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Kinetic equation for a system of parametrically excited

spin waves
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Kinetic equations describing the magnon system of a parametrically excited ferromagnet are derived. The
coherent-state representation is used to find the explicit form of the collision integrals. The stationary
distribution is found with allowance for the exchange interactions. It is shown that such a distribution is
stable with respect to weak relativistic interactions. The problem of pump-field absorption is investigated.
It is shown that the absorbed power is dependent only on the interactions that do not conserve the

magnon number.

PACS numbers: 75.30.Ds
1. INTRODUCTION

The macroscopic characteristics of a parametrically
excited ferrodielectric are determined by the pair cor-
relators, n,=(a, +a,) and 0, =(a,a.,), of the magnon
operators. The temporal evolution of the quantities
n, and o, is described by kinetic-type equations con-

taining a dynamical part and a collision-integral analog.

The aim of the present paper is to find the explicit
form of these integrals, something which has not been
done before. Further, we investigate the steady- state
distribution of the magnons, and look into the problem
of energy absorption for such a distribution.

As is well known, by parametric excitation we mean
the situation in which, in a trans-threshold pump field,
the magnon system is unstable in some region of k
space. This leads to the exponential growth of the cor-
relators n, and ¢, in time. We assume that, as a
result of the interaction between the magnons, there
occurs such self-consistent renormalization of the
magnon energy and pump-field amplitude as is required
to make the instability region disappear.

It turns out that the nature of the steady-state distri-
bution essentially depends on the ratio of the strengths
of the interactions conserving and not conserving the
magnon number. We proceed from the fact that the
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strongest of them is the exchange interaction between
the magnons. We also take into consideration the ex-
change interaction between the magnons and the phonon
subsystem, which is regarded as a thermostat, i.e.,
as being in thermodynamic equilibrium. We shall con-
sider the relativistic interactions to be weak as com-
pared to the exchange interactions, and shall treat
their effect on the steady-state distribution as a per-
turbation. We establish below the conditions under
which the corresponding correction to the stationary
magnon distribution will be small. As will be shown,
it is precisely the relativistic interactions that are
responsible for the absorption of energy in the steady-
state regime.

The Hamiltonian of the system under consideration
by us has the following form:

H=H,+Hy+H e+ H i+ Hop". (1)

Here H, and H, are the Hamiltonians of the free mag-
nons and phonons, H,, covering the resonance interac-
tion with the pump field:

H,= Z {esm*ar+, (Viaa_,e+V, ', a_te=') }, - (2)
k
H, =~Z Epby* by, (3)
“« .

where ¢, is the magnon energy, E, is the phonon ener-
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gy, and V, is proportional to the amplitude of the uni-
form monochromatic pump field of frequency w.

The last three terms in (1) describe the interaction
of the magnons with each other and with the phonons:

H,,~= 201,2;3,t0x+az+a:ax (4)

1234

is the exchange magnon-magnon interaction;

Hpp* =‘2 (Wi;z.:al+a2bs+\l’t:;z,:bx+az+ag) (5)

is the exchange magnon-phonon interaction,

Hmm'=z (0l;z,aa«+azas+0;;z.sa:+az+ax) (6)
is the relativistic interaction between the magnons. The
The amplitudes of the interactions ®,,3;3,4, ¥1;2,3, and
&®4;2,5 contain Kronecker symbols ensuring the fulfill-
ment of the momentum conservation laws in such a way
that the sums of the momenta on the left and right of the
semicolon are equal. Furthermore, from (4) and (6)
follow the following properties of the amplitudes:

-
0l.z;!,.=®1.:;;,5——‘ol.t;i.z'—_oz.(;:.h 01;2,:«:0!;:.2-

Explicit expressions for the magnon energy and the
interaction amplitudes are given in, for example, the
monograph by Akhiezer et al.!

In the second section of the present paper we derive
a system of kinetic equation for the correlators n, and
o, in the first approximation that takes account of the
strongest (the exchange magnon-magnon and magnon-
phonon) interactions. In the third section we find with
the aid of the obtained kinetic equation the stationary
magnon distribution that takes into account the interac-
tion of the magnons with the phonon thermostat. In the
fourth section we evaluate the effect of the relativistic
interactions on the steady state distribution. For this
purpose, we find the contribution of such interactions
to the kinetic equations, and determine the correspond-
ing correction to the distribution function. The prob-
lem of pump-field energy absorption is investigated in
the same section. An expression is obtained for the
power absorbable as a result of the magnon-number-
nonconserving relativistic interaction. It is also shown
that the magnon-number-conserving interactions—in
particular, the exchange interactions—cannot lead to
absorption.

