beam. Verification of the presence of heating by direct ex-
periment is difficult.
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We formulate a mathematical criterion for the localization of-single-particle wave functions in a random
field. The localization is characterized by the appearance of singular terms in the expressions for the
correlation functions of various physical quantities as functions as the energy (independent of the
dimensionality of the problem). We propose for one-dimensional problems a method which, in principle,
allows one to evaluate directly correlators which contain products of several exact wave functions of
electrons in a random field, pertaining to different energies and taken at different points.

PACS numbers: 71.70.Ch

The present paper does not pretend to give new
physical results, but has as its aim the solution of some
methodological problems. We discuss in section 1 the
problem of particle localization in the random field of
randomly distributed defects and we propose a mathe-
matical formulation of a criterion for the localization
of the wave functions of eigenstates. The applicability
of the results of this section is not limited to the case
of one-dimensional problems. The criterion formulated
there refers equally well to two- and three-dimensional
cases.

The second part of the paper refers solely to a one-
dimensional conductor. It contains a general method
which allows us—at least in principle—to write down
and evaluate an arbitrary correlator of the product of
any number of exact wave functions with different en-
ergies of an electron in the random field of static de-
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fects, taken at different points in space.

The necessity to evaluate such correlators arises in
a whole set of problems, such as, for instance, the
determination of the temperature dependence of the
conductivity. It is well known that the localization of
electrons in the field of defects is complete in the sense
that all states with arbitrary energies are localized.!
The static conductivity therefore vanishes at zero tem-
perature. Mott and Twose? were the first to note this
fact and later on this result was obtained exactly by one
of the present authors.® At non-zero temperatures the
conductivity behaves like that of a semiconductor. The
finite magnitude of the conductivity is caused by jumps
of the electrons along the localized states due to in-
elastic interaction processes between them and the
thermal phonons or between themselves. This effect
was considered in Ref. 4 for the electron-phonon inter-
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action mechanism under well-defined, rather strong
assumptions about the temperature and the frequencies
of the phonons participating in the inelastic process,
and the diagram method of Ref. 3 was used. After-
wards the same result was obtained in Ref. 5 where, in
turn, a somewhat different method (an S-matrix meth-
od) was proposed for the corresponding calculations.

So far it is unclear how the electron-electron and the
other interactions affect the localization of the elec-
trons by the static defects. The difficulty is here first
and foremost a mathematical one. To study the role of
the interactions it is necessary to be able to evaluate
to any order of perturbation theory the matrix ele-
ments between the exact wave functions of the states
of the non-interacting particles. The existing meth-
ods*5 are too complicated to be used as a basis to
carry out this program. To a certain extent these dif-
ficulties reflect, of course, the complexity of the
problem. From our point of view, however, their
main defect is that the starting point of Refs. 3 and 5
is the approximation of free electrons in the absence
of impurities. As we see it, the basic point which is
characteristic only for localized electrons—the pres-
ence in the matrix elements of singular, 6-functionlike
terms in the energy—is, as a result of this, not ex-
plicitly visible and can appear in the answer only after
lengthy calculations. Therefore, a simplification of the
mathematical apparatus remains as before very de-
sirable.

In the present paper we develop a method which is,
from our point of view, most suitable for the mathe-
matical description of a one-dimensional problem. The
new method stems from Schmidt’s method® of calculat-
ing the number of zeroes of an electron wave function
which, as has already been shown in a number of
papers,’ is able to simplify the calculations con-
siderably.

1. LOCALIZATION CRITERION IN THE GENERAL
CASE

In this section we make a few simple remarks about
different possibilities of formulating mathematically
the localization of wave functions by static defects.
We remind ourselves that the electrons are assumed
to be non-interacting. This practically reduces the
problem to a single-particle one.

We introduce the simplest retarded density correla-
tor:

K(2)=¢ox, 1)—p(x), (0, 0—p(0)), >0, )

where the symbol (...)) implies averaging both over
a thermodynamic ensemble for a given realization of
the random potential and subsequently over different
configurations of that potential. Here

()= Y\ (@) (2) Vet

is the usual expression for the density operator in the
second-quantization representation in terms of the
wave functions ,(x) of the electron eigenstates with
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energies €,. (We take the functions in a finite volume
to be real.) An elementary evaluation of Eq. (1) gives

K@ =2( Y, expl=ter—e)thn(1=m) 5. 003,000 1) )

(68
where (...)y corresponds to the averaging over the
realizations of the random potential. We assume in
what follows that the latter is characterized by uni-
form correlation functions which are invariant under
the rotation and reflection group in the space of the
appropriate dimensionality d. This expression can be
written in the form

K(2)=2 [[dE doe~'ns (1—ns,.)
X LI E-e8E+o-e ) (e RO 1) ) . @)
Introducing the function

1
“’"”"'*"0”"7@)‘( );,la(E—e.)s(mw-e,')

X (1) Yo (£) 9 (0) 9 (0) ) (3)

[V(E is the density of states for a single spin at an en-
ergy E] we write the Fourier component of (2) with re-
spect to time in the form

K(r,e)=2i ‘“' v(E) n:(i—"lw;);(::giplﬂ (0) YdE dw ) (4)

The spectral density (3) has the following obvious
properties:
Jartor(®)prsa(0)Y=5(w),
g (®)
[ dotps()ps:a (0)=5(r), ‘
which for the spatial Fourier components {p Pz, (qQ))
means:
fdatpspase(a)d=1. ')

Moreover, one shows easily, by using the assumptions
made about the correlation functions of the random po-
tential that {pgzPg..(qQ)) = 0.

