
SnGeTe samples in a strong magnetic field. ' In fact, 
the increase of T, with increasing field intensity does 
occur in the case of the excition transition. l3 

In  conclusion, let  us  note that the behavior of a sys- 
tem's responses not associated with the order  param- 
e ter  is not universal for  all phase transitions: the re-  
sponses have to be calculated in  each specific case. 
For  example, in Ref. 14 the magnetic-phase- transi- 
tion-induced electrical-resistance anomalies a r e  studied. 
In the present paper we have considered another exam- 
ple of the computation of a system's response to an 
order-parameter-unrelated perturbation; to wit, we 
have elucidated the magnetic properties of a crystal in 
the vicinity of a structural phase transition. 

The authors a r e  grateful to S. D. ~ e n e s l a v s k i r  for 
useful discussions of the paper. 
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Magnetic-ordering temperatures and direct-exchange integral 
in the rare-earth terbium-yttrium and terbium-gadolinium 
alloys 
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Measurements were made of the temperatures of the magnetic phase transitions and of the paramagnetic 
Curie point in single-crystal rare-earth terbium-yttrium and terbium-gadolinium alloys. Concentration 
intervals with different coeficients of proportionality of the paramagnetic Curie point to the mean square 
of the spin projection on the total mechanical angular momentum G were observed in these alloys. It is 
established that the difference between the indirect-exchange integrals in the ferromagnetic and 
antiferromagnetic states in the rare-earth alloys is a universal function of the spin parameter G. The 
contributions of the magnetocrystalline interaction and of the indirect exchange interaction to the 
magnetic ordering temperatures and to the paramagnetic Curie points in terbium-yttrium and 
terbium-gadolinium alloys are determined. 

PACS numbers: 75.30.Kz, 75.30.Et, 75.50.C~ 

INTRODUCTION conclusions of the theory with experiment, which was 
indeed made in a number of ~ t u d i e s . ~ "  The compari- 

An investigation of the dependences of the magnetic- son, however, was made by analyzing the experimental ordering temperatures of rare-earth metal (REM) 
data for polycrystalline samples, and the accuracy of 

alloys on the atomic number and on the concentration the determination of the magnetic phase-transition tem- 
of the is needed to On the peratures was not high enough in a number of cases. 
theory of the nature of exchange interactions in REM. 
According to the indirect-exchange t h e ~ r ~ , ' * ~ * ~  the mag- The aim of the present study was to obtain more exact 
netic ordering temperature and the paramagnetic Curie values for  the magnetic phase transition temperatures 
point a r e  relatively simply connected with the indirect- and the paramagnetic Curie point from measurements 
exchange integral. This permits a comparison of the on single crystals of REM alloys, t o  determine the 
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limits. of applicability of the formulas that follow from 
the indirect-exchange theory, to separate the contri- 
bution of the magnetic anisotropy to the magnetic- 
ordering temperature, and to determine the energy gap 
between the ferro- and antiferromagnetic states in a 
wide range of concentrations of REM alloys. 

The objects of investigation were two REM alloy sys- 
tems, terbium-yttrium Tb,Y1_, and terbium-gadolinium 
Tb,Gdl,, whose magnetic characteristics differ in a 
certain sense. When the terbium in the f i rs t  system is 
magnetically diluted with yttrium both the energy of the 
exchange interaction and the energy of the magnetic 
anisotropy decrease. In the second system, the ex- 
change energy increases when the gadolinium content 
is increased, whereas the magnetic-anisotropy energy 
decreases. 

EXPERIMENTAL RESULTS AND DISCUSSION 

The technology of growing terbium-yttrium and teri- 
bium-gadolinium alloy crystals, the control of their 
quality, and the data on the magnetic, magnetostriction, 
and electric properties were reported earlier. In 
the present study the magnetic-transition temperature a 
and the paramagnetic Curie point were determined with 
an accuracy higher than s o  that more 
exact and new results could be obtained. 

The temperatures 0, of the magnetic transition from 
the paramagnetic into the magnetically ordered state 
(ferromagnetic o r  antiferromagnetic), were determined 
from the kink of the plot of the temperature dependence 
of the resistivity p,(T) measured with the current 
flowing in the basal plane. The plot of p,(T) near oZ 
consists of two straight-line sections that intersect at  
the point o~," and this makes it possible to determine 
the temperature @ with sufficient accuracy (i 1.5")" 
The temperature el, of the transition from the anti- 
ferromagnetic state into the ferromagnetic one was ob- 
tained from the discontinuity on the p,(T) curves. 