2. DERIVATION OF THE SYSTEM OF KINETIC
EQUATIONS FOR , AND o,

1. In accordance with what was said in the Introduc-
tion, let us limit ourselves in this section to the con-
sideration of the exchange interactions. We shall pro-
ceed from the Liouville equation for the density matrix
p:

L 0p

ih—>=[H,p]. (7)
With the aid of the unitary transformation

p=U""pU, U=exp [ - 19212 a."a.] (8)

we eliminate the explicit dependence on time and obtain
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5y =191, ©)

+ 2 E\by* byt 2 ‘Dx,z;a.tax+az+asa‘+ 2 (¥ y2adtaby W |:z,aba+az+ﬂx) .
13

1234 123

(10

The pair correlators
ny=<a,*a,>=S8p pa,*a,=Sp par*a,, (1 1)
Oy=(a,a->=Sp paa_,=e™' Sp pa,a_, (12)

satisfy the following equations, obtained from (9) and
(10):

ihﬁ,=V.‘0.‘—V.o.—{ 22 O, oralartata.a

par
+2| (¥ 5ra€8p* 00> — Wyt apbyd) —C.C. }
Pq

(13)
iho,= (2es—ho) oy +V," (2n,.+,1)+22I (D pgiral,*apa,a,>
par
+ @y qr-al@aa, apa) + Z‘ (¥ e @rB-pb_ >+ W Ly lara_pb tr+s.C.).

re

The terms denoted by s.c. (sign conjugation) here and
below are obtained from the terms written out by chang-
ing the sign of each of the momenta. The averaging

on the right-hand sides of the Eqs. (13) is performed
with the density matrix p.

Using the fact that the interaction is weak, we can
decouple the right members of the Eqs. (13) into pair
correlators, taking into account in the process the fact
that not only the #,’s, but also the ¢,’s, are nonzero.
As a result, we obtain

i
T = W (Aran—Ay'ay) +I,,

i i (14)
h=— T (2t —ho)a — 3 Ay (2nH1) +I2,
where
§k=EA+4 ZOA.A';A.A'"A'. Ay=V,+2 Z‘ on.-u;u'.—u’ﬂu" (1 5)
ry g

are the renormalized energy and pump;
L= Lem) Himprs 13=inmy Ly (16)
are collision-integral analogs:

n 2i
In(mm)= TL 2 oﬂ.q;r h(ap+a¢+Mg>+C.C.,
e (16a)
o 2i y
Lymmy=— 7‘ Z Dy q.r 2@t azaa00+s.c.
par

for the magnon-magnon correlators and

" i {
Ly = 72 (¥ pnaCas*aabe) — Wy olartazhd) + c.c.
»e (16b)
o i .
Ly = — —’;2 (Whp.1$0apbe) + Wiy 0apD*D) +5.C.
Pq

for the magnon-phonon correlators. The summation in
(16a) is performed over those values of the quasimo-

menta for which direct decoupling into pair correlators
yields zero. Therefore, the contribution of these sums
to Eqs. (14) is quadratic in the small amplitudes & and
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¥,

By constructing equations, similar to (14), for the
higher-order correlators, and decoupling their right
members into pair correlators, we can, in principle,
obtain a closed system of equations. However, since
the Hamiltonian (1) contains anomalous quadratic—in
the Bose operators—terms (V,a,a., +c. c.), this stan-
dard procedure leads in the present case to a system
of sixteen equations for the higher-order magnon cor-
relators and to a system of four equations for the mag-
non-phonon correlators, the direct solution of which is
extremely difficult. On the other hand, it is impossible
to get rid of the anomalous terms in the Hamiltonian
(1), since in the region of parametric magnon excitation
Ia,, rw/ 2! < | Vkl and the diagonalization of the quad-
ratic—in the Bose operators—part is impossible.

In view of the above-indicated difficulties, to find the
higher-order correlators entering into the expressions
(16), we shall use the coherent-state distribution func-
tion of the magnons. This function is determined by
solving a linear, first-order partial differential equa-
tion.

2. Let us go over in Eq. (9) to the coherent-magnon-
state representation involving those coherent states for
which the vector lz) = |{ zk}) is a common eigenvector
for all the Bose operators a,, i.e., for which

a|z>=2:|2>.
For this purpose, let us introduce for consideration the
function

F({2})=<z|pn|2>; pm=SpPmp, 17
where Sp,, denotes the trace over the complete set of
phonon states. The function F gives the probability
distribution of the magnons over the set of complex
amplitudes z,. ) If we take into account (see Ref. 2) the
fact that

a a
(laypml 2> m=et PR el*'Fuma (3-; +z.) F,

{z|ay*pm|2>=2,"F,

where

elz|x=exp (Z |Z.|z) s
L3

then from (9) we obtain the following equation for F:

oF/ot= ZL.F+M. (18)
1.3
Here
i hoy @ a 1
o= — [ (e —2) gy 4V, 2y e + — Vy + 1
= [(e" 2 )z“az,+v“z" 9z | 2 " om0z _.] ce; (19)
M——Z(D,,“e “'z.zzTe""F ——2 (\ym+\1fm)z, +cc,
1234 0250z, 129
(20)
Fi=(z| Spanbyp | 2> (21)

Equation (18) is similar to the Liouville equation for the
classical distribution function.?

