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The temperature of the electronic dipole-dipole reservoir (DDR) and of the dynamic polarization of 
nuclei are calculated under conditions of stationary saturation of an inhomogeneous EPR line. The 
solution is obtained by two methods: using the model of thermal mixing in a rotating coordinate frame, 
and in terms of spin packets. In the latter case it is shown that allowance for the DDR leaves the 
spectral-diffusion valid, but only for a definite combination of the Zeeman and dipole-dipole 
temperatures. Estimates of the maximum attainable DDR cooling coefficients and of the polarization of 
the lattice nuclei are presented, and it is shown that they do not depend monotonically on the width of 
the "hole" produced in the EPR line upon saturation. 

PACS numbers: 76.30. - v 

1. INTRODUCTION AND FORMULATION OF In th i s  paper  we solve the problem by two methods. 
PROBLEM T h e  resu l t  is f i r s t  obtained using a simplified model of 

thermal  mixing in a rotating coordinate f rame,  a f t e r  
I t  is known that not-strictly-resonant saturat ion of a 

which it is general ized within the  framework of the de- 
magnetic resonance line in a solid c a n  lower substantial- 

scr ipt ion of a n  inhomogeneous l ine  i n  the fo rm of an ag- 
l y  the t empera ture  T,, of the  spin-spin interaction 

gregate  of sp in  packets. 
r e s e r v o i r  (DDR).') Upon saturat ion of the  E P R  l ine of a 
paramagnetic impuri ty  in a magnetically di lute  param- 
agnetic c rys ta l ,  this  cooling c a n  b e  t rans fe r red  t o  the 
Zeeman subsystem of the nuclear  spins of the  lattice, 
thus causing dynamic polarization of t h e  nuclei ("dyna- 
mic  ~ o o l i n g " ) . ~ * ~  T h i s  phenomenon was  reliably estab- 
lished in experiment  and plays a substantial r o l e  in  mag- 
netic resonance and its applications, especial ly  a t  low 
t e r n p e r a t ~ r e s P ' ~  

T h e  theory of effects connected with the cooling of the 
DDR was  initially developed f o r  magnetic-resonance 
l ines  homogeneously broadened by dipole-dipole interac- 
t i o n ~ ? - ~  In pract ice,  however, the main contribution t o  
the width of paramagnetic-impurity E P R  l ines  a r e  made 
a s  a ru le  by inhomogeneous mechanisms,  and i t  was  
there fore  necessary  t o  extend the theory to  cover  this  
c a s e ,  too. S o  f a r  this  problem could b e  solved only f o r  
two limiting situations: neglecting the spec t ra l  diffusion 
inside the inhomogeneous line, and f o r  very s t rong  spec-  
t r a l  diffusion that covers  the en t i re  E P R  l inePs8 At the  
s a m e  t ime,  f o r  the m o r e  general  c a s e  (and perhaps  of 
g rea tes t  pract ical  importance)  of limited spec t ra l  diffu- 
sion, corresponding to the appearance of a s tat ionary 
"burned holeJ' i n  the inhomogeneous line, only qualita- 
tive es t imates  were  p r o p o ~ e d . ~ * ~  T h e s e ,  as will be  shown 
below, do not a g r e e  with the  t r u e  resu l t  even in o r d e r  of 
magnitude. 

T h e  object that we cons ider  is a solid paramagnet  a t  a 
tempera ture  T, r pi1, with n, nuc lear  sp ins  I and n, 
e lectron sp ins  S p e r  unit volume (n,/n, >>I), and located 
i n  a stat ionary magnetic field H, 112. We a s s u m e  that S 
= 4, s o  that the  E P R  spec t rum cons i s t s  of a s ingle  line, 
assumed to be inhomogeneously broadened (with width 
26hh), and the  distribution of the resonance frequencies  
of the  e lec t ron  sp ins  does  not c o r r e l a t e  with the i r  d i s t r i -  
bution over  the c r y s t a l  volume, so that the  electronic  
DDR is common to all sp ins  s.' L e t  fu r thermore  the  
sample  be  acted upon by a high-frequency magnetic field 
2H1 cosQt(fi, I z), that  s a t u r a t e s  the E P R  l ine with a de-  
tuning A = Q  - w, relat ive t o  its "center of gravity" w,, 
determined f rom the relat ion 

" 5 8G(8)d6=07 
-- 

(1 

where  6 = w - w,, and ~ ( 6 )  is t h e  form factor ,  normal-  
ized to unity, of t h e  inhomogeneous line. 