The paramagnetic Curie points 0; and 0; along the 
hexagonal axis and in the basal plane, respectively, 
were determined by measuring the magnetic s u s c e p  
tibility along these crystallographic directions, with 
accuracy 2". The paramagnetic susceptibility was 
measured from the point e2 to 550 K, which is  much 
higher than the magnetic-ordering temperature (250 K 
for gadolinium and even higher for alloys). The para- 
magnetic susceptibility along the hexagonal axis and in 
the basal plane obey well the Curie-Weiss law: 

The values of the Curie-Weiss constant C agree for  
both directions within the limits of er ror ,  but the para- 
magnetic Curie points a r e  noticeably different along the 
hexagonal axis and in the basal plane. 

The experimental values of the points 0; and 0," in 
single crystals of Tb,Yi_, and Tb,Gd,-, alloys were used 
to find the paramagnetic Curie point ep of an isotropic 
polycrystalline sample. It was calculated from for- 
mulas that follow from the isotropic averaging 

Calculations of the paramagnetic Curie point Op of an 
isotropic REM, based on the effective Hamiltonian in 
the usual Heisenberg form, lead in the molecular-field 
approximation to the relatively simple expressioni" 

where x is the concentration of the REM ions with total 
quantum angular momentum J, k, is the Boltzmann con- 
stant, and A,, is the indirect exchange integral. The 
spin parameter G = (g, - 1 I2J( J+ I) ,  called the de Gen- 
nes factor i n  the literature: is equal to the square of 
the spin projection on the total mechanical angular mo- 
mentum. No account was taken in (3) of the contri- 
bution of the magnetic-anisotropy energy, s o  that this 
formula i s  valid only for a polycrystalline sample o r  for 
a single crystal  with negligibly small  anisotropy. 

The outer electron shell is practically the same for 
trivalent ions of heavy REM, and the ions a r e  the si tes 
of a hexagonal crystal lattice that changes relatively 
little on going from one metal to another. The indirect- 
exchange integral A,,, in (3), a s  follows from the the- 
~ r ~ , ' - ~ * ' '  depends on the number of conduction electrons 
per atom, on the Fe rmi  wave vector, on the s-f ex- 
change interaction integral, on the atomic number, and 
on the lattice sums. All these quantities can be re-  
garded in first-order approximation a s  constant, s o  
that the paramagnetic Curie point of the heavy REM 
and their alloys should be proportional in this approxi- 
mation to the effective spin parameter 

where x ,  i s  the concentration of the rare-earth ionswith 
a de Gennes factor G , .  

Figure 1 shows the data obtained by u s  on the depen- 
dence of 0, on the effective spin parameter for  the 
single-crystal Tb,YI, and Tb,Gdl_, samples investi- 
gated by us, a s  well a s  of the previously in~es t iga ted '~ . '~  
DyxYi-, and DyxGdl_, single crystals. It is seen that in 
first-order approximation Op is indeed proportional to 
the parameter c. .This was established ear l ier  for 
REM alloys by measurements on polycrystalline sam- 
ples. 4" 

In the derivation of relation (3) the theoryzv3 makes 
use of the assumption that the Fermi  surface is spher- 
ical. This assumption is not realistic in light of the 

FIG. 1. Dependence of the paramagnetic Curie point op, 
(of an isotropic sample) on the spin parameter 

G = = , ( g ~ ~ - i ) ~ l i ( J i + ~ )  

I 

for the alloys TbxYh,(m), DyXYL,(0), Tb,Gdb,(x). Dy,GdL, (A) 
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O J 6 J C I Z  

FIG. 2. Temperature el of the ferromagnetism-antiferro- 
magnetism transition (curve I), temperature e2 of the anti- 
ferromagnetism-paramagnetism transition (curve 2), and 
paramagnetic Curie point of the isotropic sample ep (curve 3) 
for Tb,Yt, alloys, as functions of the terbium concentrations 
and of the spin parameter G = x G = ~  (GTb is the de Gennes factor 
for terbium). 