(pxpn.(q-o) Y=6(w),

It is now convenient to compare Eq. (1’) for K(x) and
the properties expressed by Eq. (5’). Starting from (1')
we see that there are present in it, in general, con-
stant terms with €,=¢,,, However, if the states are
delocalized, their wave functions are normalized to the
volume V and the corresponding contribution to (1) is
thus of the order ~1/V. The situation is different if the
states are localized. In that case the correlator K(x)
acquires a constant (i.e., independent of the time dif-
ference) term:

2( Lrt-mw 0w ) | ©)

which in terms of the spectral density is equivalent to
a term of the form A(q)d(w) in PgPg..(q)). The wave
functions are normalized to the localization length

(mean free path) and an estimate of the term (6) gives

~ (1/)* [ dEv (Eyns(1—ns).
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We put it that one of the possible criteria for locali-
zation may be formulated as follows. We introduce the
single-particle spectral densities:

pa(rx) = ) 8(E—e) 9 ()9 (x").

In the average of the product of »n quantities pg,(r, r’)
pertaining to energies E,,...,E, and arbitrary points
(r;, r;) there must be present 8-functionlike singulari-
ties corresponding to some of the energies E; being
equal. These energies correspond to localized
states.?

Turning to Eqs. (5') we see that they, in turn, also
express two possibilities. For the first of them, cor-
responding to the presence of localized states at an

energy E, the 8-functionlike term is retained for
finite q and for ¢# 0 we can write

Cpspase (@) 2 =A(9)6(0)+o: (g, 0), (7)
and for small ¢

€psprse (@) Y= (1—ag*) 8 (0) +4%: (w), ")

where according to (5')
a={o.(@)do. (")

Delocalization would correspond to a spreading out of
the 6-functionlike singularities in (5') at finite q. The
simplest variant corresponding to diffusive behavior
means that the width Aw of the singularity is quadratic

in q: Awx<gq?, We have
1 Dsq’
Cpspree (@) = (8)

It follows already from the possibility of such a
statement of the problem that the diffusive spreading
out of the singularity is just one particular case of the
behavior of PPz, (q)) for small q and there can be
many other possibilities for its dependence on w and q
which satisfy the normalization condition (5'), among
which there is also a singular behavior for small w
and q. We deduce hence that delocalization does not
necessarily imply a diffusive spreading out of the
packet.

Comparing (7’) and (6) [i.e., evaluating the Fourier
component of (6), the term ¢?] we get

= T2av (E) SaE ) < Z 8(E—e.) 9s* (r) %*(0) > ©)

(d is the dimensionality of the space). In other words,
a can be expressed in terms of the mean square vari-
ance of the dipole moment.

Similar to the single-particle spectral density of the
density-density correlator, we can introduce spectral
densities for the current-current and current-density
correlators. We can then use the equation of continuity
to establish the following relations between these quan-
tities:

Cisprea ()Y =Cpainsa(a)) =i",’— Corprsa (D),
(]u]u+»('I))) o (@)Y (6“.—7) +(ieinro ()Y q;qz. ,

(10)

(j,jp,., (QY=— «p,pm (@
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The response in the current of a many-particle system
to an external vector potential A, (r) is given by the
formula®

Jole,0) = = S0 A0+ [ dE o), @) DA ),

where the integrand contains the retarded commutator
of the current density operators. For the Fourier
components with repsect to momenta we get”

i(a, &) =—2¢ [ v(E)dE do[ns—nzia] @

Py ((PxPn- (9) YA ().

Using (8), letting q = 0 and substituting A, =E /ic we get
in the diffusive case for the conductivity the well known
expression:

0=2¢ (Ey)D.
In the localized case we have according to (7')
a(e) =2e*v(Er)e’p(€),

where?'? in the one-dimensional case

p1(e)eln® (eT).

Without using Eqs. (10) we can directly write down
the following expression for the conductivity in terms
of the wave functions of the system:

on(e)=8u0(e) = o [ { T 6(E-e)8(es—erte)

X (e, (00190, (1)) (e, () e (1)) ), (11)

(here 5{_, =—13/87;).

2. METHOD FOR EVALUATING AVERAGES OF
WAVEFUNCTIONS IN THE ONE-DIMENSIONAL
CASE

Equations (3), (6), (9), and (11) contain averages of
the product of several electron wave functions with dif-
ferent or the same energies and at different points in
space. It is possible to develop for the one-dimensional
case a method for evaluating such averages which looks
to us simpler and more general than the diagram meth-
od of one of the present authors® or the S-matrix
method.? The present section is devoted to an exposi-
tion and discussion of that method.

One can in the one-dimensional case juxtapose the
eigenvalue of the energy E, to the number of zeroes of
its wave function y,(x) that satisfies the Schrédinger
equation:

{—(&*/2mdz?) +U (z) } s (2) =E,$u().-

This fact was used by Schmidt® as the basis for the
evaluation of the single-particle density of states of a
linear chain with a random distribution. The con-
siderations given below are a further development of
this approach. Schmidt’s method® leading to the equa-
tions for a Markov process is valid for a potential

U(x) corresponding to a random set of short-range
potentials and can be formulated both for a random
Gaussian potential U(x) (so-called white noise) and also
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for a lattice in whose points defect atoms are ran-
domly dispersed and have a potential range less than
the size of the selected cell. In the Born approxima-
tion both procedures are absolutely equivalent, but
below we prefer to emphasize the lattice formulation,
bearing in mind possible generalizations. In conclusion
we give a derivation also for a white-noise kind of
potential.