It is well known that  t h e  action of the  saturat ing field 
l eads  under  the conditions considered above t o  the  ap- 
pearance of the so-called "burned line" which is ob- 
se rved  when the E P R  is recorded with a second (unsatu- 
rated)  high-frequency field. T h e  width 26, of th i s  hold 
depends on the saturat ion fac tor  s(SZ), on the homogene- 
ous width 26, of the spin packet,  and on the effectiveness 
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of the c ros s  relaxation (spectral diffusion) that leads to 
propagation of the saturation over the contour of the EPR 
line. I t  will be assumed below that 6,<< dinh. 

2. THERMAL MIXING 

By "thermal mixing" is meant the process  of establish- 
ment of a single spin temperature @" in a spin system 
consisting of quasi-equilibrium subsystems with Hamil- 
tonians gj and temperatures @;I, between which reson- 
ant energy exchange is possible. The  exceptional con- 
venience of the thermal-mixing model l ies  in the fact 
that i t s  result  can be obtained without solvingthe co r r e s -  
ponding r a t e  equations for  b,, using only the simple 
heat-balance principle. In the stationary regime, the 
common temperature is given by7 

where c, = - (BY;)/pj  is the "specific heat" of the j-th sub- 
system, T,, i s  the t ime of its spin-lattice relaxation, 
and 8 is the value of pj  when the j-th subsystem i s  a t  
equilibrium with the lattice (we emphasize that all the 
8 a r e  the same and a r e  equal to the reciprocal of the 
lattice temperature p, only in the laboratory reference 
frame). 

We now apply this approach to this problem and re- 
call, to s ta r t ,  the results  for  the ca se  when the spectral  
diffusion is effective over the entire contour of a satur-  
able inhomogeneous EPR l ine (such a line can be called 
quas i -hom~geneous) .~-~  In  this situation, the thermal 
mixing is possible in a rotating coordinate f rame (RCF), 
the transformation to which is effected by the unitary 
operator 

where S;is the operator of the z-th component of the i-th 
electron spin, and the participants in the mixing a r e  the 
following subsystems. 

The summary electronic Zeeman subsystem &;J in the 
RCF, for which 

(the Hamiltonian corresponding to i t  in the laboratory 
frame was gC = w a x ,  Sf). 

The aggregate of the difference electronic Zeeman 
subsystems %A with parameters  

The electronic DDR, whose Hamiltonain &",, is well 
known, and 

Finally, the nuclear Zeeman subsystem, for which 

Here M: i s  the second moment of the distribution of the 
resonant frequencies relative to w,, w,, is the average 

DDR frequency, and w, is the NMR frequency. 

We note that independently of the presence of a saturat- 
ing field (i.e., even in the laboratory frame) the c ros s  
relaxation between the spin packets leads to a mixing of 
the subsystems %A and %e,, with formation of the so- 
called low-frequency reservoir4 (or in other words, the 
reservoi r  of local fieldslo), and the direct  thermal con- 
tact %, -$,, connects t o  them a lso  the nuclear subsys- 
tem. At the s ame  time, a connection between these 
reservoi rs  and the gp subsystem occurs only in  the 
RCF, and the effectiveness of this connection is deter- 
mined by the saturation factor a t  the frequency 62. 

Substituting the indicated parameters  in (2) and neg- 
lecting quantities of o rde r  A/@,, we obtain the well 
known formula 

in  which a = ~ s z L / ~ , s L , f  =nI~,zL/ns~I,,  with T,,, T,,,, 

and rIZL the partial t imes  of the spin-lattice relaxation 
of the corresponding subsystems. The  quantity E intro- 
duced here  determines, obviously, the degree of cooling 
of the DDR and the coefficient of the enhancement of the 
nuclear polarization. 