Let us introduce the distribution function for a pair of
magnons with oppositely directed momenta:

h=[F H (—i— d‘z,) , d’z;=dRezdImz. 22)

etk
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The correlators », and 0, can be expressed in terms of
it as follows:

1 1
1= ?j‘ | 2% Bz d2y, o= = I 22 afrn 22322 (23)

Similarly, we can determine the distribution function
for pairs with four different momenta:

L | B A A (24)

Jekp,kq,kr, ks
in terms of which the corresponding correlators can be
expressed, e.g.,

1
(ap*agta.ay= jz,'zq‘z,z.qu,. ( - d*z; ) . (25)

J=xkp,kgiEr, ks

The equation for the function f,, ,, follows from (18)

and (24). It has the following form:
frm Y, Eafoit M, (26)
" hmtprpikr e
Mypi= IM- t IJ (—dzz,) Y ]
’ X(%d:)fffff B (27)

Bearing in mind that the distribution function (24) will
be used by us only for the computation of correlators

of the type (25), we can drop the terms with second
derivatives in the operator (19). Indeed, these terms
drop out when we go over from Eq. (26) to the equations
for such correlators,® and therefore in no way affect
the values of the correlators.

From Eq. (26) we can derive a closed equation for
the function f,,s if, using the fact that the interactions
are weak, we decouple the terms in the expression (27)
and limit ourselves to the lowest order in the interac-
tion. In this case complete decoupling should be car-
ried out up to the pair functions of the distribution f,.
Furthermore, as in Eqs. (14), the renormalization (15)
should be allowed for in (27). As a result, we have

frars— Z ihqu."=JN.rn (28)
Re=tpi g, +7,+8
where
= i Ao a a
B—— [( t— —2—) B A2 5;:] +e.c., (29)
4i ) 9%
Jpars=Jpars( {zh} )= {—ﬁ- (Dwz;r,-e_m (zpzq m
al
—2,°z," - )e"”f,qu,f,+ s.c.} +c.c. (30)
02,°02,

Here we have taken into consideration the momentum
conservation law p+q =r +s, which is contained in the
expressions, (16), for the sought collision integrals.
Notice that the terms with the magnon-phonon interac-
tion drop out in the indicated decoupling process, since
they contain a single phonon operator.

3. Equation (28) is a nonhomogeneous first-order
partial differential equation with J,,,,, as its right mem-
ber. Assuming that the correlators (25) vanish at
t ===, we shall seek the particular solution to Eq. (28)
with the same initial condition. We shall use the meth-

Vinikovetskil et al, 1069



od of characteristics to find the solution.

The characteristics of Eq. (28) are the solution to the
system of equations

h A
ihiy= ( Ei— ‘22‘) HtACzo, ki = (Er— ‘7&)‘) 2"+ Awa, (31)

which coincide with the equations of motion for the
classical amplitudes. As can be seen from (15), into
the quantities £, and A, enter the required pair correla-
tors n,, and o0,, which are time dependent. However,
as is customary in kinetics, this slow dependence can
be neglected in Eqs. (31). Then we obtain the following
solution:

z,=c3uy exp( —i&xt/h) +c_,'vy" exp (i&xt/h),

(32)
Z_y"=c_,"uy" exp(—i&t/h) tcv, exp (iant/h),
where ¢,and c%, are constants of the integration,
a=[(&—ho/2)'= AT, (33)
[ b—he/2—8 1" _ Anizy
“= [_25.—_] T R hela e (34

In conformity with what was said in the Introduction, we
assume that the renormalizations ensure the realness
of &, in the entire k space. The sought solution of Eq.
(28) then has the following form:

; i i
f pq'"=_‘[’1 pare ({c.u,. exp (—— ra &t ) +c-\'vy exp (7 E.-:) }) dr,

where ¢, and cZ, should be expressed in terms of z, and
z%, from (32). As a result, we obtain

frare= _‘.Jw.r-( {2,})dr, (35)

where

=M (D)= (1) 2x"s  Zoa' =M (1) 2=r"— ta(T) 21 (36)

Here

M (t)=lusl* exp (—;,l—é.r) —lul? exp (—% Eﬂ) s

(37)

BT

P (T) = 2ius’v, sin

4. The found solution, (35), allows us to obtain ex-
plicit expressions for the four-magnon correlators of
interest to us. From (25) and (35) we have