We thus consider a lattice of points with cell size a,
while in each site there is a probability p that there is a
defect situated with a potential with a range which for
the sake of simplicity we assume to be negligibly small
compared to a, When p <1 this arrangement corres-
ponds, in particular, to a low impurity concentration
¢ =p/a. The phase ¢ of the wave function is given by
the relation

tg o==V'/ky, k=(2mE)"
and satisfies the equation
¢’ =k—(U(z)/k) sin® @g. (13)

In the figure we have depicted the lattice potential
where in agreement with the assumptions about the
character of the potential in the whole cell (j), except
at the lattice sites, the motion is free:

(14)

d
—@;(z)=k.

V() =A,(z) +B,(z) =R, sin ¢;(z) ; iz

The connection between the amplitudes of the traveling
waves {4;B,} and {A,,,B,,,} is determined by the scat-

tering by the potential located at the site j +1. For the
sake of argument, we shall match together all quanti-

ties A, B,, ¢, taken immediately to the right of the site
j, as shown by the arrow in the figure.’

One checks easily that for such a choice of the quan-
tities in the points j and j +1 the connection between the
coefficients A; and B; is given by the matrix

Apy_ 1 eitha=d), isinye=™ \ [ 4,
{Bm }_ cos Y { —isinye™, g-itha-® }{B,-} !
in which ¥ and 6 are characterized by the problem of
_the scattering by the defect atom (for the sake of sim-
plicity the potential is taken to be symmetrical under

x—~-x) where 6 is the advance in phase of the previous
wave and sin®y the reflection coefficient.

(15)

We have

Ryy=(R?/cos* y) [1 + sin® —2 sin y sin (2, +2ak—6) ], (16)
16
R{=(R,J\/cos* ) [1 + sin® y+2 sin | sin (2qy,,+6) ]

Urx)

<(Z) (];:I}
(7-Na  ja (j+1)a z
FIG. 1. Random potential U(x) as potential of defects which
are randomly positioned in lattice sites (lattice period a). The

arrows indicate the positions where all quantities in the cell j
and j+ 1 are matched.
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and
1 1—isin y exp[—i(2q,+2ka—06) ] 17)
=g tka—6+— ,
Bumortho—0-+igln T isin y oxpli 2ot 2ha—0) ]
1 1+isin y exp[—i (2. +6) ]
=@i1—ka+6+—1 { . !
Y= P e 2i . 1—isinyexp[i(2¢s1+6)] ). a7)

Equations (17) enable us to construct the phase ¢, as a
monotonically increasing or decreasing function,® de-
pending on whether we start the process from the left-
hand or the right-hand end point. We shall mark the
corresponding quantities with an index > or <,

We still need equations for the derivatives ¢> =d¢ >/
dkand {<=8¢</dk. From (17) we get, for example,

Qs ( gy
ok ok +")

cos®y
1+ sin® y—2 sin ¥y sin (2q,+2ka—8)

(18)

In correspondence with the definition of the phase® the
quantity ¢> is always positive.

We write
a(j|n)=RyR, (19)
and introduce as a definition
' }a‘(xlz;)da:— Z at(ilj)a. (20)
-L o<i<j

(The integral has here a symbolic meaning, but in what
follows we shall often change to a continual descrip-
tion.) Using (16) and (18) one checks easily that

S’
7= [o @lz)dz, (1)
as (20) satisfies Eq. (18) and the boundary condition
(8¢>/0k),_ _, =0. Inturn, we have similarly
€,<=—Ia‘(z|z,)dx-— 2 at(ilj)a. (21')
b I<i<N

In order not to encumber the paper with general
formulae we choose first, to begin to demonsrate the
idea of the method, the average of the electron Green
function:

(z) (")

. G, (z, z’)-ZLv——- (22)

ioa—ey
(here w,=(2n +1)71T; we denote the energy reckoned
from the level of the chemical potential by £,). We
write (22) in the form

P () Pv (')
i

0,—§ @27)

Ge, (z,2)= [t Y0 (6—e)

and, we choose, for instance, x <x’ in the mean value of the
spectral density.

@)= Lat-ern@n) ) . (23)

The eigenwave functions ¥,(x) in (22) are normalized
to unity:
jw(z) dz=1. (24)

If the case is quasi-classical, k/>1, one can write
that condition as
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—12- Z Rja=1.

I<i<N

(24')

Taking an arbitrary point j, we can rewrite (24') in
terms of the quantity a from (19):

1 L

5 B jnw(xlmdm, (25)
and the normalization constant R}  is then according

to (21) and (21’) equal to

2
> (o) —=(@o)

The presence of a 6-function in (23) expresses the
fact that the energy ¢ is the eigenvalue for a given con-
figuration of defects. The same fact can be represented
by the condition that the solutions for the phase, satis-
fying the boundary condition ¢|,; =¢,, from the left
@; and from the right ¢;, differ by an integer times 7
in any arbitrarily chosen point j, where we match the
solution, Taking therefore the phase in the range®
(- 7/2,7/2) we can write:

8(E—ev) =6(9s™—x=) [ (097/08) &
—(09</0%) u]=(1/0) 8 (@™ —1=) (5™ —Ls™)-

Ri=2 / f a*(alip) do= (26)

@7)

