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We study the current instability of an inhomogeneous plasma, which leads to the excitation of short-
wavelength drift oscillations with a frequency close to the lower-hybrid resonance. We show that the
saturation of the instability is connected with the spectral transfer of the oscillations into the short-wavelength
ragion, which is due to the modulational instability, and we determine the maximum amplitudes of the
electrical fields of the oscillations. We evaluate the effective electron collision frequency due to the current
instability and we show that the Parker-Sweet diffusion model for the reconnection of the magnetic field,
modified to allow for the anomalous resistivity mechanism studied in the present paper, gives for the width of
the magneto-pause an estimate that agrees satisfactorily with experiment.

PACS numbers: 52.35.Py

§1. INTRODUCTION

The instabilities of the currents flowing across a
magnetic field are important both for laboratory plas-
mas (shock waves, theta pinch, turbulent heating) and
for the plasma in the magnetosphere (magnetic field re-
connection, anomalous resistivity in the boundary lay-
ers of the magnetosphere, and so on). One of these
instabilities—the so-called “tearing” instability —is of
an electromagnetic type.! It leads to the generation of
a transverse magnetic field component both in thermo-
nuclear magnetic bottles? and in the magnetosphere pri-
marily in its tail part.?
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At the same time, other kinds of instability are bas-
ically responsible for the occurrence of the anomalous
resistivity; they lead to the excitation of potential or
close to potential oscillations. The lowest threshold
for excitation of them corresponds to the current insta-
bility for short-wavelength drift oscillations which are
polarized in the plane at right angles to the magnetic
field. Mikhailovskii and Timofeev were the first* to
study the linear theory of this instability and in Ref. 5
the fact that the oscillations may be non-potential,
which in important for a plasma with a finite 8 (ratio of
the gas-kinetic to the magnetic pressure), was taken
into account.
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The first time that attention was focused on the im-
portance of this instability for the Earth’s magneto-
sphere was in Ref. 6, where a qualitative analysis was
given of the anomalous resistivity mechanism, based on
it, in the tail part of the magnetosphere. When esti-
mating the possibility of the occurrence of an instability
of the short-wavelength drift oscillations one must bear
in mind that all conditions which are fundamental for it
(threshold current velocity less than the thermal ion
speed, hot ions T, > T,, and a large value of B) are real-
ized in the first place in the frontal part of the magneto-
sphere—the magneto-pause. Moreover, according to
recent satellite measurements,’ strong electrical field
oscillations are observed in the magneto-pause region
with frequencies up to the lower-hybrid one ~(wy,wg,)"'%
which agrees with the theoretical estimate of the spec-
trum of the oscillations excited when there is an insta-
bility.

This all gives us grounds to assume that the instabili-
ty considered exists in the vicinity of the magneto-pause
and may be responsible for the anomalous resistivity
and the magnetic-field diffusion in that region.

The aim of the present paper is the construction of a
non-linear theory of the instability. We consider the
mechanism of its stabilization to be the spectral trans-
fer of energy into the region of “oblique” oscillations,
k., #0, where the resonance absorption of the oscilla-
tions by the electrons becomes important. The transfer
arises as a result of the modulational instability of the
short-wavelength drift mode excited by the current. We
evaluate for that mechanism the maximum amplitude of
the electrical field of the drift oscillations and the ef-
fective electron-collision frequency caused by the insta-
bility.

The results are used to elucidate the reconnection of
the magnetic field lines in the magneto-pause region.
The reconnection is described in the framework of the
Parker-Sweet diffusion model,® modified to take into
account the mechanism for the anomalous resistivity
considered in the present paper. We show that this
model gives for the width of the magneto-pause an es-
timate of the order of a few ion Larmor radii, which
agrees satisfactorily with experiments.®

§2. LINEAR THEORY OF THE INSTABILITY.
EFFECTIVE COLLISION FREQUENCY

We consider the instability of a plasma with an elec-
tron current flowing across the magnetic field (see

Fig. 1). The current maintains a field gradient deter-
mined from the equation
dH, _ 4aeny
“dz e " (1)

u,y is the electron current velocity, and we choose a
frame of reference in which the ions are at rest. From
the condition for a balance between the magnetic and
the gas-kinetic pressures

d H?

