2. At a fixed frequency of the wave, the relaxation
frequency v increases with rising temperature and may
turn out to be of the order of w. Then the contribution
(3.5) to the oscillating part of the impedance decreases
much faster than (3.3). Consequently in the region

o3y Y

o)'—v>( AT )I'—(Zk.vﬂ)"'. 0~V (4.2)

the CR manifest itself in the form of the damped har-
monic oscillations from (3. 3):

[T N

osc kR \*? 2 N
82 = () 2O 0-0)

Xexp {—%+ 2ni (%—%g+%)} .

(4.3)

3. On going to the low-frequency region, where v>w,
the delay effect ceases to play any role, as a result of
which the amplitude of the CR oscillations increases
sharply. In the limit

v—0> (2k,wQ)" 4.4)

the oscillating part of the impedance does not depend on
the parameter A and is determined, according to (3.9)
by

2 — cos(nz,/3)

AZow(H)= -

3°6m 1Z(0) |eXp{—-%v-+2m' (_(’_’_4._1_)} .

Q 3
4.5)
The foregoing results were obtained for a quadratic
and isotropic dispersion law. They can be easily gen-

eralized, however, to include the case of an arbitrary
Fermi surface, in analogy with what was done earlier
in Ref. 2.

In conclusion, we are greatful to V. A. Yampol’ski;
for interest in the work and for useful discussions.
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New approach to the theory of the dielectric constant of

a system of interacting electrons
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An exact formula is obtained for the correction, which depends on the wave vector and on the frequency
and must be introduced into the dielectric constant of a homogeneous system of interacting electrons to
account for the local field G(q,0). The simplest approximation for the exact result for G(q,0), which
takes into account both two-particle and three-particle exchange-correlation effects, is considered. A table
is presented of the numerical values of the approximate correction for the local field in the static limit

w=0.

PACS numbers: 05.30.Fk

1. INTRODUCTION

A homogeneous system of N interacting electrons
that move in a volume  against the background of a
uniformly distributed neutralizing postive charge was
considered in physics more than 40 years ago' as the
simplest model of the metallic state of matter. Cor-
responding to such a state is a Hamiltonian
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pf 1 ;
7=} E”—L+7§; v(@) ; explig (st ], (1)

where p; and r; are respectively the momentum opera-
tor and the coordinate of the j-th electron, and

4net/q*Q,
v@={"

is the Fourier component of the electron-electron

g70,
q=0
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interaction, determined with account taken of the fact
that the system as a whole is electrically neutral.
Despite the considerable progress reached in the qua-
litive understanding of the general properties that
such a system should possess at various densities
N/, no unambiguous answers have been obtained so
far to many important questions concerning the details
of its behavior precisely in the range of densities ty-
pical of conduction electrons in real metals (see, e.g.,
the review?). The key to the answers to most of the
unanswered questions might be a reliable practical
formula for the dielectric constant £(q, w), which de-
pends on the wave vector and on the frequency and char-
terizes the linear response of the system to an exter-
nal perturbation in the form

V)= Y [2Vula, m)’z expliqr)exp(—i(atie)y).  (2)

It is known that to solve this fundamental physical
problem use was made of a great variety of theore-
tical methods, the usual starting point of the calcu-
lations being the exact formula for the dielectric
function

61 (g, 0) =1 —-0(@) [ dre =+ Ina, 1), m* (@,0) 1,
) ®)

where

n(q)= 2 exp (—iqr))
i

is the Fourier component of the electron-number
density operator, and the quantity
{[n(q, t),n*(@,0)) is the statistical mean value of the
commutator of the operators n(q) and n*(q) in the
Heisenberg representation. Equation (3) can be easily
obtained in first-order perturbation theory and
essentially is a formal expression of €(q, w) in terms
of the exact eigenfunctions and eigenvalues of the mul-
tielectron Hamiltonian (1). The latter do not lend
themselves to direct calculation at typical metallic
densities, when the contribution from the potential
energy of the electron interaction in the Hamiltonian
(1) turns out to be comparable with the contribution
from their kinetic energy. Consequently the approach
based on Eq. (3) frequently does not make it possible
to estimate the accuracy of the approximations that
must be inevitably introduced into the theory at some
intermediate stage of the calculation of €(q, w).