As a result Eq. (23), takes at the points x =3, x" =5’
linside the cell, (23) is determined by the free-motion
Eq. (14)], when we use (26), the form

(2/v) <8(s™—5=) sin @iz (j[jo) sin @;r0a(j’1fo) dv-

We write it in the form of an integral:
+x/2 dq)
2 | 2205090 (0w Isin (il sin gy (1) v
—x/2 o
Let, for instance, j,=j. We can then rewrite this
average also differently:
+x/2

<p;(é,z')>=-f— [{ dode’ <6 (e —g)sing

—-n/2

X8 (@—9=<(ili’, ")) ax (i’ 1) sin ¢'8 (¢'—s=) o (28)

In other words, since this is a Markov process, we
can perform the averaging in (28) over all defect con-
figurations separately over the sections — == L< J
<j'<L=+%, Accordingly we introduce the following

quantities:

we (@) mwy™ (9) =<8 (9r;—9)> (29)
the stationary phase distribution function, found going
from the left. The analogous quantity obtained by going
from the right is

we= (@) =<8 (p—5:) - (29)
The function for the transition from the point j’' to the
point j (from right to left) has the form

wy s (@,9") =< ('1) 8 (@—o:=(1i" ")) (30)
where the notation ¢<(jlj’, ¢’) indicates the result of
solving the equation for the phase (from the right to the
left) at the point j under the condition that the phase at
the point j' equalled ¢’'. Thus
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+%/2 .
{pe(z, z')>=—f—- j.j dode’w;> (9)sin gy s (¢, ¢’)sin Pw=(e), (31)
—-x/2
where one can use Schmidt’s method® to obtain easily
the equations for any of the probability functions which
occur here, connecting through the transformations
(16), (17) the neighboring points j and j +1. We thus
have, according to Schmidt,® for the stationary proba-
bility distribution function w(¢) the equation

W™ (@544) =(4—p) w™ (@s+.—ka)

+p0e> (@3(@541)) (40 @s14) /dps11) (32)

which expresses the fact that the site j +1 is unoccupied
with a probability 1 - p and occupied by a defect with a
probability p. Schmidt’s Eq. (32) is the basic one for
deriving all further formulae.

We also note that for the symmetrical defect chosen
by us Eq. (17) admits the substitution ¢ > ~- ¢ <. Since
(17) defines a function ¢ > which increases monotonical-
ly from left to right, and (17') a function ¢ which de-
creases monotonically from right to left, the stationary
phase probability distribution functions satisfy the con-
dition

we=(9) =we™ (—) =wi(—9). (33)
The generalization of the representation (31) to the case
of correlators of products of a large number of p.(x, x’)
and the proof that the result of the averaging is inde-
pendent of the choice of the point j, where we match the
solutions are given by us in the Appendix.

So far in our considerations we had no need to resort
to any simplifying assumptions regarding the potential,
bar the assumption that it has a short range. However,
we make here the following remark. Backward scat-
tering of the electrons is important for the localiza-
tion. At the same time the molecules in the experi-
mentally studied organic conductors are rather large.
The random potential then turns out to be relatively
smooth which diminishes the amplitude for the back-
ward scattering of an electron. (It is, of course, pos-
sible that for a number of substances a model in which
the impurities split the chain into almost isolated sec-
tions is more suitable, but this case requires special
considerations.) Starting here, therefore, and every-
where in what follows we use the Born approximation
Y<1.

The localization length

1=2a/py*=2/cy? (39)
will be assumed to be large compared to “atomic” dis-
tances (while ak~1) and also large compared to the
average distance between defects

I>z=alp. (35)
Using the fact that ¥ is small we simplify Eqs. (16),
n):

Rj\ =R [1+2y*—2q sin (2s+22k—9) ], (36)
Rj=R2,[1+2y*+2y sin (29,1, +6) ], (367)
V. L. Berezinskii and L. P. Gor'kov 1213



Ps+1=@;+ka—8— cos (29;+2ka—5),
@ =@;+.—ka+06+7 cos (2;,,+86).

(37
(37)

We have dropped in (36), (37) terms of the form
¥ sinm¢. From a formal point of view they are ac-
cording to (34) of the necessary (second) order of
magnitude in ¥ but in all equations below they would
occur with a fast-oscillating factor sinm¢ which drops
out unless we make special assumptions about the
magnitude of ka (to be more precise, require that &
and 27/a are commensurable). Indeed, in the vicinity
of an arbitrarily positioned Fermi level all probabili-
ties depend solely on differences in the energies and in
the phases corresponding to them and do not contain
in the main approximation a dependence on the phases
¢ ¢ themselves,

As an example we write down the equation which is
satisfied by the stationary distribution function of sev-
eral phases, w{¢; ,¢,..., ¢¢;). We derive this
equation by analogy with (32) and using Eq. (37). As in
(32) the Jacobian—a product of factors

Ao,/ dg; 1 =1—27 sin (2;,.+86)

occurs on the right-hand side. Retaining everywhere
only terms of order y? (the terms which are linear in

y contain fast-oscillating factors depending on one of
the phases) and rewriting w(¢¢,, ..., ¢¢,)=w(6;,..., §),
where 6, =¢,, - ¢, we get as a result of elementary
calculations

ow i
- 2 v,—aE:-+ E ——66—‘}[(1—-c0529,-)w]
al
+§'—— 1+ —6,)— — 08 26,) w]=0,
) 06;69.[( cos 2(8,—6,) — cos 20,— cos 20,) w]=0 (38)
i>k

where, inturn, v; =(k; - k,)! and ! is defined through
(34).

