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The mean electromagnetic field in a medium with large random fluctuations of the permittivity is
considered. The problem of finding the mean field is equivalent to the determination of the effective
permittivity of such a medium. This latter has been sufficiently well studied in the case of weak
fluctuations, i.e., at 0,/<e)<€1(0, = <€ — (eD)*>!/? and (¢) is the mean permittivity of the medium.

The limiting case {e)>—0 corresponding to the case of large relative fluctuations, is studied. As an
illustration, we have considered the problem of the effective permittivity of a cold plasma with

fluctuations of the electron density.

PACS numbers: 77.20. +y, 52.25.Mq
1. INTRODUCTION

One of the fundamental problems of electrodynamics
of randomly inhomogeneous media is the problem of
finding the regular component (mean value) of the field
of sources immersed in such a medium. In linear
electrodynamics, this problem reduces to the calcu-
lation of the effective permittivity of the random medi-
um. This permittivity of a randomly inhomogeneous
medium is determined from the relation between the
mean values of the electric field and the induction:

D>=2KEp. (1)
Averaging is carried out over the ensemble of realiza-

tions of the random medium.

In an unbounded statistically homogeneous and an

ae

isotropic medium, the operator s,}‘ for harmonic fields
(e*“?) is a linear integral operator with a difference
kernel:

Dy (r)>= j et (r—r,) <E,(r,) ddr,. (2)

The Fourier transform of the kernel £{}(r, w)

(224

€ (ﬁ)‘k)=j e4(r, @)™ dr 3)
has the form

e:;"((.),k)-=(6q—%l-ci) z"(m,k)+-’fif—'a'(m,k). (4)
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The problem of the calculation of &f5f(w, #) was con-
sidered earlier in the theory of permittivity of gases!’?
and the electrostatics of mixtures.*3 Similar prob-
lems are widely discussed at the present time in the
theory of percolation and phase transitions.*5 In the
theory of wave propagation in randomly inhomogeneous
media, the effective permittivity has been considered
in Refs. 6 and 7. In particular, for the case of a weakly
inhomogeneous dielectric (0%/€} <1, o#={(e- &)?,

(g) =&, £(r) = gy + Ae(r)) formulas were obtained in

Ref. 17 for £**'(w, 0) (without account of spatial dis-
persion due to the inhomogeneity of the medium). More
general expressions for £**'(w, k) were obtained in
Refs. 8 and 9 by the self-consistent field method. In
particular, the case of large fluctuations (02/}>1)
was considered in Ref. 9. This case is physically very
interesting, since it describes real situations that
arise in the electrodynamics of strongly inhomogeneous
mixtures and so on. In particular, an important ex-
ample is an inhomogeneous plasma with macroscopic
fluctuations of the electron density in which gy(w) —0
and 0¢/gy ~ < at the Langmuir frequency.

The following approximate expression was obtained
earlier® for an inhomogeneous cold plasma:

e"*(@, k=0) =0,56¢, (0)+0.5icx/<N?, (5)

where 0% =(aN?) is the variance of the electron density
fluctuations, which is assumed to be small (o,/(N)
«1);

go(0) =1—a/0?, o=4neXN)/m.
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Equation (5) was obtained at gy <<0y/(N) (at frequen-
cies close to the Langmuir frequency). It correctly
reflects the physical picture of the behavior of the
average field at resonance frequencies. The imaginary
part of £°!f(w) describes in the given case the process
of transformation of the energy of the regular (average)
component of the field into the energy of the random
plasma oscillations (the dispersion equation of which
has the form gy(w) =0 in a cold plasma).

Far from the Langmuir frequency, the role of scat-
tering in the plasma oscillations is small and the
imaginary part of s‘,’}’(w k) is determined by processes

of scattering into electromagnetic waves, ’

Equation (5) was obtained by the self-consistent field
method. It is known that the latter gives the approxi-
mate value of the quasistatic permittivity &***(w, 2=0)
(or the effective conductivity), agreeing rather well
with the experimental data in one-dimensional and two-
dimensional inhomogeneous media. For three-dimen-
sional inhomogeneities, some divergence from experi-
ment is noted.* The situation is made worse by the
fact that it is theoretically very difficult to estimate
the degree of inaccuracy of Eq. (5) and to corroborate
the self-consistent field method.

