the results of various studies to the passage of 
light through single-crystal bismuth plates; minima of 
light transmission a r e  clearly seen near 34 meV; the 
transmission flashes a t  lower energies (19.6 and 23.2 
meV) correspond to plasmon excitation). This circum- 
stance, together with the singularities produced in the 
period by the influence of the temperature and of the 
quantizing magnetic field on the ca r r i e r  density n ,  has 
prompted us to search for an energy, of corresponding 
scale, connected with the ca r r i e r  density. Thus, an at- 
tempt was made to describe, with the aid of a resonance 
of type (5) with a characteristic energy4' K(w, + w:), the 
experimentally observed evolution of the curve of the 
HTO magnetic fields up to 60 k0eS4 This attempt, how- 
ever, did not lead to an unambiguous result. On the or12 

FIG. 7. Transmission spectrum of bismuth according to the 
data of Refs. 19  and 20. The arrow shows the maximum at Rw 
34 meV. 

hand, classical calculation yields too strong an W,(H) 
dependence (see the Appendix), which does not fit the 
experimental data for HllCI. On the other hand, the cal- 
culation accuracy may be  low because the ultraquantum 
limit is reached for 3 electron ellipsoids at  HIIC, and 
for 2 ellipsoids at  HIIC, in magnetic fields larger than 
20 kOe. Thus, to solve our problem exactly we need a 
special theoretical analysis of the tensor of the high- 
frequency conductivity of bismuth in the ultraquantum 
limit. 

So far  we have considered the resonances (1) and (5) 
within the framework of the ellipsoidal parabolic (EP) 
model of the electron spectrum. Allowance for nonpara- 
bolicity of the hole band (the ENP model) even in the ab- 
sence of presently established notions concerning the 
values of the energy gaps in the spectrum of bismuth5 
(the energy gap ctT at  the point T of the Brillouin zone 
of bismuth, in accord with data by various workers, is 
9 0 0 , ~  200,~'  or  65 mevZ2) does not exert  a substantial in- 
fluence on the resonance (1). Thus, the ratio (3) be- 
comes 

and this yields at  E,= 12 meV and ctT from Refs. 5, 21, 
and 22 the respective values coi = 20.2,19.5,18.4 meV. 

This situation is  entirely different in the case of the 
resonance (5). In the analysis of the influence of the 
nonparabolicity of the band on the given type of reson- 
ance i t  i s  convenient, using fixed parameters of the en- 
ergy spectrum, to choose the resonance frequency such 
as  to satisfy the experimental results. This approach i s  
necessitated by the non-equidistance of the Landau lev- 
els in a magnetic field. The resonance condition (5) for  
the E N P  model is of the form 

EM+EO=EN,  (13) 

cy and cN a r e  the "start" and "finish" energy levels and 
a re  determined from the equation 

m** AS the cyclotron m i s  -; at  the bottom of the b a d  (s 

Fig. 8 which shows sch n.~tically th5 shift of the '.~i-id 
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FIG. 8. Schematic diagram of the shift of the Landau levels in 
a magnetic field in accord with (14). 

levels in a magnetic field and the transitions a t  AM =N 
- M =4; the transition shown by the dashed arrow is not 
realized, inasmuch as the Landau levels with the re- 
quired energy lie above &,). 

It turns out that the experimental results can be justi- 
fied by putting c0 =900 meV at  Ewe= 30 meV (rounded- 
off to simplify the calculations). For example, in the 
case HIIC,, calculation (at T = O  K) yields several ser ies  
of resonance peaks with distances between the s tar ts  of 
the series-periods-which coincide with the oscillation 
period P =e/m*cwo =0.6.106 0e" calculated in the EP 
model, and which exceed considerably (by -15 times) the 
distance between the peaks in the ser ies  (the value of the 
latter is determined at c, << c,, by the formula P1 - 2 e ~ /  
m**ccfl). It is  clear that under real conditions the ser-  
ies of the peaks become smeared out into equidistant 
lines (separated by 0 . 6 ~  lo6  0 e 4 ,  the period of the 
HTO). At values EIT =200 and 65 meV, variation of the 
resonance frequency within reasonable limits (0-50 
meV) leads to periods that a re  far from the experiment- 
a l  value. 

The foregoing analysis shows that the absence of es- 
tablished concepts concerning the values of the energy 
gaps in the spectrum of bismuth is one more obstacle to 
the interpretation of the HTO. Thus, if we assume that 
the true value of c,, is either 200 o r  65 meV, then in the 
interpretation of the HTO we can exclude from consid- 
eration the resonance of type (5) since i t  does not agree 
with the experimental data. If c,, = 900 meV, the entire 
situation is completely different. Moreover, from the 
point of view of the resonance (5), (13), assuming that 
Zoo = 30 meV, we can explain why no HTO connected with 
the electron Fermi surface a re  observed in a wide range 
of angles 0 (see Fig. 4a), and also the complicated pic- 
ture of the oscillation curves in the region 3' < 0 < 8" 
(see the inset of Fig. 5). In fact, calculation of the res- 
onant values of the magnetic field, carried out a t  HIlC3, 
T = 0 K, E; = 25 meV, crL  = 50 meV (the energy gap at the 
L point of the Brillouin zone of bismuth), and m** 
=0.0144mo, a t  f irst  glance does not lead a t  a l l  to a per- 
iodic dependence of the resistance on the reciprocal 
magnetic field. Only by a careful examination of the 
picture of the resonance peaks does i t  become possible 
to separate magnetic-field regions with different den- 
sities of the peaks, and the average distance between the 
centers of the regions with high density is close to 0.6 
x 1 0 - ~  0 e 4 ,  i.e., to the value of the HTO period a t  HIIC,. 
Since the Landau levels have finite width, the resonance 
peaks become smeared out. The line width can sub- 
stantially overlap the distance between the peaks in the 
regions of their largest concentration, and this leads to 
a nonmonotonic dependence of the resistance on the 
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magnetic field. Thus, the concept of the period of the 
oscillations connected with the electrons i s  fo r  the con- 
sidered model to some degree arbitrary. At the same 
time, i t  is extremely important that the numerical value 
of this arbitrary period agrees with experiment. 