latest data on the complex topology of the Fermi  sur- 
face of REM" and the theoretically establishedt4 con- 
nection between the character of the magnetic ordering 
and the topology of the Fermi  surface in REM. How- 
ever, the fact that the dependence of O, on the atomic 
constants of the REM can be described in f i r s t  order by 
relation (3) indicates that the s-f exchange interaction 
theory accounts correctly for some of the most general 
properties of the s-f exchange interaction. The quan- 
tity A,, in (3) should be regarded a s  an effective indi- 
rect-exchange integral that depends in a complicated 
manner on the topology of the Fe rmi  surface. From 
Fig. 1 and Eq. (3) we can find that the quantity A,,/ 
k ,  has a relatively small  scatter, of the order of i 15%, 
about the mean value 63 K. 

The dependence of @, on the spin parameter c is 
shown in Fig. 1 in a very wide range of this parameter, 
from zero to the maximum value 15.75 possible in an 
REM (in gadolinium). A more accurate analysis of the 
determined value of 3, with allowance for the experi- 
mental e r r o r  (see Figs. 2 and 3) shows that the 0, 
=f(c)  curve breaks up into two linear sections: 
In Tb.$dl, alloys the f i rs t  section is in the interval 
= 10.5-12 and the second in the interval 12-15.75; in 

FIG. 3. Temperature el of the ferromagnetism-antiferro- 
magnetism transition (curve 1). temperature of the transition - 
from the magnetically ordered state into the paramagnetic 
state (curve 2). and paramagnetic Curie point Op of an iso- 
tropic sample (curve 3) for Tb,Gd, alloys, as functions of 
the gadolinium concentration and of the spin parameter Z'. 
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FIG. 4. Paramagnetic Curie points 0," (curve 1) and O# 
(curve 2) and effective magnetic moment p ,, per terbium ion 
(curve 3) as functions of the terbium concentration x and of 
the spin parameter G =xG,, for the alloys TbrYl-,. 

Tb,Yi_, alloys the f i rs t  and section sections a r e  in the 
G intervals 0-4.5 and 4.5-10.5, respectively. 

The singularities observed by us  in the function e, 
= f ( a  cannot be attributed to structural phase transi- 
tions, since x-ray structure investigationsi5 show that 
such transitions do not occur in these alloys, which 
a r e  solid solutions with hexagonal close-packed lattice 
that is changed little by the alloying. Even sharper 
kinks a r e  observed on the 61 =f(c) and 6; =f(C) curves, 
which can also be represented a s  consisting of two 
sections (see Figs. 4 and 5). In the Tb,YI_, alloys the 
O, =f(G) reveals furthermore a nonlinear section in the 
interval G = 4.5-8.5 (see Fig. 4). It should be noted 
that the kinks on the @;=f(C) and &=f(G) curves a r e  
more strongly pronounced, the reason being that the 
accuracy with which 01 and 0; a r e  determined is double 
the accuracy of Op.  

In accord with the conclusions of the theory,I4 the 
change of the coefficient of proportionality of the para- 
magnetic Curie point to the mean value of the square 
of the spin projection on the total mechanical angular 
momentum must be interpreted a s  the result of a change 
in the indirect exchange integral and of the topology of 
the Fe rmi  surface when terbium is alloyed with yttrium, 
and also when terbium is alloyed with gadolinium. It 
is known" that the Fermi  surfaces of terbium, yttrium, 
and gadolinium a r e  in the main similar. Individual 

FIG. 5. Effective magnetic moment p (curve 1) and mean 
value of the magnetic moment p ,, at 4.2 K (curve 2) per rare 
earth ion, and the paramagnetic Curie points O# (curve 3) 
and Op" (curve 4) of the alloys Tb,GdLx as functions of the 
gadolinium concentration and of the spin parameter c. 
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singularities of the Fermi-surface structure (ribbon 
singularities), which determine the periods of the mag- 
netic structures, a r e  different in these REM. Ac- 
cording to  measurement^^-'^, in the regions of the kinks 
on the 0, = f(G), &= f(G) and 8; = f (c) curves one ob- 
serves also anomalies of the magnetostriction and of 
the electric properties; these can be attributed to a 
change in the area  of the Fermi  surface after the alloying 
of the REM. 