We apply now this approach to  the case  6,<< 6inh. We 
make a simplifying assumption wherein al l  the spins 
whose frequencies l ie  inside an interval of width 26, 
with center  a t  the  point w =SZ a r e  in a state of s trong 
saturation (either directly by a microwave field o r  with 
participation of c ros s  relaxation), and the al l  the re- 
mainder of the EPR line i s  a t  equilibrium with the lattice 
(see the figure). We note that the rectangular hole 
shown in the figure does not necessari ly correspond to 
the observed form of the absorption signal, s ince the 
lat ter  i s  determined not only by the degree of saturation 
of the line, but also by the s ta te  of the DDR. 

We assume f i r s t  that the spectral  diffusion is neglig- 
ibly weak, s o  that the width of the hole is determined only by 
the saturation. Then al l  the arguments presented above 
concerning the thermal mixing must be applied to the 
"burned" section of the EPR line, and the role of the r e -  
maining electron spins reduces only to their  contribu- 
tion to the common DDR and to the nuclear spin-lattice 
relaxation. Applying to the line section contained in the 
frequency interval 0 * the relations (3)- (6) and sub- 
stituting them in (2), we get 

FIG. 1. Inhomogeneously broadened EPR line. Solid vertical 
lines-boundaries of the burned hole, dashed-boundaries of 
quasi-homogenous sections. The saturation frequency i s  . 
marked by the arrow. 
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Here  w! is the center of the gravity of the indicated sec- 
tion of the line (see the figure), ~ , h  = 6;/3 is i t s  normal- 
ized second moment relative to w,O, ~ , = 5 1 ,  - w,O and a, 
= nh /n,, where nh -26,G(h)n, is the number of electron 
spins that land in the burned hole. 

The  quantity w i  can be easily obtained by using the 
definition of the center of gravity (1) a s  applied to the 
frequency interval 51, * 6,, with allowance for  the fact 
that 6, << binh. A s  a result  we have 

A~=M:G'(A)/G(A). (9) 
Substituting (9) in (8) and neglecting the quantity A:/M: 
- (6,,/dinh)' compared with unity, we obtain ultimately 

We now take into account the spectral  diffusion and as- 
sume that the half-width of the burned hole (which we 
continue to assume to be rectangular) is determined no 
longer by the saturation factor, but by the characterist ic  
diffusion length 1 ( ~  ), with 6h << l(51,) << dinh (under this 
condition the diffusion length i s  not very sensitive t o  the 
state of the DDR and can be estimated without taking the 
lat ter  into accounts). We note that the diffusion length is 
in  general not the same for  different sections of the 
homogeneous line, a fact emphasized by using the nota- 
tion ~(51,). 

This, however, is f a r  from a complete description of 
the role of the spectral  diffusion. The  point is that the 
c ros s  relaxation is now effective not only on the burned 
out section of the line, but also outside this  section, 
provided only that the spins that participate in i t  a r e  
separated by a frequency interval that does not exceed 
the diffusion length. This  leads to thermal mixing of the 
corresponding difference subsystems and the common 
DDR, and this should manifest itself in the total thermal 
balance. 

This  circumstance can be approximately taken into ac- 
count by breaking up the entire EPR line into spectral  
sections of width 21(wi), each of which is s e t  in corres-  
pondence to a different subsystem (we neglect the c ros s  
relaxation between these sections). The  specific heats 
of the newly introduced subsys t ems%~ a r e  defined, 
obviously, a s  

where n i  =21(wi)n,G(wi - o,,) is the number of the spins 
in the i-thsection, and Mj aM2(wi - w,,) = 12(wi)/3 is i t s  
second moment. Adding the t e rms  corresponding to  the 
subsys tems$~ in (2) and replacing the sum over i by an  
integral, we have 

where 

3. THE SPIN-PACKET MODEL 

We now represent, a s  is customary, the inhomogene- 
ously broadened EPR line in the form of a continuous 