— L (T +T)——=0

Pl @)
we find that
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FIG. 1.

c(T+T))
Uey —-—e-i-lo———%, X='n—n az (2,)
The condition for the balance of the pressures is vio-
lated in non-stationary processes, and the electron cur-
rent velocity is thus an arbitary parameter about which
we shall assume only that u,, < vy,.

1 dn,

The electron current leads to an excitation of oscilla-
tions propagating in the plane perpendicular to the mag-
netic field (kL H,). We look for the electrical field of
the oscillations in the form

E~ exp [i (J.k,dz+kyy——mt )] )

The frequency of the oscillations lies in the range w,;
K W< wy, (wyq =eHy/mc is the cyclotron frequency of
the charged particles) while the wavelength satisfies the
condition for the applicability of geometric optics
l iiln n,I <1
k. dz :

For the oscillations which are built up by the electron
current, the resonance condition w =k, < kv, is sat-
isfied. In the limiting case considered (unmagnetized
“hot” ions) we have for the perturbation of the ion den-
sity in the oscillations the standard kinetic-theory for-

mula (see, e.g., Ref.10):
, d.lVE 0,(: afal (0]
> [kzr,,. w0 3)

Wpo = (4me®ny/m )M ? is the Langmuir frequency, 7p,
=(T,/4me’n,)"/? is the Debye radius, and a=e or i.

At the same time in the studied oscillations the elec-
trons are magnetized and their velocities are deter-
mined from the drift theory.

We restrict ourselves to the terms of second order in
the small parameter |w, ku,y|/wy, < 1. Moreover,
bearing first of all in mind the application of the results
to the magneto-pause, we shall consider in what follows
a plasma with hot ions, T;>T,. Neglecting in the
small terms «<wj;, the thermal motlon of the electrons
(zero Larmor radlus approximation) we get the follow-
ing relations for the components of the electron velo-
city: .
t(m—k,u,v) c kyue,
= e (1)

¢ ketiey cT, n.
+ =
. H, E, ]+ iky eH, n, ' 4)

cr., kyu., ke,
Vey HD[E,(i i )+—m E.,]
i(o—kyu.,) c . cT, n’

—E—iky—————.

Orre H, eH, n,

+
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When obtaining these formulae we used the relation
for the magnetic field of the wave
H,/=c(k.E,—kE:)/ o, (5)
which follows from the Maxwell equations.
From the equation of continuity for the electrons
i(kuo—0)n,/+v.dn/dz+n, div v.=0

we get, using Eq. (4) for the perturbation of the elec-
tron density

n (0—kyey+h,tag) = —in,,(k,E,—k,E'.) ( 1— —k—v:—'i)
0
6)
d (n, L 0—kyu., cn, . (
icE,— % ( )-HTH‘——IwaE.
In this formula
c¢T, dH,
Uan = eHe dz (M

is the electron drift velocity in an inhomogeneous mag-
netic field. Restnctmg ourselves in what follow to
considering “cold” electrons we shall neglect this drift;
the condition for this neglect is

kyaa€ | @—kyiy|. (1)

The main term in the formula for the electron density
[the first term on the right-hand side of (6)] vanishes
for purely potential oscillations. For a plasma with fi-

nite B the deviation from potentiality becomes important.

The degree of non-potentiality of the oscillations can be
determined using the Maxwell equation

ik, H/ =—4nena/c,

substituting in it H; from (5) and v,, from (4). As a re-
sult we get the equation
(0]
—kE.=i ——-E
e T ®)

We shall consider below sufficiently short-wave oscilla-
tions with k7, * = 1; here »,* = (T, /m,)*/*w}, is the
electron Larmor radius evaluated with respect to the
ion temperature. In that case the parameter wj,/#°c?
~B where we have written: B=4m,T,/Hj. It follows
from Eq. (8) that even when B =1 the oscillations con-
sidered are close to potential, as the rotational part of
the electrical field is small compared to the potential
part in the ratio w/wy,.

However, the deviation from the potentiality turns out
to be important in Eq. (6) for the electron density, as
the main term —the first one on the right-hand side con-
tributes only to the rotational field.