0
1
Cap*agta,a,>= | dt 25°2."2:2.J pg,rs ({Za}) —d’z).
_.J; J. { } I*ﬂ:r.It;I,:t'-*‘( r z’)

It is natural to go over from integration over z to inte-
gration over Z with the aid of (36). Taking into account
the fact that the Jacobian of the transformation is equal
to unity, we represent the correlator in the following
form:

4i ¢
{a,*ataa>= e Dogre j de{[As* (npt1) 1,051

X[AG. (nq+1) +uqoq] (N’h"’llr'ﬁy') (Aanc‘+p'..0.‘) - (M'n,'*'u.,c,,)
X (xq‘”q+uqoq) [}"r (nr+1) +p'r.0r.] [An (n.+'1) +|J..'O.']

—[As'0p tHpp(npt1) ] [Ag'0g"+pq (ng+1) 1 (Aroptpar'n,) (A0, p,'ny)

+ (A 565"+ Upnp) - (g0 T ang) [Aro, +Hp." (re+H1) 1 [Ao A p,” (n, 1) 1}
Collecting the terms with the same exponential time
functions, and integrating over t, we obtain
(%054 0,0,> =4in®s, g v, o{ | Upliqltilts| Rg, ris (5 E—E—8)+...}. (38)

Here

1070 Sov. Phys. JETP 49(6), June 1979

Ry, fs=(nP+1—YPGF) ("q+1—'¥qoq) (”r—'Yr‘Gr') (nl_Y!‘cl.)
— (np—Y205) (ng—"¢0q) ("'+1_‘Y"0r') (nu+1""Y.'0n.)

—[05"—Ys(np+1) 1o, (mg+1) ] (0:—7,"70) (0.—7."720)

(05" —15M5) (0" Yeq) Lo-—1,* (r,+1) [ [0.—1." (1) 1, (39)

oy i 1
’{:—7’. 84(z) 5(1)‘*'—“—1’—:—-

The terms that have not been explicitly written out in
the curly brackets in (38) [and in (40) and (41) below]
are obtained by the substitutions

&§—>—8&, u=v; (j=p,q,T,8).
The correlator
$a,*a508-> =—4in Dy oo {|Usu |00, Ryq b4 (84 E—2,—8) + ...} (40)
is computed in entirely similar fashion.
Substituting the expressions (38) and (40) into the for-

mulas (16), we obtain the expressions for the magnon-
magnon part of the collision integrals I,y and I} (nm):

» 8’ .
Tymmy=— 7{2 O ora{iusg | ?Rpendy (Epte—&—a)+.. }Hc.c.,

par

P 16n ! .
Dymmy=— e 2 @p0ra{ | 2p00, 2004 Rog i (B H8s—E,—8) +. . ).

prar

(41)

5. We can use for the computation of the correlators
entering into the collision integrals (16b) the function

=[] (ni d’z,) — i, (42)

juekr ks

where the function F? is given by the formula (21). The
equation for F? is derived from the Liouville equation
in exactly the same way as equation (18) was derived
for F. Further, performing the integration in (42) and
decoupling the terms on the right-hand side, we obtain
the equation

frm B Bafott - Eifut=do, (43)
[Y————
where

=_i__m,{. O y_9 '+]

J.8 e ¥rngl 2 FP N, FPE z,"(N,+1)
. a P

FW . [z_.—Nq 2 (NH) ]} 1 f. (44)

0z_, 0z_,"

Here N, =[ exp(E,/T) - 1]™ is the phonon equilibrium
Bose function and T is the temperature of the phonon
thermostat. Equation (43) is similar to Eq. (28). It
has the same characteristics, and therefore its solu-
tion can be written in the form

fot= (@) oxp (3-E) dx,

where the Z, are determined by the formulas (36).

The correlators entering into the expressions (16b)
are defined as moments of the function f}, e.g.,

(hos).

As a result, for the magnon-phonon collision integrals,
we have

(a,*a,bp= y 2,2, f.. H

Jemzkr, ks
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n
Ih(m’)

£ .
=‘72 {(l‘yh: n.qlzluhuplz = W¥one¥-r-sq
P

X Uy Uy Up) Rpp®4 (B — & — E) — (I W, ol luapual® — W, r.q‘F-:m ~hq
Xuplp uy'vp) Ry, (8 — &n — Eg) +.. .} + c.c.,

Lymsy = —2 {1, p.ol*uavy’ 5 *Rap®S, (81— & — E,) 45
=W, —nol a0y U, Ryp %04 (8 — & + E,)
T+ Wh 50 ¥ Zps onel sV Rep36,, (85 — 82 — E)
= W50 ¥ g gl ualusvy Roa, (8 — e + Eo) + ...},
where
=(mt1-10) (me—15"05") No— (ma—1a0s) (Rt 1—75°0,°) (No+1). (46)

The formulas (41) and (45), together with (16) and (14),
solve the problem entailing the derivation of a system

of kinetic equations with allowance for the strongest
(exchange) interactions. These equations are valid for
arbitrary amplitudes of the pump field. If the pump
field is weak, the equations can be linearized around the
equilibrium distribution, which will lead to previously
obtained results.* In the case of a strong pump the
equations are essentially nonlinear in both the dynami-
cal and collision parts.