In the present work, we have obtained the value of
&}§ (w, k) of an arbitrary randomly inhomogeneous
medium at g (w) -0 by means of a different method.
As an illustration, we consider a cold plasma with
fluctuations of the electron density and find &fj* (wo, k)
at the Langmuir frequency w,.

2. FUNDAMENTAL RELATIONS

We write down the vector wave equation in an arbi-
trary randomly inhomogeneous medium (E~ ¢*“t);

TE | ke(or)E= —4—"3’- io (6)

A=

where j; is the current density of outside regular
sources immersed in an inhomogeneous medium with
dielectric permittivity £(w, r) = gy(w) + £(r, w) (g4(w)
=(e(r, w)), £(r,w) is a random function of the point.
We shall assume the random field to be statistically
homogeneous and isotropic. We also represent the
electric field E, in the form of the sum of the mean
(E?) and scattered (e,) fields:

Eo=(E)+em=Ed+e. (7

Averaging is carried out over the ensemble of reahza-
tions of the random field £(r, w).

We substitute (7) in Eq. (6) and carry out the av-
eraging:
PEp

AE -
! OI( 01,

R B G = — @®)

We subtract this equation from (6):

. _ _ .
Bei—— 3:, + kilesei=—kPEE kit (Ber—CEes)). ©)

The resultant equation is of course not closed relative
to the random field e; but this is not required for us to
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find €***(w, k). It is only sufficient to express the scat-
tered field in terms of the field E}, considering the
latter as an external source.

For what follows, it is convenient to write (9) in the
form of an integral equation

ei=—k’ IG-'Jo (r—r,) & (r,) E,° (x,) dr—ko* _‘. Gy’ (r—r,) (Ee;—<%ep)dr,,
(10)

1 9* exp (ikeo'r)
G (r) =—
o' (X) (6”+ koe, 0z, 0:;) 4r (1)
The merit of representing the singular Green’s func-
tion G?,(r, 7;) in the form of the sum of two singular
functions (isolating the singularity associated with the

6 function) was noted in the work of Finkel’berg:®

1
Gy (x, 1) = m 848 (x—r)+G " (r,x,), (12)
Gy (r, 1) =PVG;'(r, 1),
where the symbol PV indicates integration in the sense

of the principal value. The function Gf’} does not contain
the & singularity.

Substituting (12) in Eq. (10), we obtain the equation

E-f:,’:e >+ J Gy (r, 1) E(r) £ (r,) dr,

§(r) fy(x,) E(r.) fy(x0)
E(r)+3eo —< E(r,)+3e, >] dry,

1
fc=—'§-§[’:'x°

+3e, j Gy(r,1)

(13)

where G;;=- K G}, f=e,(1+£/3g). We have trans-
formed to a new variable f;, the mean value of which
also represents a quantity of interest to us. In fact,
by definition,

(D= B (e By me B+ (Ee, (14)
(Eed=3eo(f0). (15)
We note that the following important relations hold:

Gy=<&f/ (E+3e0)>, <fd/ (E+3e0)>=0. (16)

The second of these relations is a consequence of the
first, while the first follows from (13).

We now proceed in the following fashion. We multiply
Eq. (13) by (£ +3¢&)™" and average. With account of
(16), we get

1)
Besadfo=BES—3eo [ Gulr,n) < g(f)(:rse. >E’

. §(r) fi(r0)
—9¢, jcij(rv r) [< (& (1) +3e0) (& (r) +3¢0)

~at(e)>|dr, (17

where

«=( g—:ae_> P=( gfseo> e

€9 = g(w) +40 is the limiting value of the mean permit-
tivity of the equilibrium medium at vanishingly small
absorption. The corresponding limiting transition de-
termines the circuiting rule in calculation of quantities
of the type a.