Using this, the formula for the electron density takes
its final form:

n, =——d1vE[m :z%(i_p%)-’. (::' (1+-lc:’_’c': )] ©)

When the condition w,, » wy, is satisfied we may assume
that the oscillations considered are quasi-neutral.
Comparing (3) and (9) we then get the following disper-
sion equation:
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1 @pe’ @pe’ kyx Uey
—_—t (1t —_— 1=
Wrod | 0ne ( k*c? ) “ome K (0—Fyuay) ( buﬁ )
. @p’ Ofo (© _
g k*n, dv (_k—) =0. (10)

From Eq. (10) we get the following formulae for the
frequency and the growth rate:

i—ﬂu.,/u,,
=k,u, Pl Bt
o=k,u.,+kuau 1+ ko (11)
—nko (1_ bu.y) 1 T¢ Ofu (2_)
1 vha Uas (1+p+k*r..2)? nom; Ov k

ua=(cT/eH,)x.

The condition for the occurrence of the instability can
be written in the form

1 vrilnlre;

Uey™> Ul = .
vl 1k Lk

One sees easily that when the last of the conditions (11’)
is satisfied the first term in the formula for the fre-
quency becomes the main one, the frequency w >0, and,
if ky2 <0, the instability arises when

0].,. (0]
dv (—k) <0,

i.e., for a plasma with a Maxwellian ion velocity dis-
tribution. Under the conditions of the magneto-pause
one finds the electron current velocity from the pres-
sure balance condition, i.e., it is given by Eq. (2).
Even when T, > T, this velocity is higher than the in-
stability threshold (11’), provided that we consider suf-
ficiently short-wavelength oscillations with zr * =1,

kx>0, 11"

Well above the instability threshold, the formulae for
the frequency and the growth rate are transformed to
the following simple form:

. mzmmﬁ’kvn.—w
vrs (+B+Ar,
_ _"_ ll' k, |"|’u(1—ﬂuey/lla()
=(3) T e (z)
The maximum growth rate is reached when kr, * =[(1
+B)/5]*/2 and equals
Uey Ixlru
Uri (1+ﬂ)‘l’ ’
wg g = (wgiwg,)'/? is the frequency of the lower-hybrid
resonance in a dense plasma, w,, »>wy,.

Ymax=0,320.x (12’)

The instability described by the dispersion equation
(10) was obtained in Ref. 10 as the high-frequency limit
of the drift-cyclotron instability (high harmonics of w,,
when a large number of resonances become important
at once). The condition for neglecting the effect of the
magnetic field on the ions has, according to Ref. 10,
the form y>»w,,; and can, by the use of (12’), be reduced
to the following form: '

2
Inlre> [ 21+9) | (13)

[we substituted «,, from (2’)]. For the magneto-pause
where the dimension of the transition layer 1/% is of
the order of 2 to 3 ion Larmor radii this condition is
amply satisfied.

Finally, condition (7’) for the neglect of the electron
magnetic drift can with the aid of Eq. (11) be rewritten
in the form
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1+
1+p+k%r. 2 ° (14)
and can also be satisfied in a plasma with finite 8 pro-
vided the electron temperature is sufficiently small.

A
Tiﬂ

The instability considered by us is the instability of a
negative energy wave. Indeed, according to Ref. 11 the
energy of a wave in a medium with permittivity tensor
€ 1S given by the equation

F) E’E, ¢ [bE]
Ve e T e
Using the standard formulae for the components &, (see,
e.g., Ref. 10), and recognizing that the deviation from
potentiality of the wave is important only in the terms
gy, £, We are led after straightforward but cumber -
some calculations to the following formula for W:

0pe’0 (1—Pug,/ug) kyx E*
e 15
When the first of conditions (11’), which is necessary
for the occurrence of the instability, is satisfied the
energy of the wave is negative. The energy dissipation
connected with the Landau damping on the ions thus
leads to the instability.?