3. THE STATIONARY MAGNON DISTRIBUTION

The stationary magnon distribution is determined
from the kinetic equations (14), with the collision inte-

grals given by the formulas (16), (41), and (45). Set-
ting 7,=0, G, =0 in (14), we obtain
‘;Tl‘ (Aay’ — Avay) =1y,
2i . 1 ho .
Tl ()t (v )a]-m )

() ()]

The condition for the consistency of this system follows
immediately:

(28—10) "+ Ao+ A T, =0. (48)
Using the fact that the magnon-magnon and magnon-pho-
non interactions are weak, we shall seek the solution
of the system (41) in the form

n=n"+n"+..., a=o0"+a"+..
where 7", &”, and ¢{"* satisfy Eqs. (47) without the
right-hand sides:

A= A6 =0, @& —h0/2)a” + A" (0 +1/) =0, (49)
49
E—he/2) 6™ + AL (" + 1) =0,
with
E:n =g, t+4 om'; h,h’nlf'o) )
)
(50)

Anm- Vit 22 Dy, n',—vok(’a) y
n,:l), o,fl), ... being small—in the interaction—correc-
tions.” The system (49) has a null determinant, and
its solution can be expressed in terms of a single
quantity, »n?, as follows:

(0) _!__ 8= ho/2 sy 1 o _ _ A s, 1
n.+2 ———(n.+2), N — (,.+2).(51)

(0
&)

When (51) is substituted into the solvability condition
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(48), also written in the zeroth approximation, the
dominant parts cancel each other out, and we arrive
at an equation for the function nf having the form

YW Pinnd(

»r

£ +1) (0 + 1)~ (n? +1) (P + 1)nPnB]-
X 5(3,+Eq—-€r—gg)+|wp;";)l [np nq nf (n +1)
=2 +1) e+ 1) (nB+ DnBlo(s + e +Ea—8)+..}

+ AW L8+ )N, =P (0 + ) No+ )]

S(e—&+E)+..} =0, (52)

where
W;:‘T.) = 27'—2_0, ara (U0 U, + V00, v,
W =212 0y, o a (80,0, 1y + vp001 Dy Y,
W,(,:,’ = Wpia'up + ‘quvkvp .

The terms that have not been written out pertain to all-
possible elementary processes both with conservation,
and without conservation, of the “new” quasiparticles
(with the corresponding energy conservation laws).
Equation (52) has the structure of a normal stationary
kinetic equation, and its solution is an equilibrium Bose
function with zero chemical potential and a temperature,
T, equal to the temperature of the thermostat:

(53)

The stationary magnon distribution is found by sub-
stituting (53) into (51), the functions 4" and & being
determined by the self-consistency conditions.® These
conditions are nonlinear integral equations, which are
obtained from (50) when #‘® and o® are replaced by
the found stationary values. The obtained stationary
distribution differs essentially from the thermodyna-
mic-equilibrium distribution in that region of k space
where |£ -%w/2| ~|4a,|. The dimensions of the region
and its location are determined by the magnitudes of
the frequency and pump renormalizations, and are
found from the solution to the self-consistency equa-
tions. Far from this region the renormalizations be-
come unimportant, and the distribution (51) is close to
the equilibrium distribution with a chemical potential
equal to fiw/2:

nP=[exp(av/T)—1]".

n" =[expl (ex— h/2)/T]— 11", &”=0.

4. EFFECT OF THE RELATIVISTIC INTERACTIONS

1. Let us now find out how the above-found stationary
distribution [see (51) and (53)] changes when the small
relativistic correction, (6), in the Hamiltonian of the
magnon system is taken into consideration.

Since the interaction (6) does not conserve the mag-
non number, on being transformed with the aid of the
unitary transformation (8), the Hamiltonian &, be-
comes explicitly dependent on time:

(6)

Hew = U Hp'U = Z (@, 2,501 a,a,e—""? +_H.c.) .

As a result, there appear on the right-hand sides of the
Eqs. (14) for n, and g, time-dependent relativistic cor-
rections to the collision integrals:
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L =— %e“"”’z (@4, plartaza)— 20, Captaa)) + c.c.,
_ ™ (54)

13 N .

L =— TZI (e7*"*@s, p oCarapa>+ 26" @y, \<ataza-0) + s.c.