In present paper is proposed a better method of calcu-
lating the dielectric function; it yields for e(q, w) an
exact formula that does not contain explicitly the eigen-
values of the Hamiltonian (1) and connects £(q, w) direct-
ly with the mean values of the products of the electron
creation and annihilation operators, in the form
{*c’c’ccc), taken at one and the same instant of time.
These mean values can be approximately estimated by
expressing them in terms of the occupation numbers of
the single-electron states, as a result of which we ob-
tain for €(q, w) a formula that is perfectly suitable for
practical calculation. There is also a realistic pos-
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sibility of systematically improving the indicated simp-
lest approximation for £(q, w).

2. EQUATION FOR PERTURBED SINGLE-PARTICLE
STATES

We denote by |a@) and E, the eigenfunction and the cor-
responding eigenvalues of the energy of the Hamiltonian
(1). In the general case the eigenfunction of a system of
interacting fermions can be formally expressed as a
linear superposition of an infinite number of Slater
determinants constructed on some orthonormal basis
of single-particle states #{® (r,t). Here ¢ is the spin
coordinate of the electron, and k and ¢ are respectively
the orbital and spin quantum numbers.

In the presence of an external perturbation the
system of interacting electrons is described by wave
functions ¥(t) determined by the Schrédinger equation

AL0
m at

=[H+Vau(t) 1Y (2). . @

The external perturbation (2) is adiabatically turned
on with a time constant 6 - +0, therefore the solutions
of Eq. (4) at ¢ — = should go over into the stationary
states | a) exp(- iE,t/K) of the Hamiltonian H. This
makes it possible to classify the wave functions ¥()
with the aid of the index a.

We seek solutions of (4) in the form

W, (t) =|a(t)) exp (—iEat/h), (5)
where the wave function |a(t)) is obtained from the
exact eigenstate ]a) of the Hamiltonian H by replacing
the corresponding basis 3 {°Xx) by some new orthor-
normal basis ¥, (x, ) of single-particle states (here
x=r,t). In other words, assuming that the wave func-
tions |a(t)) and |a) have the same set of occupation
numbers of the single-electron states, but are
constructed with the aid of different bases. At

t= - we should obviously, have §,,(x, - =)=y (x).
This requirement ensures satisfaction of the initial
condition Ia(—w))= | ).

The problem now consists of finding the equation that
must be rigorously satisfied by the perturbed single-
particle states ¥,,(x,¢). To this end we write down the
multielectron wave function ¥,(¢) in the form
¥ (%, X5, X3, . . . , Xy, ), multiply the Schradinger equation
from the left by ¥%(#), and then integrate with respect
to the coordinates ry, r3, ..., ry and sum over the spin
variables. We write down this operation arbitrarily in
the form

<‘P.(t) | in 6% | W, () >x=(a(t) LA+ eee(8) lu(8) D0 (6)

which constitutes implicitly the sought equation for
‘pkq(x,t)'

We now consider the left- and right-hand sides of (6)
separately. Changing over to the second-quantization
operation, we obtain for the left-hand side
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(w0 ,m%l v =

+ %‘Z \bp,' (x, t) W (a(t) |cu+cn|a(t) N

BN (5, D0 0 Leerele (1))

(m
+ ~ Z ‘pr-m (%, ) Yoo (%, £) <\le I AL

{kpo}

X< (t) | estolmatrmtrala ().

The first term stems here from the differentiation of
the exponential factor in (5) with respect to time, while
the two remaining ones are due to direct differentiation
of the wave function la(t)). We note that by virtue of
the definitions of the states | @(¢)) and |a) we can not
distinguish between them when we calculate in (7) the
matrix elements of the products of the electron crea-
tion and annijhilation operators c,,’ and c¢,,. Thus, for
example,

Cau(t) lepoexol () Y=Calepetcxolad=nre Sps
where z (i) are the exact occupation numbers of the
single-electron states in the eigenstate |a) of the sys-
tem of interacting electrons.

As to the right-hand side of (6), it contains in es-
sence the complete Hamiltonian of the system, aver-
aged over the exact perturbed wave function under the
additional condition that at the instant of time ¢ there
is present in the system and electron with spatial and
spin coordinated x= r, £. In this averaging it is con-~
venient to break up the Hamiltonian into a sum of the
following contributions

H+v,,,,(t>——+2, L2 +Z‘_, v(q)e‘«'z exp(~iqr)

=2

=Y Y expliaeor] )
q EL M (8

Gi"=2,...,N)

+ Z I ——V.exi(q, ©) exp[ —i(w+id) ] [ exp (iqr) +2 exp(iqr,)] .