We note that in a plasma with hot ions, T, > T,, yet
another current instability is possible —the electron-
acoustic instability leading to a pumping of “oblique”
(k,<< k) oscillations.’® This instability can be obtained,
if we take into account in the dispersion equation the
term due to the longitudinal motion of the electrons.
The corresponding term has the form

k.2 @pe ’
TRt (0—Fylla)®
it becomes dominating when

1+, kc?

k? 2. 2 2
72>er. (1+8) m (16)

(The condition given here can easily be obtained from a
comparison in the dispersion equation of the terms de-
scribing the perturbation of the density due to the longi-
tudinal motion of the electrons and to their drift across
the magnetic field.) When condition (16) is satisfied the
electron-acoustic instability develops with a frequency
and growth rate given by the relations

o=Fkyte,~k. (—:f) ’ [ ( kz ; ) (1+p+kr.) ] )

i\ 1 17)
= (5) o o)
The threshold value of the current velocity is
k. T\ ' (I)pa a2
""‘=T(—m",) [(1+ )(1+p+k 2) ] (18)

which by virtue of (16) is appreciably higher than the
threshold velocity for the mode with k2,=0, which is
given by condition (11/),

In the conditions of the magneto-pause the current

velocity #,,=vy;|%|7,,; lies, when we use condition (16),

below the threshold (18) so that it is not possible to ex-
cite directly oscillations with %2, #0 as a result of the
electron-acoustic instability.

The main macroscopic consequence of the excitation
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of the oscillations considered above is the occurrence
of an anomalous resistivity, i.e., losses in electron
momentum transferred to the ions participating in the
oscillations. Following Galeev and Sagdeev'* we write
the loss in electron momentum in the form 7y m u 4V
and, using the momentum conservation law, we write

k
ngm.u.wm=2 Zﬁ)—: '{.ka. (19)
1 3

The right-hand side of this equation is the transfer of
momentum from the electrons to the oscillations, y,, is
the electron contribution to the growth rate, and W, the
spectral density of the oscillation energy. The v,z w/k,
transfer of momentum to the oscillations arises from
the group of electrons and at resonance with the oscil-
lations, of velocity. The appearance of these electrons
is connected with the transfer of energy to the region of
‘oblique” oscillations, k,# 0. The mechanism of spec-
tral transfer is based upon the modulational instability
of the short-wavelength drift oscillations, and will be
considered in the next section. In accordance with what
we have said, Wk is the spectral density of the oscilla-
tion energy in that region of the spectrum where &,#0
and where the resonance interaction with electrons is
important.

The resonance absorption by the electrons must lead
to the establishment of quasi-stationary turbulence. In
such turbulence the energy transferred by the ions to
the oscillations (we remind ourselves that we consider
oscillations with a negative energy) is transferred to
large %, and in final reckoning is absorbed by the elec-
trons. The balance condition can then be written in the
form

Yok, @) Wit Y 1. (k, ©) We=0.
Bt
Using this condition we write for v, :

2 k,
oyt N — W -
Vest mannu-vzk Tah Ok

Substituting into that formula the wave energy W from
(15), the maximum growth rate of the instability from
(12’), and the wavelength of the most unstable mode
kry* =[(1+ B)/5]'/2, we are led to the following final
formula for v,,:

my Wg 0),,’ Org
m, nT: oz’ (1+p)*’
|Exl

Vett= (101!) *

(20)

is the energy of the electrical field of the short-wave-
length drift oscillations with £, =0, which are excited
owing to the current instability studied in the present

section,

The excitation of the oscillations is accompanied with
a heating of the electrons and ions. The rate of the
heating of the ions can be found from the energy con-
servation law (see Ref. 14):

dT,
—Tlo——'— ZZY«kIWt

and by analogy with the evaluation of v,,, we have
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L =2 (10n)%0ua L
dt 3 @ge’Urd ne (2 1 )

@peilly,? Wy

According to Ref. 14 the ratio of the rates of heating of
the electrons and ions is determined from the equation
..iz-'i, e~ Jola—0 .

aT, ® (22)
Sufficiently far from the threshold of the instability the
ratio on the right-hand side is appreciably smaller than
unity, i.e., the oscillations lead to a preferential heat-
ing of the hotter ion component.