P

To find the correlators entering into (54), let us, as
before, use the coherent-state distribution function
F({z,}), in the equation for which we shall allow for the
relativistic corrections. Going over in this equation
to the function f,,, [it is determined in much the same

way as (24)], we obtain after the decoupling process
the equation

fﬁ.vf - ZI ikjr,qr = ];qr (t)y (55)

h=pqr

where

, 2i . . . 9 .. 0
Tpor(t)= F g2 {(I),,q,e“" (zv P20z, Zg 2r "az_’-)
102,

X&' off, + 5. c.} +ce. (56)

Equation (55) does not contain terms stemming from
the exchange interactions, since these terms vanish in
the integration leading to the function f,,,, and in the
subsequent decoupling of its terms. In its turn, the
relativistic interaction does not contribute to the Eq.
(28) for the function f,,,s because of the difference in
the momentum-conservation laws.

The solution to Eq. (55), like the solutions to Egs.
(28) and (43), has the form

fror= [ Tow(c+t, (@} dr.

The correlators entering into the expressions (54) for
the relativistic collision integrals are found, as before,
from this solution. In performing the integration over
7, we should bear in mind that the functions n, and ¢,
entering into the integrand contain parts varying in time
with frequency w. This is connected with the explicit
dependence of the Hamiltonian H on the time, a depen-
dence which stems from the relativistic interactions.
But these rapidly varying parts are corrections to the
stationary values n,? and US , and are, to the extent that
the relativistic interactions are weak compared to the
exchange interactions, small. Therefore, in computing
the correlators in the expressions (54), we can assume
that n, :n,,(o’, op= 0,50). Then for the relativistic collision
integrals we have

L =A,"+B, e+ B, e, (57
A =Aku+B’aeiw! +Ck"‘€_i",

where
AA"=2_RZ| (lOA lzlunu u |=—2[(DP' l'zlvlvpuﬂlz)
h s P »%q @l
P

h
XRy peb (l’-n_ﬁp—éq—Tm)'f'K.c.'F...,

2n .2 . . .
B = N E (D pellals Uplp Uq Vg
Pq

2 . . ko
— 205, ol Vsl pUp g Vg) Ry 54 (é,. —H— & —T) +...
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4n
"

Pq

. ho
40 [ 1@y, 5.0l a0y [0pizg )R b (e,. — =y — —-)

2

. . . ho
=20y, 0,1 Dy, palVL U VUV Ry 90~ (E,. —Ep— & — T)] +...

8n . . ho
BS = TZI Dy, 04 DQq; pal VsV Ri 50 (gh —&—&— T) +...,
Pq
4n .. ho
X Ch,‘= Y 2 0:; ,_qludzu,v, Vg Ry,pe0- (En — & —&— "‘2—) +...,

Py
Ry, 5= (nr«B+1) anan“nhB(”pB+1) (nB+1).

Here the terms that have not been explicitly written out
are obtained by the substitutions
w=v), &>—8, nf+i=—nf (j=k p, q).

2. To find the relativistic corrections to the station-
ary distribution, let us consider the system of equations
(14) in which the collision integrals I} and IJ contain
the relativistic corrections (57). Setting

n=n+n’, 6.=0'+0,

where 73’ and o}’ are the stationary distributions satis-
fying Eqs. (47), while n} and o,” are corrections due to
the relativistic interaction, and linearizing the system
(14) in the corrections n} and o, we obtain a system
of linear integro-differential equations. Intending only
to estimate the relativistic corrections, we can neglect
the integral terms in these equations. As a result,

we arrive at the following system:

‘ Ll o=
W= T(Ak.‘(’hr - A0 = L (n, o) =1",
i ‘ ate gex
o + (28— ha)oy +— A" 20 — 117 (', 00)= 1", (58)
i i 0 ex* ors
ot — T(ZEA“ —ho)oy" — T Avieny — 1,7 (ny, o)=1I, .

Here I3*(n; o}) is a function that is linear in #} and o,
and does not contain the integral terms of the correction
to the exchange collision integral.