=2

As a result, Eq. (6) takes the following explicit form

a g lt
e ok e )40 Ko WIRt
ko

+zh2, Vpias (X, £) Prooy (X, t)<‘Pm.| 0\l>u..1.>

{kpo}

@) P
x<alc;¢.c;o.chu.chu.la>=2, ke Yao' (%, ) 5o (%, 1)

ko

+ Z\p;.,. (%, £) Proo, (X, £) < Vpan I-—;%, |p.,,,> (@ CoiCrrasChaoiCiias| @)

{kpo)

+ 30 (@) i, (%, 2) ¥ (%, 1) ol e )

(kpgo)

1 )
X <alcpacracrotralad+ - Z (@) Pro (X, £) i (X, )

{kpgqo}

: ; + o+ +
X <¢m' e'v| Prsor? “bp;u;' e~iv| Pror? @l Cp0,Cp10:Cpsa:Crs0:ChsaiCieicy lad>

d(l) a)
DM B A e P W WL
q ko

+ 3 b (6,2 B (%, ) Pl ¥ <t cprnCrnOrsncrial 0 ] .

{kpo)
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The terms in the right-hand side of (9) are the result
of successive averaging of each of the separated con-
tributions in the Hamiltonian (8).

We are interested in the linear response of the sys-
tem to an external perturbation, so that it suffices to
obtain solutions of the integro-differential equation (9)
accurate to terms of first order in V,,,. Since this
equation is cumbersome, the task seems at first glance
very complicated, but it will be shown in the next

section that the problem has a very simple solution.

3. EXACT FORMULA FOR THE DIELECTRIC-
FUNCTION CORRECTION FOR THE LOCAL FIELD

Since the total Hamiltonian does not depend on the
spins of the individual particles, it is natural to choose
the sought single-electron states in the form of prod-
ucts of orbital and spin wave functions

Yo (X, 1) =Pk (T, 2) %o () -
The presence of the spin functions x,(¢) as factors has
no effect whatever on the values of the single-particle
matrix elements in Eq. (9), so that we shall take the
wave functions ,(x, t) in this equation to mean simply
their orbital parts ¢,(r,). As to the unperturbed sing-
le-electron states $(”(r), we identify them for sim-
plicity with ordinary plane waves:

1pkm (r)=e™/VQ.

We seek the solutions of (9) in the form

. do V.,,(q, m)eiqre—i(o-{-id)(
1) = [1+ . ]
b=t (1) ;". 21t Ao—Mepqtntid

(10)

Here 7, = #i°k®/2m, and V ,(q, w) is the Fourier com-
ponent of the effective interaction of the electron with
the external charge. This component is to be deter-
mined, and is of the same order of smallness as
V..(q, w) and, just as the latter, it possesses the prop-
erty V*(q, w) = V(-q, ~w).

Substituting (10) in (9) we arrive after fundamentally

straightforward but technically quite cumbersome
algebraic transformation at the following equation for

Sa(a) V,,, (4, ©) =82 (0) [Vext (g, 0) +2 (@)% (4, ©) Vers (g, @) ]
1
Vi) [ Y, Y00 (o

ko pwq

i - ) <ol ck 4 qpott (@) 7o (—P) Crol > (11)

- RO—TNxiq-ptNe—ptid

1 1 ) N
- (alextA(q)c ,la.)].
to(@ ‘;l ( Ao—nxpqtmtid  Ro—nutnu_otid Al

Here S,(q) is the static structure factor of the system
in the state Ia): -

1 .
Sa(q)=1 +—N— 2 @l - qoCh 4qo"Ci’orCrol @Y (12)
kk'gs’
by x'%’(q,w) we denote the function
(=) (@)
Rk —Rk4q
[y =2

(q @) Zl hm—m"+n.+16 (13)

which goes over into the known Lindhard function? if
the exact occupation numbers n, are replaced by the
usual Fermi steps f;; next
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ﬁ (q) = 20ka+¢k+qv

(14)

is the operator of the Fourier components of the elec-
Eron-number density in the unperturbed system, finally,
A(q) is an operator in the form

B(q)" Z' [c:+lvc:'—lv'ck'a'ckc —(dl0:1,“0:'-“'8['.'01,[(1)].
kk'co’

We note that Eq. (11) does not contain the eigen-
value E,; the corresponding term are strictly can-
celled out in the course of the transformation from (9)
to (11). We shall henceforth take |a) to mean the
ground state of the system of interacting electrons and
will not write out the index a explicitly.