se t  of homogeneous spin packets with resonant frequen- 
c ies  w' and with form factors g(w - wt) normalized to  
unity and with a c ros s  relaxation with probability 
wCR(w'- w") (for which an explicit expression is given, 
e.g., in Ref. 11) acting between them. Neglecting the 
influence of the nuclear spins (their role,  a s  is c l ea r  
from (10) and (121, reduces only to the appearance in 
the final formulas of t e rms  proportional to f ), we can  
write down a system of equations for  the Zeeman tem- 
perature [@,(o')]-' of the packets and for  the common 
spin-spin temperature 0,: under conditions of stationary 
saturation a t  the frequency a, in the forme 

where S =  (y, H,)~T,, /~,  (yS i s  the spectroscopic-split- 
ting factor for  the electron spins); al l  the integrals here  
and below a r e  taken between infinite limits. 

No general solution has been obtained s o  far  for the 
system (13a), (13b), and the main difficulty l ies  in the 
fact that these a r e  integral equations. T o  get around 
this difficulty, we introduce a new characterist ic  of the 
spin packet, namely the quantity 

0'-8 r (0') =Bs (0'1 - - Pss, 
w ' 

(14) 

which is the deviation of the reciprocal Zeeman temper- 
ature of the packetfrom the limiting value @, (wt)= -A'&,/ 

w' reached in the case  of s trong saturation of this 
packet with a detuning A' and (or)  effective c ros s  relax- 
ation on the frequency interval w' - 52. We note that 
[@,(w')]-' is the value of the single spin temperature 
under conditions of thermal mixing in the RCF. We note 
also that for  packets not affected by saturation (i.e., 
located f a r  enough from the center  of the burned hole), 
the parameter  y(w ') becomes 

Using (14) and (15), Eq. (13a) takes the form 

Thus, in place of Eq. (13a), which contains two unknown 
parameters-the function p,(wt) and the quantity P,,- 
we have obtained an equation for  a single unknown func- 
tion y(wt). Moreover, a s  can be readily seen Eq. (16) 
has practically the s ame  form a s  the equation that de- 
scr ibes  the behavior of the Zeeman temperature of the 
packets without allowance fo r  the DDR, and obtained 
from (13a) by excluding the t e rms  that contain p,, (the 
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only difference is that the "lattice t e r m  y,(w') i n  (16) 
depends on the frequency, whereas  0, in (13a) is a con- 
stant). T h i s  fortunate circumstance enables u s  to ex- 
p r e s s  immediately the sought function y(w') in t e r m s  of 
the well known" solution of the truncated equation (13a). 
In  fact, if we express  the Zeeman-temperature d i s t r i -  
bution obtained without allowance f o r  the DDR i n  the 
form 

where F(D - w', s) charac te r izes  the shape of the burned 
hole under the condition P,, = O  (the explicit  form of 
F(D - w', s )  is given, fo r  example, in  Ref. 111, then the  
solution of Eq. (16) is 

If the c r o s s  relaxation between the packets  can  be neg- 
lected, the validity of (17) can be directly proved by 
substituting i t  in (16); in  the opposite c a s e  i t  is neces- 
s a r y  to  use  the usual procedure of going from the  inte- 
g ra l  equation (16) to  the differential equation of spectral  
diffusion"; this yields 

where 

lcx2='/2 rsLG ( A )  S X z w c n  (z) d~ 

is the square  of the spectral-diffusion length. Recogniz- 
ing that 8, (w ') sa t i s f ies  the usual equation of spec t ra l  
diffusion (without allowance for  the DDR)," it  is easy  t o  
show that (17) is a solution of (18) if I,, >>&ip. 