§3. MODULATIONAL INSTABILITY OF DRIFT
OSCILLATIONS. MAXIMUM AMPLITUDES OF
THE ELECTRICAL FIELDS

To determine the level of W, which occurs in Eq. (20)
for v, it is necessary to construct a non-linear theory
based upon some concrete mechanism for saturating the
current instability. As we have already noted above,
we shall assume that such a saturation is connected
with the spectral transfer to the region of large k, in
which the resonance absorption of the oscillation energy
by the electrons becomes important. Usually induced
scattering is adduced as the mechanism for the spectral
transfer in the theory of the anomalous resistivity (see
Ref. 14). However, in our case the spectral transfer
caused by the modulational instability of the drift oscil-
lations turns out to be much more important. One can
easily understand the mechanism of such a transfer by
analogy with Langmuir oscillations (see, e.g., Ref. 15).
Small fluctuations in the intensity of the high-frequency
oscillations 6Wg(z) under the action of the high-fre-
quency pressure leads to a modulation of the plasma
density 6n(z). In the density wells formed in the re-
gions where the high-frequency field is localized, addi-
tional portions of high-frequency quanta are trapped.
This leads to an increase in the depth of the modulation
6Wy and as a consequence to a spectral transfer of en-
ergy of the drift oscillations, which were initially uni-
form in z, to the region of large k,.

We shall assume that the slow plasma motions which
arise under the action of the high-frequency pressure
force are quasi-neutral and that their characteristic
frequency § satisfies the conditions

. Q<hor, Koy, (23)

~ For the dispersion law of the high-frequency oscilla-

tions given by Eq. (10), the averaging over the fast
time-scale in the equations for the low-frequency mo-
tions is, when w =ky,,, equivalent to averaging over
the y-coordinate. We shall therefore assume in what
follows that all quantities characterizing the low-fre-
quency mode depend only on the x,z -coordinates and on
the slow time £, so that the electron drift with current
velocity u,, is unimportant for that mode.

When conditions (23) are satisfied we get from the
equations for the motion of the electrons and ions along
the z -axis the following formula when the density varies
slowly: )

N, 0z H,

TAT, 96n _ mec | 9 _6) +& o sH
- ((E"G.t E‘ay v,,> ¢ theyOH (24)
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On the right-hand side of Eq. (24) we have retained
the main non-linear term which arises when we take
into account the term m(v,, V,)v,,) in the electron
equation of motion. The brackets in the non-linear
term correspond to averaging over the fast time-scale.
Assuming that the frequency of the slow motions satis-
fies the additional condition £ « kv, we find that the
density and magnetic field variations in the low-fre-
quency mode are connected by the simple relation

8H,——4ndnTi/H,. (25)

If we use the equation divoH =0 to determine the trans-
verse magnetic field component 6H,, we can show
easily that the last term on the right-hand side of Eq.
(24) is small in the ratio (m,/m;}/2u?,/k*¢c*, and we
neglect it in what follows. The quantity »,, in that equa-
tion is the longitudinal component of the high-frequency
electron velocity which is given by the equation

a ] ek, cH.'
(—- +u,y —) Ver== — + Uey.
ot dy m, m.c (26)
To find the field E, we use the equation
] 4nen, dv..
—divE,~VIE,= ¢ e
dz LV c* Jt (27)

1t follows from Eq. (8) that the transverse components
of the electrical field in the high-frequency motions
are close to being potential and we can in Eqs. (24)
and (27) substitute approximately

E.=—0¢/dz, E,=—0¢/dy.
If we then use Eq. (27) to eliminate E, from (26) and
eliminate H] by using the equation

1 oH, OE, OE,

we are finally led to the following equation for v,,:

%) (57 1)
—_— —t Uy — ) Ver=~-
( c* v at u"&y v

e 4 _,

m. 0z

3 (28)

\4

This equation together with the equation for 6x:

en,
—bn =

([ V., 2,
7z Trom LVi=Vel (29)

gives us the starting set of equations for describing the
low-frequency mode.