We did not manage to find the general solution of (38).
The limit v; >>1 denotes the statistical independence and
corresponds to a vanishing of the dependence on the
angle 6; of the function w(é,,..., 6;). Equation (38) has
asymptotic solutions for all v;>1.

Let us discuss in detail the case of two phases:
w(p,, ¢,)=w(6). For the sake of argument let v>0. In
that case

7] o, .
—va—ew(9)+25—e—;(sm 0w (0))=0. (39)
The first integral of Eq. (39) is
: —vw(6)+2~—(sm’ Bw(e))——-;- (39)

(the probability distribution function of the two phases
is normalized to unity). Equation (39) has a singu-
larity at 6=0.

The general form of the solution is:

w(0) =— exp(———;—ctge )fexp (-%—ctge')de'.

v
2 sin®0
For the final definition of it we must require the finite-
ness (integrability) of w(6) for 6=0 and impose the

1214 Sov. Phys. JETP 50(6), Dec. 1979

periodicity condition #{6+7)=u{6). [In other words,
when 0<0w(6)=u(6+7).] One checks easily that such
a solution is
w(6)=-——,-9-exp(——ctge)j exp (—ctge')de’ (40)

The asymptotic properties of the solution for v <1
follow at once from (40). In particular, one checks
easily that for small §~v we can expand (40) as fol-
lows

w(e)—iw.,( 8 )+wi( :)+

The main term (1/v)w(6/v) is then non-vanishing only
when 6>0:

oS onl)

and thus when 6<0 the first-order term is important:

(41)

“2)

-vIIOl

0 v dz
'”‘(T) 270 ° p( 2101 ) -‘ (43)
with an asymptotic behavior when | 6l /v>1
w, (0/v) ~—v/[2n°0 (43,)'

In applications one must often evaluate rather com-
plicated correlators of wave functions which occur in
different matrix elements. When writing down and
solving the appropriate equations it turns out to be
more convenient to look not for transition probabilities
of the kind w;,;(¢p, ¢') in Eq. (31) (see A.6) themselves,
but to use a somewhat different method which we now
explain, evaluating again by the proposed method the
frequency dependence of the conductivity due to static
defects.?

Substituting the expressions for the wave functions
(14) into (11) and retaining under the integral sign of
the correlator only slowly varying factors at the points
x and x’ we get

(rervt/2) [dz’ ( Za(g—e.)a(z. —ti—0)

sin 8(2) Ry (@) By (2)sin 8 )RV Re () )

where £ =£ +w, 6(x) =@, (¥) - ¢ . (x). As the average
depends only on | x - x’| let x<x’ and take the matching
point in x’. We rewrite the conductivity in the form
. - n/2
o(@)=4n'e’ [dR | dog(R,6)w(-6)sin®

0 -a/2

(44)

(the extra 7 is due to the integral over ¢). The function
g(R, 0) is thus

g(R, 8) =<sin 0(z) &y (z|2’) arsu(z]2") 6 (60 (2"))

X8 (p—@:™ (")), (45)

and we can write down an equation for it without intro-
ducing a transition probability, but connecting instead
of that directly its values in the points x; and x;,,
similarly to (32):

g(R+2,04,) = (1-P)g (R, Brosm o ) +PE(R, 0, B1v2)

X( Ry )( Ry ) d0; douy
RE'J+£‘ delu dqh,iﬁ ’

Ry 44
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Expanding this relation we find the equation (v=1w/
v =wT)

l—ﬁ;= —-v—+(1 ~cos 20)———+251n29——(1 —cos20)g.  (46)

We take its Laplace transform
£(0)= [dRg(R,8)e™.

We have
—1sin 8w (6) +A Ig.(8) =—vgy' (9)
+(1—cos 20) g1 (8) +2 sin 20z, (8) — (1—cos 20) £.(8).
We have used the boundary condition g(R =0, 6)
= w(6)sind which is obvious from (45). We have not
solved Eq. (46’) in its general form, However, for
small v small angles are important:

(46")

—0lw (8) =—vgy'+26°g,"+40g: ~Aigs. 46”)

The solution of (46”) can be expressed in terms of
Bessel functions.

To evaluate the conductivity (44) one requires only
Zx-o(6). We see that the main contribution to (44)
comes from the region v< |6l <1, To find the solution
we proceed as follows, On the one hand, in the small
angle region we easily solve Eq. (46”) (A=0):

g(e)=——{j'e' (9)[1—-exp (;,—%)]d6’+aexp(—-§%) +,¢},
8>0, 47)

101

=4 o[- (i

(We have taken solutions finite at 6=0; @ and » are in-
tegration constants.)

i)] dz+u} 0<0.

For large angles we can neglect the term with v. As
a result (46’) becomes

and can be integrated
gsin 6= o { (n—0)Insin 6+2 I In sin 9’d9'+c.e+cz}

One must match the expansion of this expression in the
region 6<1 and 7- < 7 with the asymptotic solution
(47) in the region 1>>| 6l > v using the fact that g(6)
=—g(m+6) when 6<0. This procedure enables us to
determine the constants c,, ¢,, @, and ». We write
down the main terms of the function g(6) in the region
v<|6l <1: '

(n/6)In(6/v); 6>0
Inl@l+1Inv; 6<0

Using them in (44) we find®

g(e)—-

6(0)=(IW/n)ln*v.

