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The slope of Bal-Ball phase boundary is calculated from the results of ultrasonic investigations of the
elastic properties of solids under pressure, with barium as the example. This boundary is experimentally
determined from the jumps of the resistivity of barium in the temperature interval 100-350 K and in the
pressure range 50-62 kbar. The calculated and experimentally obtained slopes of the Bal-Ball phase
boundary are negative and their values are in good agreement (— 27410 and — 30410 deg/kbar). An
expression for the melting temperature of solids at high pressures in terms of the elastic-wave
propagation velocity is obtained on the basis of the Lindemann criterion and the theory of finite
deformations. It is shown that in the case of barium the onset of the maximum is due to anomalies in the
behavior of the rate of propagation of the shear waves under pressure. The singularities of the Bal phase
boundaries are attributed to the onset, at high pressures, of the soft shear acoustic modes TA 1 and TA42

in the phonon spectrum of barium.

PACS numbers: 64.70.Dv, 62.30. 4+ d, 62.50. + p

Polymorphism in the melting of barium at high pres-
sures has been the subject of many investigations,
carried out by various methods, in a wide range of
pressures and temperatures. The results are used to
construct and discuss the phase diagram of barium -3

Barium under pressure undergoes at 293 K a bece-hep
structural phase transition, designated Bal-BalIl. The
pressure at which this transition takes place was de-
termined in a number of studies®® and amounts, ac-
cording to Ref. 8, to 56.8+0.7 kbar. This point is used
as the reference in the calibration of high-pressure
chambers, so that the question of the slope (dT/dp) of
the phase boundary of the Bal-Ball transition is im-
portant. However, the published data are contradictory
and disagree not only quantitatively but also qualitative-
ly. Thus, measurements by the method of differential-
thermal analysis (DTA) yielded positive values of the
slppe, dT/dp =22.0 deg/kbar (Ref. 5) and dT/dp =58.8
deg/kbar (Ref. 3), while measurements in apparatus
of the cylinder-piston type’ and using a piston mano-
meter? yield an almost vertical Bal-Ball boundary,
while in Ref. 10 the method of resistivity jumps yielded
a negative value dT/dp =- 35.0 deg/kbar (estimated
from the figure, see below).

An interesting feature of the phase diagram of barium
is the presence of a maximum on the melting point at
pressures near 14 kbar and at a temperature 770 °C.%'5

In our investigations of the elastic properties of
barium, we obtained the first information on the change
of the low-frequency branch of the phonon spectrum of
barium at pressures up to 70 kbar and at a temperature
293 K.!! The observed decrease of the propagation ve-
locities of the shear waves at pressures higher than
30 kbar points to the onset of soft acoustic modes TAl
and TA2 long ahead of the phase transition.

It is of interest in principle to consider the phase
diagram of barium by starting from the singularities
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of the phonon spectrum of barium at high pressures and
by resorting to additional experimental research.

THE Ba|-Ba Il PHASE BOUNDARY

We now calculate the slope of the Bal-Ball phase
boundary at the phase-transition point p =56.8 kbar,
T =293 K. We write down the thermodynamic potential
of a solid in the Debye appraoximation!?

@=0,(p) +NvT13In(1—e-*7)—D(O/T) ]

(the notation here is the same as in Ref. 12). From the
thermodynamic potential we obtain the value of the
entropy per atom:

S=—[3In(1—e~*")—4D(8/T) |.

This expression enables us to calculate the entropy S,
for Bal and the entropy S, for Ball at the phase-transi-
tion pressure. Using the values given in Ref. 11 for the
Debye temperatures at p =56.8 kbar and 293 K : @,
=128.4+1.3K for the bec phase and ©, =115.0£2.3 K
for the hcp phase, we obtain respectively S, =6.49
£0.03 and S, =6.82+ 0.04. We determine the slope of
the phase boundary from the Clausius—Clapeyron equa-
tion, using a volume jump®'!? AV/V,=(1.9+0.2)%:

dar V.-V, deg
— — = — 2T
ap kEsy 210 Kpar

where V, and V, are the volumes per atom in Bal and
Ball, respectively. It follows therefore that the phase
transition is accompanied by absorption of heat. The
obtained value —27+ 10 deg/kbar agrees with the data
of Ref. 10 and disagrees with the rssults obtained by
the DTA method in Refs. 3 and 5.

The Bal-Ball phase boundary was investigated by us
experimentally in the temperature interval 100-350 K
and at pressures 50-62 kbar from the jumps of the
electric resistivity of barium with changing pressure
or temperature. These measurements were made for
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barium for the first time ever. The measurements
were performed on 99.6% barium wires with diameter
0.3 mm and length 5-8 cm, placed in silver chloride
and in a catlinite container in accordance with the
procedure described previously.!* The chamber was
calibrated at room temperature using the jumps of the
resistivity of Bi, T1, and Ba, and the transition pres-
sures were taken to be 25.4, 39.4, and 56,8 kbar in ac-
cordance with Ref. 8. The measurement results are
marked on the barium phase diagram plotted in ac-
cordance with the published data,!’3:5'1% and reduced to
a pressure scale in accordance with Ref. 8. It should
be noted that our values of p and those from Ref. 10,
which are marked on the phase diagram, were obtained
while the pressure was increased along the isotherms,
while the values of T were obtained with increasing
temperature along the isobars.