The equation for the high-frequency motions is ob-
tained by analogy with the derivation of the dispersion
equation of the linear theory given in the second section.
Now, however, we must in the continuity equation for
the electrons take additionally into account the non-
linearity arising from the modulation of the plasma
density and the magnetic field of the low-frequency
mode, and also the density perturbation caused by the
longitudinal motion of the electrons of velocity v,,,
which is given by Eq. (28). The variation of the ion
density is found from E:,., (3). Assuming as before the
high-frequency oscillations to be quasi-neutral and
dropping for the sake of simplicity the terms describing
the pumping of the oscillations by the ions and their
damping on the electrons, we are led to the following
equation for the “potential” ¢ of the high-frequency
mode:

Sotnikov et a/. 299



) () [0 (S )

{13 ) o, o 118 00n0g7 1y o

_r _— L w?p=0.
dy eH, n, oz dy m. 6z’v v . (30)

Ui

In the general case the set of Eqs. (28) to (30) is very
complicated and we restrict our investigation with its
aid to the linear theory of the modulational instability
that leads to the creation from a monochromatic wave
which is uniform along z of satellites with k,# 0, and
we determine the amplitude of the main wave for which
the satellites produced fall in the region of an effective
absorption by electrons. We perform our investigation
in two limiting cases of long and short wavelengths of
the high-frequency oscillations

Eorn (14B) ", koree> (145) ",

We first study the case of long wavelengths. We can
then easily split off from the total expression for the
potential of the high-frequency oscillations the time-
and y-coordinate -dependence of all the waves in the
form

¢="/29(t,z,2) exp [i(k,oy—ky(ugtual)t)]+c.c.,
@(t,x,z) is the complex amplitude of the potential, I'
= (1 = Bu,,/ug;)(1 +BY*. We consider the instability in a

four-wave system. For the main wave the complex
amplitude of the potential equals

P=q exp[i (j.k,n dz—&nt)] ,

8= ky g Koy 2xT'/(1 + B) is the dispersive correction to
the frequency w determined from (10). The instability
leads to the pumping of two high-frequency satellites

@(t, z, z) =exp (—ibt) { @4 €Xp (i (I (ketk,)dz+k,z—Qt )]

+¢_exp [i (I (ke—ks) dz—k.2+Qt ) ]}

and of a low-frequency wave
1
on(t, z,z)= > on exp [i ( jk,dz+k=z—9t)] +c.c.,

One can easily find the dispersion equation for the
modulational instability from (28) to (30), using stand-
ard procedures; it has the form
1= ezlfpo]: krzkw [ 1 _ 1 ]

T am? encual LAC(QFAZ/(14B))  AL(Q-A/(1+D)) (31)

where we used the notation

k2T, 1

ky‘,udiFAt

for the frequency difference between the main and the

test waves, the wave vector k, =k,+k. The quantity
A =1+, /K.

r
(kro—kiirn?)+

A1=kyou¢;i '1‘H3 T

When solving the dispersion equation we shall assume
that k<« k, and correspondingly A, ~A_.. The solution of
the dispersion equation then has the form

Av—A- [ (A+AL)  elgol*hlikye AytA- )%
=T [ 4(14p)°  4mlonlual A(1+p)] (32)
Using the fact that &, <0, this solution corresponds
to the following condition for the occurrence of an in-
stability:
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Clool  kikw A A _
Amlog”  uy 1+p

0. (33)

It follows from (33) that as a result of the modulation-
al instability oscillations with &, #0 are, indeed, ex-
cited. The region of resonance absorption of such os-
cillations by electrons corresponds to those k, for
which the following condition is satisfied:

T, 1 kyotuad

k,’m— ~ pry (0—kyoliey) 2~

The parameter a >1 due to the fact that the oscillations
are absorbed by the “tail” of the electron distribution
function; a more exact value of @ will be found below
by using the balance equation (19). From the condition
(33) for the occurrence of the modulational instability
it follows that such large values of %, are reached for
pumping amplitudes ¢,:

e*lqol? ~ T, on’'us’ 1_ (34)
4m,? To* k& 1+
This estimate is obtained for the instability of a
monochromatic wave, but one can show that it remains
valid also, as to order of magnitude, for a not too
wide (A k/k <1) packet of oscillations. The relation
(34) corresponds to the following electric field energy
level of the short-wavelength drift mode:

_ |E\|? m, @g’ 2 T,
Wx—g 8n =ﬂoT4m—iK (XT‘“) m. (35)

We note that the mechanism considered by us of the
spectral transfer due to the modulational instability is
the most effective one. Estimates show that the spec-
tral transfer caused by induced scattering on electrons
becomes appreciable at levels W, which are approxi-
mately m;/m, larger than the one determined by Eq.
(35).