The answer is the same as the equations in Refs. 3,5
if we substitute for the localization length (34) 1=21_
(see Ref. 7) where I_ is the kinetic mean free path for
backward scattering.

Finally, Eq. (6) allows us to point out those changes
caused by a case important for localized states, when
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there are more than two wave functions with the same
energy in the averaged quantity:

F(z—2") =(§ 8 (E—ev) $e* (z) u* (') Do

(48)
Let the point of joining be x’ and let x’' >x. In agree-
ment with (26) and (27) we have for (48)
F(z—2')=(1/v)<6(¢> (")
== (@) a*(z|2) [£7 (&) —£=(2) IDv. (48")

We can proceed here in two ways. Firstly, we can
introduce a probability distribution function for the
phases and their derivatives simultaneously., For in-
stance, the stationary function corresponding to the in-
terval (-», x) is

we (g, §) =<6 (e—:™ (2))8(5:™ (z) ~L)>.

We can obtain an equation for it independently, but we
can also use Eq. (38) together with the definition

49)

L= hm (@e4en—s) /K.
For (49) we have

—z—wg(¢,;)+2—5§[c2w;(¢,t)1=0 (50)
It is, however, convenient to use in (48') the represen-
tation

R (z')=[t>(z')—L=(2)]"'= jdseXP(-3[§>(-’r’)—§<(I') D. (51)

There occur then under the integral sign in (48’) two
factors each of which can be averaged independently

o  n/2
F(z—z')= —J.ds j. dog(R, s, p) we(—,s). (52)

o -n/2
One obtains the equation for the function w (g, s)
= w(s) by taking the Laplace transform of (50)

—lsw(s) +25*(Fw (s) /ds%) =0, (53)

and the equation determining g (R, s, ¢)=g (R, s) is de-
rived, like (46), by using (18) in the Born approxima-
tion

Ciri=(E,Fa) {1+!/2y*+2y sin (2¢,+2ka—0)}. (54)
After simple calculations we find

1(8g/0R) =—Isg+2s*(9°g/ds®) +4s (88/0s) . (55)

The boundary condition for (55) is £ (R =0, s) = u(s).

The solutions of both (53) and (55) can be expressed in
terms of Bessel functions, but we shall not obtain these
formulae here (see Refs. 3,4).

In concluding this section we give a brief derwation
of the main equations for the case when the potential
U(x) represents Gaussian white noise with é-function
pair correlations.

For the energy range E =E, +¢&, where € =v(k~k,)
<«<E, it is convenient to introduce Y=y +§:

¥* (2) =0, exp (ki)

where we can neglect the e-dependence of v. The ap-
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proximate Schriédinger equation has the form

v(da./dz) ==xiea.Fila.+az exp (F2ik,z) 1U(z).
We introduce the amplitude a(x) and the phase ¢(x), for
instance, by the relation
a;(z) =a{z) exp (xip(z)).
One then gets easily equations for the new quantities:
v(da/dz) =—U(z) sin (2kez+29¢)a, (56)
v(dg/dz) =e—[1+cos (2kz+2¢) 1U(z). (57)

Assuming a(x) and ¢(x) to be slowly changing functions
it is convenient to write:
da

Vo = = 21U, ()T (@),

vg=e——Ua(1)—17 U, (z)e**— 71 U_(z)e*",
where we have introduced the notation
U,(z)=U(z), U.(z)=U(z) exp (+2ik.z). (58)

As before, we denote the solutions of the equations
for the phase with the boundary condition ¢(x,) =¢, for
x> x5 and x<x, by @ (xlx,, ¢,) and ¢ $(xlx,, ¢,), respec-
tively. We introduce again the factor

1 =
a(zlz')= —:z(%« = exp{— TI U (&) sin(2k.E+2¢ (&) )d&} ,

which describes the change in the amplitude when we go
from x’ to x. We have exactly:

ad(zlz”) @ (2”12") = au (z]2"),

d
— au(zl2) = —L[U+ (z)erio —

dz U-(z)e**9]a, (z]z"),

a.(zlz)

v_d. (zlz’)= (v, 2iol=) _ []_ (') g-2i0t=")
3 Qs (z')e (z')e 1.

To derive (26) we vary Eq. (57):
v(dbg/dz) =6e+2U (z) sin (2koz+2¢) 8.

Comparing this with the equation for a, (xlx') we find
for the two forms of the variation (6€ and §¢,):

(8/0k) @u (z! 2o, ‘Po)=_‘l a.’(z'|z)dz,
(0/060) e (| 2o, @o) =t~ (2] z0) .

In order to obtain the analog of Eqs. (32) we must
write down the Fokker-Planck equations for the inter-
val

I>Az>ko!
assuming that the correlation radius for the average
(U(x)U(x') is small compared to the mean free path [,
In the approximation k,/>1 the following moments of
(58) are nonvanishing:
1/1=(Azv?) ! jj U, (z+8)U_(z+E)> de dE’

Ax>E' S>>0

S 5 KU () U(0) > exp (2ik,t) dE,

1/l = (Azv?) - ” U_(z+8') U, (z+8) > dt dt’

Ax>E>E>0

(59)

— - 5 KU (E)U(0) > exp(—2ik.E)dE,

ly=(azh) (| <U°(z+§)U.,(:¢+§)>d§d§—v"j UE)U©0)> ds.