As seen from Figs. 4 and 5, the paramagnetic Curie 
points @) and 0; differ noticeably from each other, 
except for compositions close to gadolinium, where 
A o P  is quite small. The differences in the values of 
8) and 0; a r e  due to the fact that they depend, besides 
on the indirect-exchange integral A,,, also on the 
magnetocrystalline interaction that leads to magnetic 
anisotropy2: 

ksSpn ( Q )  ='/,€Aind (Q) -'/la (4J(J+1)  - 3 )  UP, (5) 
kBSpi(Q) ='/s€Aind ( Q )  + ' I 2 0  ( 4 1 ( J + l )  -3) u?. (6 

Here Q is the wave vector of the helix of the helicoidal 
antiferromagnetic REM structure (Q = 0 for a ferro- 
magnetic REM), and u: is a parameter of the crystal 
field. It follows from (5) and (6) that the anisotropy of 
the paramagnetic Curie points is determined by the 
magnetocrystalline interaction: 

Thus, the decrease of 8, with increasing gadolinium 
concentration in the Tb,Gd,_, alloys (see Fig. 5) can be 
attributed, in accord with Eq. (7), to a decrease of the 
magnetic-anisotropy energy a s  x ,  0, in agreement 
with the data that indicate that gadolinium and alloys 
with a high gadolinium concentration have a relatively 
weak magnetic anisotropy. 

It is seen from Fig. 2 that the point 8 2  (curve 2) in 
Tb,Yl_, alloys exceeds noticeably (by tens of degrees 
for some compositions) the paramagnetic Curie point 
Op (curve 3). In these alloys, 0, is the temperature 
of the transition from paramagnetism to helicoidal anti- 
ferromagnetism. 5 * 8  In Tb,Gdl_, alloys e2 is the tem- 
perature of the paramagnetism-antiferromagnetism 
transition only at x >0. 94,9 with e 2 >  O,. In these alloys 
at x <  0.94, however, the point e2 is already the para- 
magnetism-ferromagnetism transition temperature, 
and in this case e2 (curve 2 on Fig. 3) is smaller than 
0, (curve 3). 

We consider now the physical mechanisms responsible 
for the difference between e2 and ep. In experiment 
one observes in place of &(Q) the point e2 (the Ndel 
point), since spin-spin correlations of the helicoidal 
type vanish when the temperature is slightly higher than 
e2. Using this circumstance, we find from (5) and (6) 
that the difference between the magnetic-ordering tem- 
perature and the paramagnetic Curie point of an iso- 
tropic sample is 

It is seen from (8) that the difference between and 
ep can be attributed to two causes: first, to the fact 
that the indirect exchange integrals in  the ferromagnetic 

TABLE I .  Contributions made to e2 - 8, by the magnetic- 
crystal interaction. AeA, and by the energy gap between the 
ferro- and antiferromagnetic states, A&, for TbsYL,. 
- -- 

state and in  the state with helicoidal magnetic struc- 
ture a r e  not equal; second, to the contribution of the 
magnetocrystalline interaction (anisotropy) AOA. 

The table l ists  the values of A@, calculated for the 
alloys investigated by us from the formula 

In the Tb,Yi, alloys the value of AOA is of the order 
of 16-30 K and does not fall to zero even when the 
terbium is strongly diluted with yttrium. In the 
Tb,Gdi_, alloys the value of A@, reaches approximately 
- 16 K in terbium-rich compositions, but decreases 
with increasing gadolinium content. 

To take into account the contribution of the "heli- 
coidality energy" to the temperature 

we made use of the measurements of the critical mag- 
netic fields H ,  and of the magnetization. In a magnetic 
field in the basal plane, at H >  H,, the helicoidal anti- 
ferromagnetic structure is destroyed and ferromag- 
netic order i s  established. This process is a result 
of the fact that the energy in the magnetic field becomes 
equal to or higher than the energy barr ier  [A,,(Q) 
-A,,(o)]@)~ between the ferromagnetic and antiferro- 
magnetic structures 6 is the mean value of the spin 
and x is the concentration of the REM ions). The mag- 
netic energy calculated per ion is equal to 

where p is the mean value of the magnetic moment of 
the rare-earth ion. In the molecular field approxi- 
mation we therefore have a t  H = H, 