Solving Eq. (11) for V,(q, w), we get
Vers(Q, ©) =Veut (q, ©) /2(q, ©), (15)

where the effective dielectric constant E(q, w) is defined
by

- &(q, ©) =1-v(q) [1-G (g, 0) 1%0(q, ©). (16)
Here G(q, w) is the so called correction for the local
field and is given by the following exact formula:

1
S(q)v(q)G(q, co)xo(q, ) =—Z Z v(p) (hm T

1
ho — 7|k+|+flk+ i

v(g) 1
+ N Z(hm—‘nk"‘ﬂx—.‘f‘iﬁ

1
—'hm — Nisq TN+ 06

) (et rapott (Q)7 (— P) ored

@amn
) (cx,*’& (q)cxo?-

The angle brackets in this expression mean averaging
over the ground state of the system of interacting elec-
trons. We note that in accordance with our result (17),
the correction for the local field is inversely propor-
tional to the static structure factor—a circumstance
not discerned in other known theories of the dielectric
constant.

Using the explicit form (10) of the single-particle
states and taking (15) into account, we obtain the Four-
ier component of the averaged induced density.

Pina (G, ©) =%0(q, ©) Vex(q, ©)/2(q, ®). (18)
In turn, the longitudinal dielectric function &(q, w) of the
system is connected with 7,,,(q, w) by the relation

e7'(q, 0) =[Vex: (4, ©) +0(q) Rina (G, ©) 1/Vext (€, @)
When account is taken of (15), (16), and (18), this re-
lation leads to an equation for £(q, w) in the usual form:

V(@)% (g, ©) (19)

T 1+ 0(@)6(g, 0)%(g,0)

As seen from (17), to calculate the corrections for
the local field it is necessary to known, besides the
function x,(q, w) also the static structure factor S(q),
whose behavior at all values of q has not yet been
reliably established so far. This, however, is no
fundamental obstacle, since S(q) is connected with the
dielector constant by the relation

e(q0)=1

(20)

h 2
S(q)=-— nm‘fn - j do Ime~'(q, @),
. 5
where w,= (4nNe?/mS)'/? is the plasma frequency.
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Formulas (17), (19), and (20) make it possible to carry
out a self-consistent calculation of both the correction
for the local field and of the static structure factor.

4. SIMPLEST APPROXIMATION FOR THE FUNCTION
Glq,w)

To gain an idea about the character of the correction
for the local field (17), we estimate all the quantities
that enter in this formula in the very simplest approx-
imation, namely, as if we were dealing with a system
of non-interacting electrons. In this approximation we
take the function x,(q, w) to mean the usual Lindhard
function, while for the static structure factor S(q) we
assume its Hartree-Fock value

2 2 _3_1_( _..__q_’_
So(@)=1——)Y fifsra=] 4kr 12ky*
N * 1, q=2ke _ (21)

), q<2ks

where kg is the Fermi wave number for a system of
non-interacting electrons of the same density. As a
result we obtain for the correction for the local field

2¢* Z‘ 1
So(@)% (g, ©)N &=t p*(ho — nusq + M+ i6)

G(q,0)=

X [fkflﬂﬂ - fknfkﬂ + fkfkﬂ(ftﬂ - fl=+v+l) - fk+lfl+v+| (fl - fkﬂ) ] (22)

It is easy to establish the limit to which the correc-
tion (22) for the local field tends as g —«. To this
end it is convenient to break up G(q, w) into a sum of
two contributions

G(q, ©)=G"(q, @) +G*(q, 0).

The first of these contributions corresponds to those
terms of (22) which contain products of only two Fermi
distribution functions, and this contribution can be
represented in the form

, fufe
GV (g 0)= sa(q>xo<q.m>1vz- Trprar

(23)

1 1 )
x(ﬁm—ng+.+nx+i6 ho—nutnuyqtio ]’

The remaining terms.of (22) make up the contribution
G(z’(q, w), which is somewhat more complicated in
structure:

2¢ ~ fufxra
So(@) 10 (g, ©) N I k+pHal?