Ax>E S>>0
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If we assume that U(x)=U(-x) (in the sense that both
have the same probability distribution) then 1/I is real
and [=/*,

To derive the Fokker-Planck equations we must ac-
curately write down expressions for the increases up
to terms of second order in U(x). For the increase in

the phase A@(£) =@ (Ax +£) - @(£)(Ap =Amp +4,¢ +8,¢)
we have

Avp=(k—k,) Az,

t
8= [ 5 [ V() + 5 Vs (et ) expl2i0 @) ]

+ % U-(z+t ) exp[—2ip(E") l] ,
Ap(Az)= —%I A5’ [Uy (2 ) e — U_(z+8) e ]A0 ().

Using (59) we get

B (Reyo2 (it
< >kk°’ Az AW z-)’

+ (_1_ + _:—) 08 (20,—2¢s").

1 2
AP AQer) = —
Az Ag. A9 Ly ]

In the general case we must add to these formulae

L WE S P
Az’ 4\1 I

() (et

Aa. Ager 1,1 1
L2l N (42 sin2(9—ge) ae.
< Az > 2(1 z-)s‘“z(q’ er)

We take an average function F(,..
define

’ ‘pl:i(x), coe ) and

<F(...,tp.{(z),...)>=j]]:dw.‘w(...,tp.,,,--.;I)F(..-.q>.‘,...), (60)

i.e., we introduce a phase probability distribution
function (..., ¢,;,...;¥). Considering the change of
that average over the interval Ax we get by means of
the formulae given above

a oF q’e; 9*F
—67<F> = ZI< > ZI< 6cpz‘ ¢’iqp'_,r
oF
= 2‘:[@‘_ o) _7]<3q)q>
1 2 1 1 9*F
T Z'<[To- + (T + l_') cos2 (@, — q"k)] a9, 6¢gk>
and substituting Eq. (60) into the definitions of the
averages and integrating by parts we find immediately
an equation for the distribution function w(..., ¢,
LX)

2\ 0w
dw_ _ (k —ko— )
oz - V7] 0@,

_Za‘p, 9., ([z0 ( )“’52(""‘_"‘*)1 )

To obtain equations for more general transition func-
tions, in particular, ones which contain factors
a,(ylx) we can use the same method, substituting in-

stead of an arbitrary function F(..., ¢ ,(x),.. .) into
(60)

FrJfoF o,

where F is a new arbitrary function.

Aq;e‘Aq)t”r
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APPENDIX

Let there be an average of a product of several
pg,(x;, x;) which appears when we average a product
of several Green functions:

H(E,, cey Enlzyy o Zan) = <I‘I Pz, (4, 25) >U ,

lo=t

Aa.1)

where the coordinates of the wave functions may be
placed in order of increasing values: x,<x,

<+ <x,,. We assume that all £; are different. This
product then has the form

H (Eh...,énlz.,...,x")

= [Lo@ > 600 <Gan, Gelidsing, ) ) . (a2

We have chosen the joining point x,=j, arbitrarily so
that

—L=—0o<, <y . .., <<y Ty < ..., <Tpa<L=00, (A.3)
In (A.2) a(x;lj,) can be written as
o (zi|jo) =a (2| Ter 1) A (Zins | Ziva) - . . @(2m] o) (A.49)
in agreement with the sequence (A.3), if x;<j, and
a(z:)jo) =0 (zi[ Zies) & (Zims | Zim2) . . . @ (Zmis]fo)s (A.4")

if x;>jq.
We introduce the stationary probability distributions
w> and w*:

5 @uecro=([[s0 =90 .

1=t (A.5)

WS @y, Pu)= <ﬂ 8 (oi—9:, <) >U

L=t

and the generalized transition functions going from i
toi +1:

>(%) i RS N
Wi (@ @atles ,..n, 'P,.“)

= <f[ [ (‘sz—%f (zesloid, 20)) H 0‘;: (CNED] > ,

le=i

(A.8)

and similarly for the functions

<(®) LEXY

w(,«-n(qh‘, ey (Pn"(P:“ yeeey Pn ),

which determine the set of quantities o and phases in
the point x;<x;,, if the set of phases is given in the
point x;,,. The ¢ (xi.l¢i, %) and § (xl@i™, xi4y)
which occur in these definitions are, respectively, the
solutions of Eqs. (17) and (17') in the points x;., (x;)
under the condition that in the point x;(x;,,) the phase
equals ¢i(pi*!) for an energy £,. In the vector

8 ={sl, ...,S,} each component s, indicates the power
of the factor a;,(x;.,lx;) in the product II a:;(xilxiﬂ).
The vector s is determined by the coordinate distribu-
tion in (A.3) and by the writing down of the factors
ag,(x;ljo) in the ordered form (A.4) or (A.4"). The

1217 Sov. Phys. JETP 50(6), Dec. 1979

separate component s; can thus have the values 0, 1,
and 2. The rules for the construction of the average
are simple. It is clear that the intervals (==, x,)

and (x,,,*) are associated, respectively, with the
stationary probability distributions w’(¢p,,...,®,) and
w*(¢y,...,9,). Each interval (x,,x;,,) in (A.3) is as-
sociated with a transition function of the form (A.6),
w®), if x;<joand w*®, if x,>j,. Finally, each of the
y-functions in (A.1) gives not only a,(x;lj,), but, ac-
cording to (14), also a factor sing,(x;). The expres-
sion obtained must be integrated over all phases oc-
curring in it in the points x; and j,. The meaning and
advantage of such a representation of (A.1) lies in the
fact that it is divided into a product of factors, each of
which can, in agreement with the assumption about

the Markovian nature of the random process, be aver-
aged independently in the intervals (A.3). The functions
(A.5) and (A.6) satisfy, of course, equations with par-
tial derivatives.