The quantity A,,,(Q)-A,,,(O) was calculated by us from 
Eq. (12) using the experimental values of the magnetization 
and critical field published previously for the alloys 
T~,Y,~,,'~T~,G~,~,,~D~,Y,~,,'~G~,Y,~,,'~T~,H~ ,,,. l9 We 
substituted in (12) the values of H,,, p ,  and S deter- 
mined in the temperature region in which we can neglect 
the influence of the magnetic anisotropy in the basal 
plane and of the magnetostriction on the value of H,; 
this corresponds to the region where H ,  is increased 
by cooling. 20 

The dependence of the difference A,,,(Q)-A(0) between 
the exchange integrals in the ferromagnetic ~d anti- 
ferromagnetic states on the spin parameter G can be 
described by a universal curve ( ~ i g .  6). The energy 
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FIG. 6. Energy gap between the ferro- and antiferromagnetic 
states [Aid(Q) - A,,(O)l/k, as a function of the spin parameter 
G for the alloys TbxYL,(0), DysYk(* ), G4YL,(n), Tb,HoL,(A). 

gap between the ferromagnetic and the antiferromagnetc 
states is exceedingly small at G- 10.5, and gadolinium 
and alloys having c> 10.5 a r e  ferromagnetic. When 
the mean square of the spin projection on the total an- 
gular momentum G is increased the quantity A,,(Q)- 
A,,(O), which is equal to the energy gap between the 
ferro- and antiferromagnetic states, increases sharply 
and tends a s  c - 0  to a certain limit, approximately 
35 K (see Fig. 6). 

The regular variation of A,,,(Q)-A,,(O), observed by 
us for the REM alloys, correlates with the universal 
plot of the initial helicoid angle wi against the factor 
G,  obtained in neutron-diffraction investigations5 for 
heavy REM and their alloys that have in the antiferro- 
magnetic state a helicoidal magnetic structure. The 
helicoid angle w, also tends a s  c - 0 to a certain limit, 
approximately 50'. 

Substituting A,,(Q)-Aind(0) in formula (101, we cal- 
culated the quantity A@, that determines the contri- 
bution of the helicoidality energy to the temperature 
e2 (first term of Eq. (8)). The value of A 6 ,  increases 
strongly when the terbium is enriched with yttrium, 
reaching 17 K in Tb,Yi_, alloys a t  x = 0.415, comparable 
with the contribution A@, made to the transition tem- 
perature Q2 by the magnetocrystalline interaction (see 
the table). At small yttrium concentrations we have 
A g e  <<AOA . For example, in terbium A@, < 1 K and 
A@,- 16 K. It follows also from the table that in the 
case of strong dilution of the terbium by yttrium the 
ratio of the magnetic anisotropy energy to the exchange 
energy is A@,/@~, just a s  the ratio AO,/O~ of the en- 
ergy gap between the ferromagnetic and antiferromag- 
netic states to the exchange energy, increases strongly 
(by one order of magnitude). In Tbo,iY,., we have 
A0, > 3, and A g e  - Op, whereas in terbium AOA << ep and 
A0,<< Op. ~a lcu la t ions~ '  have shown that a t  large ratios 
AO,/O, the dependence of the temperature of the mag- 
netic ordering on the energy of the magnetocrystalline 
interaction becomes essentially nonlinear. This can 
explain the nonlinear dependence of the temperature 
O2 on the spin parameter G and the terbium concen- 
tration (see Fig. 21, and also the discrepancy between 
the values of 82-8p and A 8 ,  +A@, (see the table). Our 
experimental values of the temperature e2 in the TbxVt, 
alloys can be described the by empirical relation (ac- 
curate to 8%) 

81=6z''; (13) 

where 9 is a certain coefficient and changes relatively 
little with changing terbium concentration: 

r :  i 0.95 0.91 0.835 0.63 0.50 0.415 0.26 O.i 
6, K' 231 226 231 227 238 244 242 235 245 

The temperature 6 2  is also definitely influenced by 
effects of short-range magnetic order. ' In terbium, 
in view of the small value of the helicoidality energy 
(A@,- 1 K), the differences between 8, and 8, a r e  due, 
in accord with (8), only to the contribution of the mag- 
netocrystalline interaction ABA, which is equal to 16 K 
in terbium. It follows, however, from the experimental 
data that in terbium e2 - Op= 6 K. This discrepancy can 
be attributed to effects of short-range magnetic order, 
the relative role of which in Tb,Gdl-, alloys increases 
with increasing gadolinium concentration. In fact, in 
these alloys at x <  0.94 we have 8 - efi < 0, i. e. , the 
ferromagnetic Curie point 8 is lower than the para- 
magnetic one, a fact that cannot be satisfactorily ex- 
plained by Eq. (a), inasmuch in these alloys we always 
have AO, > 0 and A@, > 0. 