Let us, in accordance with (57), represent the solu-
tion to the system (58) as follows:

ny=F, '+a.e"'+a,‘e""",
O =3\"+tAe ! Hp, e,
For the time-independent part we have
i st . nex ;. n
—5 (Ao — A “o) = LN (R, 847) = Ay

ote

‘% (284 — ho) oy + '—;L‘ A 287 — I (R, 047) = Ay, (59)

— o (28— h0)ay — o A2 — I (A, 8) = Ay

Using the fact that the collision part is small compared
to the dynamical part, we seek the solution to this sys-
tem in the form

ﬁ.'=ﬁ10'+ﬁh.'+ cesy ﬂg’=0nr+6."+ ceey

where 7, and ¥, make the dynamical parts vanish.
Therefore, as was done above [see (51)], 7], and &},
can be expressed in terms of a single quantity, v,:

0) (0)*
LB —he/2 X
fine" = ' O =— o Ve (60)
Eh Eh

[We have replaced the quantities £ and A% by their
values in the zeroth approximation, £ and A, since
the discarded terms give, as can be seen from (60) and
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(61), corrections that are of higher order in I§*/g,. ]
The equation for y, follows from the solvability condi-
tion for the system for %}, of;:

@8 —ho) I+ AL LT+ A I = — 25,4,

264, = (26" — ho) 4, + A" 4, + A" A (61)
From this system we find

vi=Ay/D,, (62)
where

Do 2 sh(z/2T)
" om & sh (2/2T)sh (&,/2T) sh (e./2T)
-

X{W o 128 (25 + £, — & — &) + ...}

In the equations determining the coefficients a,, A,
and K, we can neglect the collision terms [we cannot do
this in Egs. (59), since it leads to an inconsistent sys-
tem]. As a result, we obtain the following solution:

. (0) (0)*
a,=——l—(B,"+——A" Bet+ c.a)

0 28 2

i oep .y 1 (18800 N

A"=m§:u,[A" B, +—2—( E‘:' —ﬁm)B.+ 25(:; Cu], (63)
. (0)2 (0)
i © .y D S AT b .

=g [aB, + e B +—2-(__§m —ha)cy).

Sk 3

As can be seen from (60), (62), and (63), the time-
dependent relativistic corrections are, to the extent
that the ratio If*/¢, is small, small compared to 7] and
0. In their turn, the corrections 7} and 6] are small
compared to the stationary values n,,“» and ak«» for v,
<nj =[exp(g)/ T)~ 1], From this and (62) we obtain
the inequality

A./n,B<D,,.
The quantity D,;1 coincides in order of magnitude with
the characteristic time of the exchange relaxation to the
stationary distribution nLO), o,ﬁm, while the ratio A,/n?
determines the characteristic frequency of transition
in the stationary system under the influence of the rela-
tivistic interaction (6’). Thus, if the exchange-relaxa-
tion frequency is high compared to the relativistic-
interaction induced transition rate, then the correc-
tions #; and of are small compared to the stationary
values 7" and o,”. Hence the stationary distribution
is stable.

3. Let us consider the problem of pump-field-energy
absorption by the magnon system in the steady-state
regime. By definition, the absorbable energy is

Q=<oH/aL>,
where H is the Hamiltonian (1) and the averaging is
performed with the density matrix p determined by Eq.
(7). Carrying out the differentiation, and using (12),
we obtain

1

Q= —;')' Zh‘ (Vaox — Vh.ol.) .
On the other hand, the equation for the correlator n,
can be represented in the form

—iﬁﬁ“‘—_V;;OR—V.'OA."}'( [H(nh ah+all>l -

Hpo=H ™+ Hpp™+How',
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the averaging being performed with /. Hence for the
absorbable power we obtain the following exact expres-
sion:

ho i® .
Q—?N*—? [Hw, Zan ak] >, (64)
where N =Z;n, is the total number of magnons.

Since the exchange interactions conserve the total
magnon number (the corresponding terms in the Ham-
iltonian commute with the operator Z,a, + a,), only the
relativistic terms in the second addend of formula (64)
will remain. Performing the averaging over time, and
taking into account the boundedness of N as a function
of time in the steady-state (not necessarily stationary)
regime, we obtain

or
(7 = — L (65)
2 2"1 Ao

Thus, of all the interactions entering into the Hamil-
tonian (1), only the relativistic interactions, which do
not conserve the magnon number, lead to absorption in
the steady-state regime. Let us emphasize that, for
a system with the Hamiltonian (1), this statement, like
the formula (65), is exact. It follows from it, in parti-
cular, that if the distribution is stationary, then there
should be no absorption. Indeed, as shown above, the
stationary distribution can be established only by the
magnon-number-conserving exchange interactions,
while the relativistic interactions, which are responsi-
ble for the absorption, make the distribution nonstation-
ary. The stationary distribution (51), (53) found by us
leads, as it should, to zero absorption, and the absor-
bable power is determined by the nonstationary relati-
vistic corrections.

Because of the weakness of the relativistic interac-
tion, we can use the approximate expression (57) for the
collision integral. The oscillating terms in I;” drop
out in the averaging over time, and we have

o— 170} sh ho 105, 12
2 FN sh (g,/2T)sh (z,/2T)sh (z,/2T)
h
x{lu,u,,u,l’ﬁ(e,—eq—e,——-22)+...}. (66)

Here, as before, the dotted line in the curly brackets
in (66) denotes terms that are obtained from those that
have been written out by the substitutions u, —~ v}, %,

- -g,(s=p,q,r). The positive definiteness of the found
absorbable power is evident; what is more, the substi-
tution w -~ —w does not destroy this property.