In actual problems one does normally not use the
expressions for the transition probabilities as it is
easier to write down recurrence relations relating the
point j, to one of the coordinates occurring in (A.1).

For a proof that nothing depends on the choice of the
point j, we note that as long as the point j, lies in one
of the intervals (A.3), (A.4), the independence of the
results with respect to its position is determined ex-
clusively by the properties of the probability distribu-
tion:

>(s)

>(s)
Wi e (@7

n) ™+ mat - ml o .
R )_—_J.w,m,, (@™ el o @a")

w o, ;o om bt T
Xw:;‘:“(qh yeees @a’ e H,...,q;,.“)H dg,’.

e=1

If the point j, changes an interval of (A.3) we must use

for a proof of the independence the relations

W2 O (@i Py [P+ -y @) = WEED @1, - -2 @, | @13+ 2 @y (A7)
The verification of the latter statement consists in

the observation that 6-functions suchasd(¢’ - ¢>(x'| x,9))

express the fact that ¢ =¢<(x|x’, ¢') and therefore
8(¢'—9” (z'|z, 9)) =8(p—¢=(z|=’, ¢)) [09” ('| z, @) [d] .

Differentiating (17) and using the boundary condition
we find easily

39 (V' 1, @) [dp=ar 2 (¥'[i),

which proves (A.7).

We show in conclusion that the results are indepen-
dent of the choice of the intervals (0, 7) or (0,27). The
possibility to change from one interval to the other is
connected with the fact that when kz/>1 all stochastic
equations are invariant with respect to the transfor-
mation ¢, =~ ¢, £ 7 for each variable ¢, independently.
We show how one can use that fact through the example
of averaging a two-point expression of the kind

PIACHACHLIGS DB
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i.e., we shall consider Eq. (28), dropping the unim-
portant factor a(jlj’). The total expression for this
average is

Ay ==-[ dof dy'[8(07~9) +8 (@7 ~9—m) 11s(@)
-5(—9= (i, ¢)) f:(¢") 8 (@' —s=) v
>
Here (6(¢; ) — @) and (6(¢ — ¢ “(jlj’, ¢’))) are, re-
spectively, the probability distribution function and the

transition probability referring to the interval (0, 27).
We have

Ay = % | do | do’ <6(0~0) 1. (@)8(@—0=011",9)

+ (@ Hm)b (@ tn—g= (17", 9)) 11:(9) 8 (¥~ =)0
= 72,‘.[ do [ do’ <8 (97 —9) [£,(@)8(e—0=(/11",¢) /2 (@) 6 (¢'~0~)
+1,(@+m)8(@=g= (17", ) (@ +7) (¢ +5—g) Do

As was explained above

B (@5, — 9> = B(953, — ¢ — 1) = 2w (g),

where wz(w) is the probability distribution (29) refer-
ring to the interval (0, 7). If the functions f, and f, are
both even or odd with respect to the substitution

@~ @+ we get again Eq. (31).

When there are several energies we can perform the
indicated transformations independently for each varia-
ble ¢ ..

DHence it follows that in the averaged single-particle Green
functions there is no information about localization or delo-
calization. .

DWriting it down in terms of the spectral density means that
among all integrations the integration over E must be per-
formed last. In accordance with §37 of Ref. 8 we must then
drop the term with e?pA/m.

95ee the Appendix about the choice of interval.
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Kinetic phenomena in semiquantum liquids

A. F. Andreev and Yu. A. Kosevich

Institute of Physics Problems, USSR Academy of Sciences
(Submitted 14 July 1979)
Zh. Eksp. Teor. Fiz. 77, 2518-2523 (December 1979)

The temperature dependence of the viscosity and of the thermal conductivity of liquids is obtained in the
semiquantum region, i.e., below the Debye temperature but above the quantum degeneracy temperature.
The viscosity is inversely proportional and the thermal conductivity is proportional to the temperature.

PACS numbers: 67.20. + k, 66.60. + a, 51.10. +y

From the point of view of the symmetry of particle
arrangement, liquids do not differ from gases and are
on the average homogeneous and isotropic systems that
have no long-range order. In contrast to gases, how-
ever, they have a clearly pronounced short-wave
order, a substantial manifestation of which is the pres-
ence of the vibrational particle motion characteristic
of solids. Melting of a solid is accompanied by a rela-
tively small change of the density and therefore affects
relatively little the properties of short range order and
of the vibrational motion. In liquids, however, there
is a translational particle motion much more pro-
nounced than in solids. This motion, however, which
in fact is what destroys the long-range order, has
nothing in common with the free translational motion
of particles in gases. It is the result of individual acts
of jumping from one equilibrium position, about the
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particle had executed oscillatory motion, to a neigh-
boring vacant equilibrium position., It is of course
more accurate to speak of acts of the simultaneous
rearrangement of the configuration of the equilibrium
positions of a group of particles. Since any such re-
arrangement entails the surmounting of a potential
barrier, the characteristic frequency 1 /7 (7 is the
lifetime in the given equilibrium position) of the trans-
lational motion decreases very rapidly (exponentially)
when the interaction increases. In a strong-inter-
action system, such as a liquid, this frequency is much
lower than the characteristic frequency £ of the vibra-
tional motion of the particle about the equilibrium po-
sitions.

The described picture is the basis of the theory de-
veloped by Frenkel! for kinetic phenomena in ordinary
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