Returning now to the old unknowns /3,(w1) and b,,, we 
get f rom (14), (15), and (17) 

Thus,  inplace of the integral  equation (13a) we have ob- 
tained the simple algebraic  equation (20), which fur ther-  
more  does not contain any explicit connection between 
the Zeeman tempera tures  of the different packets. Sub- 
stituting (20) in (13b) and recognizing that G ( x )  var ies  
much more  slowly than WcR(x), g(x), and ~ ( x ,  s), we ob- 
tain 

888 - QG' ( A )  nsGpG ( A )  J,+2Lcx2aCE --- 
$I. G ( A )  aoss2+nsGpG ( A )  JP+2LCR2 [G ( A )  ] -'Jo (21) 

where 

a,,=ZG(A) SF ( x ,  s )  dx 

We consider  now the concrete  form of (21) fo r twol imi t -  
ing cases .  

a )  If spectral  diffusion can be  neglected, then accord- 
ing t o  Ref. 11 

Using the notation 

and 

we have 

b)  If the width of the burned hole is determined mainly 
by spec t ra l  diffusion, then according t o  Ref. 11 

where 

Then  

where  is the value of I@: i n  the c a s e  of s t rong  
saturation (s '  >>I)  (but formula (23) itself is valid f o r  a l l  
s o .  

4. DISCUSSION OF RESULTS 

We compare  f i r s t  the resu l t s  obtained in Secs. 2 and 3. 
I t  is easi ly  seen  that in  the c a s e  of s t rong  saturation and 
for  a hole of rectangular  shape (i.e., under the condi- 
tions assumed in Sec. 2)  the quantities cr ,,, and cr,, go 
over  into 0, and and I l ; f , h ( - )  go over  into Mi ;  next, 
a t  6, = l,, oc [G(A)]"~ [see (19)] we have J(A)= J,/G(A). 
A s  a resu l t  i t  tu rns  out that formulas (22) and (23) go 
over  exactly into (10) and (12) (without allowance for  the 
nuclear  spins).  T h i s  agreement  revea l s  c lea r ly  the 
physical meaning of the resu l t s  and a t tes t s  to  the useful- 
n e s s  of the model of thermal  mixing in the R C F  a s  ap- 
plied to  problems of spin dynamics. 

We now stop to obtain a quantitative es t imate  of the r e -  
sul ts ,  assuming f o r  the sake  of argument  that G(6) is 
described by a Gaussian curve  with parameter  o, s o  that  
G'(A)/G(A) = - ~ / a ~ ,  and J, = (27~' /~01-~.  A s  seen  from 
(10) and (22), the maximum cooling of the DDR which 
can be obtained in the absence of spec t ra l  diffusion is 
reached a t  detunings A -*a under the condition that 
( a w i ,  + fw?)/ffM,h 5 1, which yields Em,-~o/6inh. We 
note, however, that a<< 1 ,  and therefore the foregoing 
condition will in  no way be always satisfied in  practice. 

In the other  case ,  when the shape of the hole is deter-  
mined by spec t ra l  diffusion (a  situation that s e e m s  to be 
the most real is t ic) ,  i t  follows from (12) and (23) that the 
maximum attainable value is ~ , , -w~6, /6~ , , ,  i.e., i t  
tu rns  out t o  be s m a l l e r  by a factor  dinh/6, than in the ab- 
sence  of spec t ra l  diffusion. T h e  physical meaning of 
this  effect is quite clear :  a s  indicated in  Sec. 2, the 
c r o s s  relaxation between the "idle" spin packets (those 
not landing in the burned hole) increases  the specific 
heat of the low-frequency energy rese rvo i r ,  and i t  is 
this which leads  to the d e c r e a s e  of E. We note that with 
fu r ther  enhancement of the spec t ra l  diffusion, the frac- 
tion of the idle  packet s in  the total balance decreases  
gradually and a t  6h-6ihn, when none a r e  left, E ,,, 
reaches  a value ~ , / 2 6 ~ , ,  [see (7)]. Thus,  the depen- 
dence of Em,, on the diffusion length is quite unusual: 
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both at smal l  and a t  l a r g e  I,, the enhancement reaches 
values of the o r d e r  6,/binh, whereas  in the intermediate 
region there  is a slight decrease ,  reaching a minimum 
near  I , ,  = 6 inhm. 