CONCLUSIONS 
Thus, the results of an experimental investigation of 

the magnetic ordering temperatures and of the para- 
magnetic Curier points of the alloys Tb,Yi_, and 
Tb,Gd,_, a s  well a s  a theoretical discussion of thepres- 
ent results and the published data, lead to the following 
conclusions. 

1. The mean value of the square of the spin projection 
on the total mechanical angular momentum 

G =z z,G, 

is a fundamental quantity in heavy REM and their alloys, 
and the exchange energy, paramagnetic Curie point, 
a s  well a s  the difference of the exchange integrals in 
the ferro- and antiferromagnetic states depend on this 
quantity. 

2. The change observed by us in the coefficient of the 
proportionality of the paramagnetic Curie points to the 
mean values of the square of the spin projection on the 
total mechanical angular momentum attests to a change 
in the electronic structure and of the exchange integrals 
when terbium is alloyed with yttrium and terbium with 
gadolinium. 

3 .  The experimentally observed difference in the 
temperature of the transition from the paramagnetic 
state to the magnetically ordered and in the paramag- 
netic Curie point in the investigated REM alloys i s  due 
to three causes: 

a )  the magnetocrystalline interaction, which leads to 
magnetic anisotropy of REM and their alloys; 

b) the contribution due to the difference between the 
indirect exchange energy in the ferromagnetic and 
antiferromagnetic states; 

c)  the short-range magnetic order. 
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The kinetic properties (absorption of high frequency ultrasound, relaxation of nuclear spin) of 
superconductors with partial dielectrization of the conduction electrons with a charge density wave are 
considered. It is shown that in the case of simultaneous Cooper and electron-hole pairing the ultrasound 
absorption coefficient has a maximum at the superconducting-transition temperature T,. The rate of 
relaxation of the nuclear spin can have a maximum both at T, and at a lower temperature. It is shown 
that if T, is much lower than the structural-transition temperature, the kinetic properties differ 
insignificantly from the properties obtained in the BCS theory. Intraband Cooper pairing in a semimetal 
is investigated. It is shown that when account is taken of Hamiltonian terms with transition of a pair of 
particles from one band to another, the relative phase difference of the order parameters is fixed at either 
0 or i~. The order-parameter phase shifts due to the phase transitions can lead to observable physical 
phenomena. The results (in the case T, k T,) agree qualitatively with the experimentally observed 
singularities of the kinetic properties of semiconductors with /3-W structure. 

PACS numbers: 74.30.Gn 

1. INTRODUCTION the state density at the edges of the dielectric gap can 

It is well known that the compounds having the 
highest superconducting transition temperature under- 
go a structural transformation near this temperature. ' 
The influence of the structural distortions on the cri- 
tical superconducting transition temperature was in- 
vestigated in a number of studies, using the model of 
a semimetal with almost identical electron and hole 
Fermi surfaces,' the model of a single-band metalwith 
flat sections of the Fermi surface:*' a s  well a s  the 
model of a quasi-one-dimensional metal. In all the 
foregoing cases the system turned out to be unstable to 
electron-hole pairing. In addition, the singularities 
of the single-particle electron spectrum lead also to 

increase significantly. If, following the dielectric 
pairing, the Fermi  level of the system is at least par- 
tially outside the dielectric gap (this occurs if the 
Fermi surfaces of the electrons and holes a r e  not com- 
pletely congruent), superconducting pairing becomes 
possible. The latter takes place against a background 
of increased state density, on account of which a sub- 
stantial r i se  of T, is possible. It has also been 
s h ~ w n , ~ ~ ~  that there exist optimal conditions at which 
T, can substantially exceed the superconducting-tran- 
sition temperature in the absence of dielectric pairing 
(and hence in the absence of the structural transfor- 
mation). 

instability of the photon subystem,6 i. e., to structural We consider in this paper the kinetic properties (the 
distortions. As a result of the electron-hole pairing, absorption of high-frequency ultrasound, the rate of 
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