G® (q,w)= (fp_flﬂ)

(24)

1 1 )
X (hm—n,+n,+,+i5 ho—Txpq+mtid ]

As seen from (24), the function G'¥(q, w) vanishes at
q 2kp and consequently in this region of wave-number
values the correction for the local field is determined
completely by Eq. (23). In particular, in the limit

of large ¢ we have

Glq0) — — Xo(q.ﬁ)) i‘ ( 2 f') fi—frra 1

- Ao—Nkyqtnutid 2"

In the important static case w =0 the expression (22)
for the correction for the local field takes the form
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TABLE 1. Values of the functions G(g, 0) as functions of the
ratio q/kp.

a/kp Glg,0) a/kp Glg, 0) a/kp Glq,0)
0.10 0.00250 2.01 0.91167 4.50 0.53286
0.20 0.01003 2.02 0.89007 5.00 0.52606
0.30 0.02263 2.03 087272 5.50 0.52122
0.40 0.04040 2.04 0.85794 6.00 0.51763
0.50 0,06348 2.05 0.84496 6.50 0.51489
0.60 0.09204 2.06 0.83334 7.00 0.51276
0.70 0.12629 240 0.79592 7.50 0.51105
0.80 0.16648 245 0.76148 8.00 0.50967
0.90 0.21290 220 0.73500 8.50 0.50854
1.00 0.26585 2.25 0.71365 9.00 0.50759
1.10 0.32569 2.30 0.69591 9.50 0.50680
120 0.39271 2.40 0.66786 10.00 0.50612
1.30 0.46720 2.50 0.64648 11.00 0.50504
1.40 0.54924 260 0.62956 12.00 0.50422
1.50 0.63859 2.70 0.61581 13.00 0.50359
160 0.73423 2.80 0.60439 14.00 0.50309
1.70 0.83342 2.90 0.59476 15.00 0.50269
1.80 0.92939 3.00 0.38654 16.00 0.50236
1.85 097116 3.10 0.57943 17.00 0.50209
1.90 1.00258 3.20 0.57324 18.00 0.50186
1.93 1.01220 3.30 0.56779 19.00 0.50167
1.94 1.01292 3.40 0.56298 20.00 0.50151
1.95 1.01194 3.50 0.55869 21.00 0.05137
1.96 1. 3.60 0.55485 220 0.50124
1.97 1.00293 3.70 0.55140 23.00 0.50114
1.98 0.99318 3.80 0.54828 30.00 0.50067
1.99 0.97732 3.90 0.54545 20.00 0.50024
200 |- 0.94593 4.00 0.54287 100.00 0.50006
4q*
G (q, 0) = ———
So(@) % (@) N

fkfl(i—lh—l—fp-u)
sz., 0 (25)

k+p+ql*(ne—nk4q)
. { (q/2kr)?, q—0,
o+ s (kelq)?, q—oo.

The sextuple integral over momentum space in (25) is
analytically converted into a double integral, the cal-
culation of which calls already for the use of numerical
methods. A plot of the function G(q, 0) is shown in the
figure, which shows also for comparison the corres-
ponding results obtained in Refs. 5-7. We note that

in the long-wave g = 0 the function (25) behaves in ex-
actly the same manner as the correction for the local
field in the known self-consistent Hartree-Fock ap-
proximation for the dielectric constant. 8 The limit 3
to which the function (25) tends asymptotically at large
g is typical also of static corrections for the local
field, obtained by Hubbard® and by Geldard and Vosko,?
and it is located exactly half-way between the cor-
responding limits in the theories of Toigo and Woodruff®
and Tripathy and Mandal.® In the wave-number region
near 2k the function (25) has a maximum, whose ex-
istence is confirmed also by other dielectric-constant
theories that are regarded as the most reliable. We
see thus that even the simplest approximation (22) of
the exact expression (17) for the function G(q, w) is
quite satisfactory in light of the information available
at the present time concerning the true behavior of the
correction for the local field.

It is known that to calculate the phonon spectra of
metals in the adiabatic approximation, in which it is
assumed that the conduction electrons align themselves
synchronously to each new configuration of the rel-
atively slowly moving ions, calls for knowledge of the
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FIG. 1. Behavior of the static correction (25) for the local
field as a function of the wave number (curve 1). The dashed
curves show the analogous functions obtained by Toigo and
Woodruff, 3 (curve 2), Tripathy and Mandal,e (curve 3), and of
Vashishta and Singwi’ (curve 4, case r=4).

static dielectric constant £(q, 0) of the system of in-
teracting electrons, and the results of such calculations
are extremely sensitive to the dependence of G(q, 0)

on the wave number. !’ Bearing in mind the possible
practical applications of the approximate dielectric
function, obtained in the present section, in calcula-
tions of similar kind, we have tabulated the numerical
values of the correction (25) for the local field.

In conclusion, the author is grateful to N.A. Cher-
noplekov for constant interest in the work, and V.G.
Kon and V.V. Pokrovskii for help with the numerical
calculations.
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