When the spectral transfer along k, caused by the
modulational instability is present the condition for
the energy balance in the source region (k,=0) can be
written in the form

Zp(k,m) Wx=2 Y mod (k, @) Wy (36)

(the energy influx into the turbulence with k,=0 due to
the current instability with a growth rate vy, (k, w) is
compensated by the spectral transfer caused by the
modulational instability). In Eq. (36) yu,e(k,w) is the
modulational instability growth rate. When the ampli-
tude of the main wave is given by Eq. (34) we have the
following estimate for the growth rate:
T, 1
Tt (1+8)*
and it follows from (36) that we then have the following
approximate relation for the oscillation energy in the

absorption region:
2
W= Wy L, 2 T UFD)

E
Y mod Vri T

(37)

Ymod Fwnlnlrik re.

(38)

Apart from (36), the balance condition (19) must also be
satisfied—the energy transferred to large k&, is in final
reckoning absorbed by the electrons. The damping rate
of the resonance absorption by the magnetized electrons
is equal to
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O (m—k,ou.y)‘[%
Ve dnddz 148 Low,

RN A
k: on, 0z v, ma/k,

t\lh
~N— (2_) am,_xk,.,r,_.l’ulrn( 1

T, 1+ ) exp (—a?/2)

T, 1+ptkore | THpFR (39)

+

In obtaining this last relation for y, we assumed that
the electron distribution function is Maxwellian and we
substituted for w from the dispersion equation of the
linear theory, (10). Using the balance condition we
then easily get a simple equation for a:

e~ =(2/n) "2 (148) (1+6T./5T,) 1-". (40)
We can consider the case of short wavelengths of the
high-frequency mode, %37} > 1+ 8in a completely
analogous manner. In that case we can also split off
the fast time-dependence.in the potential ¢:

9="29(t, z, z)expliky(y—sat) J+cec..

As before, the complex amplitude ¢(¢,x,2) is in the
form of a superposition of the main wave and test waves
(satellites), where in the present case 5,= kg ; I'(1

+ B)/kirix. We then still have for the determination of
2 the same dispersion Eq. (31), with the only difference
that now

T, 1

m, kyte(1+8)

The regions of absorption in the case considered corre-
spond to &, given by the formula

T' ~ ikuo’udl’

ki —
*m, o kit

1 1
As=kyoa (145) ( o

Sl ket

) T+k:

(1+p)n (41)

Transfer to such 2, becomes possible at a level Wg:
., Ti(1+p)
RTLi

At Er2x ~1+ B this level is of the same order of mag-
nitude as the estimate (35).

m, @’
We=n,T — —
my

(42)

In the conditions of the magneto-pause (7,=10 cm™,
H=(4t05)x 10°* Oe, T, =300 eV, T, ~eV, x 7, =1/3),
Eq. (35) gives for the mean square of the electrical
field of the lower-hybrid oscillations the estimate ( E?)
~10%V2/m?. We note that satellite measurements per-
formed by Gurnett ef al.” indicate the existence in the
neighborhood of the magneto-pause of a maximum in
the spectrum of the electrical field oscillations at fre-
quencies close to the lower -hybrid one (f~30 to 50 Hz)
and the experimental value of ( E2) ~107® to 1077 V2/m?>.

Substituting the estimate obtained for W, into Eq. (20)
for v, we find that the effective collision frequency for
electrons caused by the current instability of the drift

oscillations is equal to
, 1 T,
A+p)" T.a** (43)

4. MAGNETIC FIELD RECONNECTION IN THE
FRONTAL PART OF THE MAGNETOSPHERE.
ESTIMATE OF THE MAGNETO-PAUSE

We have already noted in the Introduction that the re-
connection of the magnetic field lines in the frontal part

Vess= (1031) .I’(\)Ln (xr,_s)
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of the magnetosphere can be described in the framework
of the Parker-Sweet diffusion model.® In this model
one considers the reconnection as the result of the mu-
tual diffusion of oppositely oriented magnetic fields at
the boundary of the magnetosphere and the solar wind
(see Fig. 2). We then get for the width of the transi-
tion layer the following formula:
¢ [ Lvey\"
d= (——) .