The obtained values of p and T for the Bal-Ball
transition yield the estimate dT/dp =- 30+ 10 deg/kbar
and lie on the common line drawn through the results
of Ref, 10, Thus, the value of dT/dp obtained by us in
experiment is also negative and agrees well with calcu-
lation based on ultrasonic measurements.

We note that the determination of the slope of the
phase boundaries from ultrasonic data using the Debye
model is possible only for a number of solids with sim-
ple crystal lattices in the absence of strong anisotropy
of the elastic properties. The transition between the
phases must be reversible.

MAXIMUM ON THE MELTING CURVE OF Bal

To determine the dependence of the melting tempera-
ture on the pressure we start from the vibrational theo-
ries of melting, and accordingly assume the Lindemann
criterion to be valid. The Lindemann criterion and the
Debye model were used earlier to predict the melting
curves of solids (see, e.g., Ref. 15). In those papers,
however, the Debye temperature under pressure was
estimated from the dependences of the volume and of
the bulk elastic modulus on the pressure, without al-
lowance for the singularities of the shear characteris-
tics of the solids, using therefore only a rough ap-
proximation.

We cobtain an expression for the melting temperature
interms of the propagation velocity of the elastic waves,
using the theory of finite deformations, without using
the Debye model of a solid. It is known that the prob-
ability of the change of the total free energy of a solid
due to fluctuations at constant temperature and at a
constant total volume of the body is

W~exp(—AF/T). 1)

In our experiment the change of the total free energy
of an isotropic body, in the case of fluctuations under
conditions of the hydrostatic compression, is

AF = [ (F-F)dV = 1?(1+21. )? j (e +2peqt) dV,
where F is the free energy per unit volume of the un-

deformed body, e;;=1/2(8u,/dx;+du;/3x;) are the com-
ponents of the fluctuation deformation tensor, x; is the
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coordinate that characterizes the initial deformed
state, u; are the components of the vector of the fluc-
tuation displacement from the initial deformed state at
the given instant, 7 is the final deformation in Lagrange
variables under hydrostatic compression, and A(r) and
t(n) are Lamé coefficients, which are functions of the
final deformation.

We represent the vector of the fluctuation displace-
ment of a small section in the form of a Fourier series

u= E : u,.e‘“,

n

with the vector n assuming both positive and negative
values; since u, is real, the condition u_,=u¥* is satis-
fied. The expansion contains terms with not very large
vectors (In| <1/d, where d is the linear dimension of
the displaced section).

We find next that AF is of the form
AF = %(1+2n) VU inlltn ' Pur (B4, N2, 1),

where
Qu= (A+p) nantpban®.

For the mean squared fluctuations of-the Fourier com-
ponents of the displacement vector we have, taking (1)
into account,

<u(nuln)

T
S 2
VAT @
where ¢;} are the components of the tensor inverse to
the tensor ¢;,. The mean values (u;%;) are obtained by
changing over in (2) in the usual manner from summation
over n to integration with respect to n:

(uuy)=0 at ¥k,

T [ 2 1 1
(uy = 4 ]—.
W= dreily  atzpld

We use next the Lindemann melting criterion {(u2)/a*
=const and change over, with the aid of the method of
finite deformations,'® from the Lameé coefficients to the
velocities of longitudinal and transverse ultrasonic

waves under pressure:
pot=—pt(1+2n)"(A+2p), pvi=—p+(1+2n)"p.

As a result we obtain ultimately

P [ 2 1 2 1 -t
=T— (~—t — | ———F ———
Temete(p)=To [ ( U® Ut )(v"+p/p v,’+p/p) @)

This expression differs from the formula that can be
obtained for the melting temperature by starting from
the Lindemann criterion and the Debye model of a
solid:

&'p." T, ( Vi~ 20,? ) "' @)

Trmett(p) = To e =
mclt(p) 0 enzp-h v,—3+2v!—3

The subscript 0 in (3) and (4) corresponds to p =0,
while the remaining quantities pertain to the melting
curve.

Since there are no data on the density and propagation
velocities of the elastic waves in barium at high tem-
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peratures and pressures, we estimate the function
Tt (P) by using data obtained at room temperature.!!
The M and D curves in the figure represent estimates
of Tpex (P) based on formulas (3) and (4), respectively.
As seen from the figure, the expected melting curve
of barium is approximately obtained, but the maximum
lies in the region of 30 kbar, i.e., where the functions
6(p) and v,(t) have maxima at room temperature, cor-
responding to the relations

dTmelt de du,
Limeit 09 220 a9y, 200
pralat s e

As demonstrated above, the BaI-Ball phase transition
takes place at lower pressures when the temperature
increases (dT/dp <0), meaning we should expect the
appearance of soft transverse modes of the phonon
spectrum in Bal at lower pressures, i.e., the maxima
of ©(p) and v,(p) shift into the region of lower pres-
sures, Allowance for this phenomenon, as well as for
the decrease of the elastic characteristic of barium
with temperature (dK,/dT<0, Ref. 17) leads to a sat-
isfactory agreement between the calculated T, (p)
and the experimental data (see the dashed curve in the
figure).

Thus, an investigation of the behavior of the sound
velocities in solids and the analysis presented in this
paper make it possible to determine the singularities
of the phase diagram of a solid.
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FIG. 1. Phase diagram of
barium @, A, O, and V—
from Refs. 10, 5, 3, and
1, respectively. 4 and
¥Y—our measurements
along the isotherms and
isobars, respectively;
solid and dashed curves—
results of calculation, M—
by the finite deformation
method, D—by the Debye-
model method.
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