In conclusion, let us note that, for the realization of
such a distribution with the corresponding relativistic
corrections, besides the need for the self-consistency
equations to be compatible, it is necessary that the
pump field exceed the threshold value, whose order of
magnitude is determined by the linear damping.

DIn the classical limit the quantities z, coincide with the ampli-
tudes of the classical waves.
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YA similar type of equation for a phonon system is considered
in Ref. 3.

9The terms with the second derivatives drop out in going from
Eq. (26) to the equations, (25), for the correlators, since
there is not a single pair of indices among the indices p, q,
r, 8 that differ only in sign.
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The permittivity tensor and increase in the transmittance
of the spinel ferrites upon their conversion into single-

sublattice structures

G. S. Krinchik, K. M. Mukimov, Sh. M. Sharipov, A. P. Khrebtov, and E. M. Speranskaya
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(Submitted 25 October 1978)
Zh. Eksp. Teor. Fiz. 76, 2126-2136 (June 1979)

Investigations of the optical properties of substituted spinel ferrites have indicated a significant increase in
the transmittance of these compounds upon their conversion into a structure with a single Fe**-ion
magnetic sublattice. The off-diagonal components of the permittivity tensor are determined from the
optical and magneto-optical spectra, and some of the transitions that occur in the hexagonal ferrites are
identified. It is suggested that the two-ion optical transitions with charge transfer between neighboring
magnetically active ions play the decisive role, and a selection rule for such transitions is proposed.

PACS numbers: 75.50.Gg, 78.20.Ls, 77.20. 4y, 64.70.Kb

INTRODUCTION

In ferromagnets with two magnetic iron sublattices
intense allowed transitions in the visible and near-ul-
traviolet regions of the spectrum are observed only in
the case when they are due to pair excitation of the Fe**
ions. ' This follows from the fact that, in the indicated
spectral region, the electric dipole transitions of the
Fe®* ion in the internal crystal field are spin and parity
forbidden, as well as from the quadratic dependence of
the intensity of these transitions on the iron-ion con-
centration.’ The first intense single-ion optical tran-
sitions of the type of a charge transfer from the 2p or-
bitals of oxygen to the 3d orbitals of iron® lie, accord-
ing to Ref. 4, in the shorter-wavelength region of the
spectrum.

The two-exciton mechanism of simultaneous excitation
of two Fe** ions located on different sublattices, and
coupled by a strohg exchange interaction, has been con-
sidered in investigations of the garnet ferrites® and sub-
stituted spinel ferrites.®’ In particular, in Ref. 6,
where chromium-substituted spinel ferrites are con-
sidered, the conclusion that the two-ion optical-transi-
tion mechanism plays the decisive role is based on the
fact that the magnitude of the magneto-optical effect
has been found in investigations of the magneto-optical
spectra of the spinel ferrites of cobalt and nickel to
decrease sharply when the iron ions on one of the sub-
lattices are replaced by Cr®* ions. Another possible
mechanism for the pair excitation of the iron ions is
the transfer of charge between Fe*' ions on different
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sublattices with the formation of Fe*'- and Fe**-ion
pairs.z"‘ Analysis of the splitting of the energy levels
of the Fe®* ion in tetrahedral and octahedral crystal
fields and the computation of the energies of the pos-
sible transitions both in the case of two-exciton excita-
tion and in the case of charge transfer between sublat-
tices lead to good agreement with the experimental
data.**®

Thus, if we consider the pair mechanism of transition
excitation in iron ions located on different sublattices
to have been reliably established, then we should ex-
pect to observe not only the above-indicated decrease
in the magnitude of the magneto-optical effect, but also
a decrease in the absorption coefficient of such ferro-
magnets when the iron ions on the tetrahedral or octa-
hedral sublattices are replaced. With the object of
verifying this assertion, we carried out optical investi-
gations of the aluminate ferrites and chromite ferrites
of cobalt and nickel, in which we replaced in turn the
iron ions on the octahedral or tetrahedral sublattice
respectively by A’ and Cr® ions. On the basis of the
optical and the earlier-performed magneto-optical
measurements, we computed the permittivity-tensor
components, which were used for a more reliable
identification of the optical transitions and the deter-
mination of the nature of their splitting.

By qualitatively comparing the magneto-optical spec-
tra of the spinel ferrites with those of the hexagonal
ferrites with the M, W, Z, Y, and X structures, we
have identified some of the optical transitions in the
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