At 0 P 0" the picture of the electronic oscillations 
should become even more complicated for the following 
reasons: 1) At an arbitrary direction of H, the contri- 
bution to the resonance is made generally speaking not 
by one but by three electron "ellipsoids" (two on Fig. 
4a) with different cyclotron masses. 2) The observation 
of HTO beats connected with holes (Fig. 4) may be the 
result of the existence of not one but two close resonant 
frequencies. 3) Finally, account must be taken also of 
the superposition of the hole periods. An impression is 
gained that for the considered resonance model the situ- 
ation in which MR oscillations connected with electrons 
can be observed is extremely ra re  and the resultant os- 
cillation picture is extremely complicated. 

Thus, when i t  comes to attributing the HTO to reso- 
nant scattering of the carr iers ,  the experimental re- 
sults admit of an ambiguous treatment, caused to a con- 
siderable degree by the absence of the necessary theo- 
retical premises, and also to the opinions held concern- 
ing the values of the energy gaps in the electron spec- 
trum of bismuth. The final answer to the crucial ques- 
tions of the magnitude and origin of the resonant energy 
has not yet been found, although, on the basis of the 
HTO singularities connected with the electrons, we give 
preference to a resonance of type (5). Quite promising 
for the understanding of the nature of the HTO may be 
optical investigations of bismuth in the infrared region. 

The authors a r e  deeply grateful to d. A. Kaner for nu- 
merous discussions of the results. 

APPENDIX 

The question of the dependence of the plasma frequen- 
cy on the magnetic field reduces to a solution of the dis- 
persion equation Det In,, I = O  a t  different directions of 
the vector H. To determine the components of the high- 
frequency conductivity tensor o,,, which enter in the 
dispersion equation, we have used corresponding ex- 
pressions for the static conductivity, obtained in the 
classical approximation,23 making the substitution 1/r - iw (the collisionless case). Thus, the problem was 
solved in the local limit (k,l<< 1, where k, is the wave 
vector of the plasmon and I is the ca r r i e r  mean-free 
path), and without allowance for quantization. The nu- 
merical values of the static dielectric constant of the 
lattice (n, =no, = 1 0 6 , ~ ~ ~  = 69) were obtained by substi- 
tuting in the dispersion equation (for the case H=O) the 
experimentally measured frequencies of the plasma res- 
onance5 and of the effective masses calculated in the el- 
lipsoidal model from the experimental values of the cy- 
clotron m a ~ s e s . ~  The simplest situation ar ises  atHIIC,. 
In this case the equation for the determination of the 
plasma frequencies takes the form 
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where 

mo i s  the mass of the free electron, a:;h are the compo- 
nents of the tensor of the rectprocal effective masses, 
n(H) i s  taken in accord with Edel'man's data,5 and this, 
in particular, leads to oscillations of @,(If). WhenHIIC3, 
the exact solution of the dispersion equation, which we 
shall not write out here, could be obtained only for 
EIIC2. At HIIC, the angle of inclination of the electron 
ellipsoids in the trigonal-bisector plane was assumed 
equal to zero and the dispersion equations were solved 
with a computer. 

The minimum value of the plasma frequency in the in- 
terval 0-60 kOe for the HIIC, direction, in contrast to 
the HIIC, orientation, when wp increases by not more 
than 20%, i s  quite large and amounts to ~ 1 0 0 % .  

'"lie authors thank L. I. Zarubin for kindly placing the resis- 
tance thermometer a t  their disposal. 

 he two values of the period in the region 0 = 10 and 20" (see 
Fig. 4a) correspond to different magnetic-field ranges, the 
smaller period being determined in the larger field. At 0 

= 70°, the two values of P are  given by different measurement 
methods-using the derivative ap,/aH and pyx. 

3 ) ~ n  the derivation of (2) it was taken into account that a t  &, 
<Rw0 the contribution to the resonace is made by all  the car- 
riers,  from the bottom of the band to E,. For this reason, 
the broadening of the Landau levels is determined by the 
probability of inelastic scattering, i. e., by the number of ex- 
citations and by the cyclotron frequency. In fact, the larger 
S2, the smaller the number of levels located below cp .  Thus, 
the carrier density a t  each Landau level increases, and with 
it  the scattering probability. 

4 ) ~ h e r e  can be no optical-frequency renormalization of the type 
wg* = (wpo2 + ( ~ 8 ) ~ ) '  l2 in bismuth, since the lattice is made up 
of one species of atoms (wpo is the end-point plasma frequency 
a t  H =  0). 
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