The expression (17) can be transformed to the form

Yu. A. Ryzhov 1047



Sewdfiy=BE"+ [ Gu(r,r) Ru(r, 1) Ef (v} dr,
Efn fn
—3ef Gt [( ) 6750 ) +<g+‘3§.> ~at] dn.

where

(18)

Gi=3e,Gy. E=E(r) E=E(r.), fu=fi(r)),
R, (rv h) ="<§1/ (E+3€o) >.

3. EFFECTIVE PERMITTIVITY OF RANDOMLY
INHOMOGENEOUS MEDIA AS ¢, (w) = 0

In a plasma or plasma-like media, the average per-
mittivity can vanish at a fixed frequency w,. As has
already been pointed out above, the plasma oscillations
that develop in the scattering process determine the
principal part of the energy losses of an arbitrary
regular electromagnetic field. A statistical transfor-
mation of the mean field energy into the energy of ran-
dom plasma oscillations (or waves) results. The closer
the frequency of the field is to the resonance frequency
of the plasma, the more significant is the contribution
of the scattering processes to the plasma mode. The
contribution of the scattering to the electromagnetic
wave can be neglected in this case.

In order to understand the results of the limiting
transition gy(w) — 0 in Eq. (18), we note that the quan-
tity (te;) =3¢y f,) is finite as gy~ 0. This follows
from the results obtained by the effective field method
(see (5) 1). If lim(te;)=F,; as gy— 0, we then have the
following expansion for (f,) near the point gy=0:

{fd>=F/3eotcotecient... . (19)

We now consider the moment
B, (r, 1) =<&f/ (E+3e,) (B, +3e0) . (20)

By virtue of the second of the relations (16), which is
an expression for the condition {(¢;,)=0, we have

lim B, (r, r,) =0, &,~0.

It is somewhat more complicated to treat with the
moment

B.(r, 1,) =<fy/ (t+3e,)>. (21)

The function B, can be regarded as the correlation func-
tions of the processes f,(r) and (£ +3gy)™!. The process
f, depends on the scattered field, the correlation of
which with ¢ at the given point cannot be propagated
over distances exceeding the quantity

L=vyg,,

where 7 is the characteristic time of exchange of reali-
zations of the field £(r), and v is the group velocity

of electromagnetic waves in the medium, determining
the rate of rearrangement of the structure of the scat-
tered field upon exchange of the realizations. For a
plasma,

L=cel'x,
where c is the speed of light.

Thus, as g —~ 0, we have L —0 and the fields f; and
(£ +3¢,)"! depend statistically on one another only in
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the immediate vicinity of the argument [r=r,|. But
the Green’s function G(r, ry) in the integrals (18) in-
cludes by definition the immediate vicinity of the point
7 (integration in the sense of principal value). We then
come to the conclusion that in the region that is impor-
tant for the integration,

B, (r, r) =alfu> (22)
and consequently,

I
E+3e,

lim 360J' G [ >—a<j,-.)] dr,=0, for g,~0. (23)

We introduce the following notation:

lim G.‘j=cuay lim A=0o,
lim R, (r, r,) =—(&,/E>=R(r, r,) =R(r—r,) (24)
for e,—~0.

Carrying out the limiting transition g, — 0, we obtain
(with account of (23) and (24)), the relation

Fim B+ [ G r) RO RIES (1) dr, (25)
o o

which represents the desired linear connection between
the vector (D,) =(te,) and the mean field Ej.

The expression for &3} (w, k) at the frequency wy,
which follows from (25) and which is a root of the equa-
tion g(w)=0:

. 1 1
8«;’ (0)0, k)‘—’—&u +—Lu((°a, k), (26)
[0 7} Qo

Ly={ G/ R (x) e~ dx. (27)

We consider the special case in which £ is the normal
process:

a=(2n0e) "1, (3e./0.), a,=—i(n/2)"a,,

R (r—1) =—0, XEED>=R(r—1,), 0.=(ED, (28)
1,(z)= J' M, Im z>0.