O pe Va

(44)

In this formula L is the dimension of the inhomogeneity
along the transition layer of the magneto-sphere, i.e.,
a quantity of the order of 5 to 10 Earth’s radii, v, is
the Alfvén velocity.

Basic for the diffusion model is the determination of
the effective collision frequency v, in the transition
layer, It is most obvious to connect the anomalous re-
sistivity in the transition layer with the instability of
the short-wavelength drift oscillations considered
above. The reasons for this are the following: the
current velocity of the electrons in the layer is given by
Eq. (2'), i.e., it is above the threshold for the occur-
rence of the instability, the plasma in the boundary
layer is non-isothermal: T;>» T,, and, finally, the in-
stability considered is possible also for large values of
the parameter 3.

The instability is eliminated in the region of small
magnetic fields (neutral layer) where the condition that
the electrons be magnetized, w< wy, is violated.

Since w= const in the propagation in an inhomogeneous
plasma, we find, substituting w and H=H, xx, that the
size of the layer where there is no instability is I, =7, *
(the Larmor radius is evaluated for the maximum field
H,), i.e., it is appreciably less than the wavelengths in
the neutral layer region. The oscillations drift to the
region where there is no instability and are damped by
interaction with resonance ions. The damping length is

1 Uri vre 1

ldamp ~ >rp.,

Imk ~ (0] - Oy l_)(lrl.i
i.e., there is no appreciable damping in the neutral
layer region. Under those conditions the presence of a
neutral layer can in no way appreciably affect the mag-
nitude of the anomalous resistivity.

Substituting in Eq. (44) for the width of the magneto-
pause Vg, from (43) and assuming that the characteris-
tic length of the plasma inhomogeneity |%|™* is of the
order of the magneto-pause width d, we get a final for-
mula for d:

6 T, c s
M Lr ] . 45
[(1+B)”‘ T wpe ] (45)

H 2
| ‘[_F
. L FIG. 2.

1y
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In the conditions of the Earth’s magnetosphere d ~(2 to
3)x 10" ¢cm, which agrees with the observational re-
sults.
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Translated by D. ter Haar

Photon coalescence in a dispersive medium when
scattered by impurity centers without a change in its state

G. V. Vikhnina and S. |. Pekar

Semiconductor Institute, USSR Academy of Sciences
(Submitted 18 March 1979)
Zh. Eksp. Teor. Fiz. 78, 600608 (February 1980)

The probability of scattering multimode light by impurity centers, with absorption of an arbitrary number of
photons and production of a single photon (photon-coalescence probability) is calculated for an isotropic
medium with frequency dispersion but not with spatial dispersion of the dielectric constant in the
transparency region. It is shown that the probability depends not only on the total number of centers but also
on their distribution in space. The following cases are considered; 1) uniform concentration of the centers, 2)
specified coordinate dependence of the concentration, 3) center concentration randomly fluctuating in space.
The previously derived equations for the coalescence probability of two or three photons (uniform
concentration of the scattering centers) differ from those obtained in the present paper, which makes use of
consistent quantization of the field in a dispersive medium [S. I. Pekar, Sov. Phys. JETP 41, 430 (1975)].

PACS numbers: 42.10.Ke, 78.50. — w

Multiphoton processes in a dispersive medium must
be treated by quantizing the electromagnetic field in the
medium. This quantization was considered in a number
of papers on the basis of crystal microtheory.'® In
these papers they used not the complete system of the
crystal basis functions, but only its excitonic excita-
tions. The results of these papers are therefore valid
only in a narrow spectral region near the exciton reso-
nance. When photons coalesce, however, the frequency
of the light wave changes severalfold, and to analyze
the coalescence we must be able to quantize the field in

a wide spectral region. This is why the results of Refs.

1-3 are not used in the theory of photon coalescence,
and in particular in the present paper.
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The coalescence of photons (the generation of multiple
harmonics) on molecules of the host substance was pre-
viously considered a number of times (see, e.g., Refs.
4-8). In these studies the field was quantized in a wide
spectral interval, the light waves were considered
macroscopically, and the dielectric constant of the
crystal £(w) was introduced phenomenologically. The
field quantization, however, was not consistent: the
electromagnetic-field energy operator was postulated
in the form

E ﬁﬂ)kak+ak,
k

but the form of the operators a; and a, was not derived
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