We compare  now o u r  resu l t s  with the data  of Refs. 8 
and 9. In the absence of spec t ra l  diffusion the formulas 
a r e  almost  the  s a m e  (we note that o u r  Eq. ( lo) ,  in  con- 
t r a s t  t o  Refs. 8 and 9, takes the influence of the nuclei 
into account). At the s a m e  t ime the es t imate  proposed 
in Refs. 8 and 9 f o r  the c a s e  6 p  lcR yields E ,, >> w,/ 
6,,, which deviates  great ly with the resu l t s  of the p res -  
ent  ar t ic le  and apparently does not a g r e e  with the  physi- 
ca l  arguments advanced above. 

We note finally that Eqs .  (lo),  (12) and (22), (23) a r e  
quite s i m i l a r  in  s t ruc ture  with the resu l t  obtained for  the 
"solid-effect'' under conditions of inhomogeneous broad- 
ening of EPR.7112 In  part icular ,  in  both case ,  with in- 
c reas ing  ( A ), the quantity 1 E I f i r s t  inc reases  i n  pro- 
portion to w,G '(A)/G(A), and then d e c r e a s e s  in accord 
with the  decrease  of the fraction of the active electron 
spins (the factor  (Y in the notation of Sec. 2). T h i s  s im-  
i lar i ty  emphasizes  once more  the common physical b a s e s  
of the two dynamic-polarization mechanism, which is 
connected with thermal  mixing in a rotating coordinate 
system.' 

T h e  authors  thank M. I. Rodak and G. A. Vasnev for  
in te res t  in  the  work and for  helpful discussions. 

'We use the traditional abbreviation DDR-dipole-dipole 
reservoir-although it can include also other spin-spin inter- 
actions (sey , exchange interactions). 
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Experimental dependence of the volume of solid normal 
hydrogen on the pressure up to 30 kbar at a temperature 
77 K 

V. V. Kechin, Yu. M. Pavlyuchenko,  A. I. Likhter, and A. N. Utyuzh 

Institute of High Pressure Physics, USSR Academy of Sciences 
(Submitted 12 January 1979) 
Zh. Eksp. Teor. Fiz. 76, 2194-2197 (June 1979) 

The pistondisplacement method was used to measure the dependence of the molar volume of n-H, on 
the pressure at liquid-nitrogen temperature in the pressure range 4-29 kbar. The results are presented in 
analytic form that approximates the experimental data with accuracy 0.03 cm3/mol. The relative jump of 
the volume at melting amounts to (4.7+0.4)%. 

PACS numbers: 62.50. + p, 65.70. + y 

Notwithstanding recent  in te res t  in hydrogen, both 
scientific and applied, the number of experimental in- 
vestigations of the equation of s ta te  of solid hydrogen at 
high p r e s s u r e s  is quite limited. T h e r e  a r e  part icular ly 
few investigations of the P - V-  T dependence a t  high 
s tat ic  p r e s s u r e s ,  i.e., s tudies  that would permi t  the cal-  
culation of the equation of s ta te  and of the thermodyna- 
mic functions with sufficient accuracy. In fact,  a t  4.2 K 
measurement  of the P - V dependence were  made up to 
20 kbarl and 25 kbar.2 On the other  hand, a t  tempera-  
tu res  higher than 4.2 K, the  region in which experiment- 
a l  r e s e a r c h  was performed does not exceed severa l  hun- 
dred b a r s  .3 s4 

We presen t  h e r e  experimental  P - V da ta  f o r  solid 
normal  (75% ortho, 25% p a r a )  hydrogen (n - H,) a t  liquid- 
nitrogen temperature.  T h e  measurements  were  made 
with a low-temperature p r e s s  by the piston-displace- 
ment method. T h e  apparatus  and the experimental  pro- 
cedure a r e  described in detail  i n  the preceding  paper^.^^^ 
T h e  high-pressure chambers  had inside d iameters  6-7 
mm and w e r e  made of s t e e l s  ~ 1 9 5 8  and ~ ~ 6 3 7 ,  of high- 
s t rength manganese-nickel s teel ,  and of beryllium 
bronze. T h e  maximum p r e s s u r e s  w e r e  11 kbar  in 
beryllium-bronze chambers  and 17-29 k b a r  in  s tee l  
chambers .  F r o m  two to five experiments  were  per-  
formed with each of the four  chambers .  T h e  volume of 
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