I u—z

Substituting (28) in (26), we get the following expres-
sion for the effective permittivity under the assumption
of the isotropicity of the fluctuations &:

. kk, kk,
e‘!” (“,1 k) = (5“ - %) 87!! (("0, k) + .I:—“. e:ﬂ (“’51 k) ’

ea17 (@0, k) =i(2/n) %0, [1—3¢(p) ],

1 (29)
o1 (00, k) =i(2/n)"0,[1+64(p) ],

g(p)= (%)% I—i— I'(z)J.,(pz) (p2)* dz,

J5/2(x) is the Bessel function, p=#l, I'(x) is the dimen-
sionless, normalized correlation function of the fluc-
tuations ¢€:

B (r) =<E(p+r)E(p) >=0.'T (r/]).

The function q(p) increases from 0 (at p =0) to the
value ¢(»°)=1/3. The latter value is obtained asym-
ptotically. Near p =0, the function g(p) increases
slowly and g(p) <1 at p <1, while at p <1 we can use
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the first term of the expansion in p:
q(p)%%m’#-.; a‘=jr(z)zdz~1. (30)
o

Using the formulas (29) and (30), we can find the ab-
sorption coefficients of the regular monochromatic
plane waves at w=w, in a plasma with fluctuations of
the electron density. Calculation shows that at the res-
onance frequency, the longitudinal waves are damped
according to the law ¢~"/? and the electromagnetic
waves (at klo!/2<«< 1), are damped like e””, where

= (2) ko0, (31)

It is useful to give the results, which are easily ob-
tained from (29), for &!,,(wg, #=0) in the case of the
Cauchy probability density distribution

1 oc
W(i)-?m- (32)
The fact is that an exact value of the quasielectrostatic
! . for this distribution has been obtained in the work

Eeef
of Abramovich.! At k=0 we have, from (29),

Ears (@0, k=0) =1/czo. ' @33)
Finding a, with the help of (32), we get

B,l” ((lh, k-‘o) =]g, - (34)

—the value found by Abramovich.!?

The author expresses his gratitude to V. I. Tararskil
for significant remarks.
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Neodymium laser with a mirror plasma-optical Q-switch
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The use of laser radiation self-action in a plasma to develop plasma-optical elements for laser resonators
is considered. Experiments with a neodymium laser show that a resonator plasma can simultaneously act
as a resonator mirror, a laser Q-switch, and a nonlinear element for mode locking during giant pulse
generation. The generation kinetics of a neodymium laser is investigated in detail. The possibility in

principle of controlling the generation regime and varying the radiation characteristics over a broad range
is demonstrated. A mean radiation power P =~1-10 GW is attained in a train of nanosecond radiation

spikes; the power density at the plasma mirror is estimated at I =~10"°~10"* W/cm’. There are indications
that self-focusing of the radiation occurs at the plasma mirror. One manifestation of this is the selection

of transverse modes in the laser resonator.

PACS numbers: 42.55.Px, 42.60.Da

1. INTERRELATED GENERATION OF HIGH-POWER
LASER RADIATION AND OF A REFLECTING
RESONATOR PLASMA

A new physical effect, the generation of high-power
laser pulses in a resonator with plasma mirror and in-
terrelated with high-temperature heating of the plasma
mirror was reported earlier.! In the reported experi-
ments the laser plasma produced in a gas or solid tar-
get produced in the focus of a lens performs two func-
tions. First, it is the mirror of the resonator (reso-
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nator plasma) and produces positive feedback for the
development of the lasing. The strong nonlinear in-
crease of the plasma reflection in the course of the
growth of the lasing amplitude ensures rapid switching-
on of the @ of a resonator with such a plasma mirror
and generation of giant laser pulses. In other words,
during the course of generation the dense reflecting
plasma serves as a mirror laser @-switch. Second,
the plasma mirror of the resonator serves also as a
target for the laser radiation, whose absorption pro-
duces in the target a high temperature and a near-criti-
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