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The behavior of the Josephson current steps observed at high microwave potentials and powers in the 
case of a new type of clamped point junction is explained. It is concluded that at junctions consisting of 
metallic bridges which are small (of size d) compared with the coherence length (to) and mean free path 
(I), the phase dependence of the nonstationary Josephson current is sinusoidal. The formation of the 
current step is restricted by the heating of the junction at high voltages. The limiting voltage is 
V, -(l/d)"2. For the Nb-Nb junctions studied, Josephson steps up to 14 mV have been obtained. 

PACS numbers: 74.50. + r, 85.25. + k 

INTRODUCTION 

At a voltage above the energy gap of a superconductor 
eV > 2A,, the nonstationary Josephson effect a t  tunnel 
junctions has been observed experimentally by Hamil- 
ton' and described theoretically by Werthamer2 and by 
Larkin and O v c h i ~ i k o v . ~  The height of the current step 
induced by microwaves was calculated earlier.* The 
most remote steps in voltage a t  a tunnel junction have 
been observed by McDonald et aL5 No description has 
been made of the behavior of point junctions a t  voltages 
beyond the gap value, although there is interest both in 
the theory and in the practical utilization (for example, 
as a voltage standard). 

In the present work we set  forth the results of an ex- 
perimental study of the characteristics of a clamped 
Josephson point junction of a new type in a microwave 
field, and explain it on the basis of a proposed micro- 
scopic theory of a bridge of dimensions less  than { l , 5 J .  
From a comparison of the measured dependence of the 
height of the induced steps on the microwave amplitude 
with the theoretical value, it is concluded that the phase 
of the nonstationary Josephson current has a sinusoidal 
dependence on the phase in the investigated junctions. 
The dependence of the current step height I ,  at  the upper 
voltage limit on its value V, has an asymptotic form: 
I,(V,)- v;'/s. Preliminary results of the research 
were reported earlier.' 

DESCRIPTION OF THE JUNCTION 

The experiments were carried out with clamped Nb- 
Nb junctions, which were prepared under room condi- 
tions and which did not change their characteristics 

after numerous coolings to  the temperature of liquid 
helium (T =4.2 K). The junction shown schematically 
in Fig. 1 comprises a wire electrode in the form of a 
loop pressed to a flat electrode. The flat screen-elec- 
tron was made of single-crystal Nb and its surface was 
carefully smoothed by electrochemical polishing. The 
surface of the niobium loop was cleansed from foreign 
impurities and oxides by chemical etching. 

A trace of the loop with overall dimension 5x100 p 
is seen on a microphotograph of the screen, obtained 
by means of a scanning electron microscope after dis- 
mantling the junction. It can be assumed that a se t  of 
microbridges is formed on this area,  distributed in 
correspondence with the very inhomogeneous micro- 
structure of the wire surface. The total resistance of 
the junction is the combination of the resistances of 
the microbridges connected in parallel. 

In correspondence with this model, the average 
diameter of the microbridges was determined from the 
measurements of the dependence of the resistance of 
the junction on the temperature R (T) and voltage R (8). 
The measurement of R (T) and R (n was carried out in 
a thermostat in which the temperature was maintained 
and measured accurate to -1 in the range 12-300 K. 
The dependence R (n =dV/dT was determined from the 
value 8 - FR (0), measured with the help of a bridge 

FIG. 1. Schematic dia- 
gram of the clamped point 
Josephson junction of the 
new type: 1-plane elec- 
trode-screen, 2-wire 
electrode-loop. 
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circuit7; here r a n d  Y a re  the dc current and the voltage 
at the junction, and R (0) is  the initial (r =0) resistance 
of the junction. The measurement of R (v) ,was made 
with accuracy -0.1% in the voltage range 0-100 mV. 

The junctions divide into two types, depending on the 
forms of R(T) and R(?) (Figs. 2,3). The resistance of 
some junctions (curves 2,3 Fig. 2) increases linearly 
just a s  the resistivity of the niobium wire p(T) (curve 
4, Fig. 2) upon increase in the temperature in the range 
25-300 K, while the dependence V - TR (0) on ? is para- 
bolic a t  r a  15 mV (curve 1, Fig. 3). Such a behavior 
is characteristic for metal bridges of dimensions much 
greater than atomic? For the normal resistance of a 
single bridge of size d, we have the interpolation form- 
ulae 

where p(T)Z(T) is  a constant independent of the tem- 
perature ( ~ 4 x 1 0 - l 2  d m - c m 2  for Nb), l(T) is  the mean 
f ree  path of the electrons in the metal. The function (1) 
was checked against the R (T) dependence, measured on 
specially prepared junctions with a single bridge. In the 
case of junctions made up of a se t  of parallel-connected 
microbridges, the mean diameter of the microbridges 
d was obtained from the slope of curves 2 and 3 in Fig. 
2 according to formu!a (1). For  our junctions, it was 
in the range 10-100 A. 

In junctions of the second type, the dependence R(T) 
departs from a linear one a t  T 3 100 K (curve 1, Fig. 2), 
and R (m falls off a t  V 2  15 mV (curve 2, Fig. 3). These 
features were most sharply pronounced in junctions 
prepared without chemical cleaning of the Nb electrodes 
or when they a r e  specially cleaned by heating in a i r  
(TS200 "C). Such junctions a r e  not SIS tunnel junctions, 
since the volt-ampere characteristics (VAC) on them 
have no gap singularity. Transition to the second type 
takes place also with clean junctions upon decrease in 
the diameter of the bridges. The singularities of junc- 
tions of the second type can be explained by the presence 
in the junction of portions that a re  in contact through 

FIG. 3. R~cording, obtained with a bridge circuit, of two types 
of the P?IR(o) dependence for junctions in the normal state 
(T - 12 K): 1-for a pure junction; 2-for a junction with sec- 
tions that make contact through the potential barrier. 

the potential barr ier  for low-energy electrons, contacts 
produced because of the difference in electron concen- 
trations at the boundary between pure Nb and its metal- 
lic oxides o r  in a bridge of dimensions comparable with 
atomic dimensions. 

EXPERIMENTAL RESULTS AND COMPARISON WITH 
THEORY 

For subsequent study, we chose junctions of the first  
type only. Figure 4 shows the TR(0) - 7 dependences 
obtained for  such junctions in the superconducting state 
(T =4.2 K). A bend is observed on the graphs, the lo- 
cation of which depends on the conductivity of the wire 
electrode of the junction. For  a wire with low conduc- 
tivity (~(10)  = 20-40 A) the bend is located a t  a voltage 
of Vh =1- 2 mV (curve 1, Fig. 3) while in purer ma- 
terials (l(10) = 400 A) this bend is shifted toward higher 
voltages (curves 2 and 3, Fig. 4). The location of the 
bend also depends on the diameter of the microbridges 
of the junction. The bend is  explained by the warming 
up of the individual microbridges of the contact and their 
transition to  the normal state. It has been shown4 that 
the heating voltage V, - (l/d)'" a t  d < 1 and V, =const a t  
d > l .  

The VAC of the junctions were obtained with an os- 
cilloscope in the given-current regime. Figure 5a shows 

D IDD D 300 
T,K 

FIG. 2. Temperature dependence of the normal resistance 
R(T) of two junctions (curves 1 and 2) on the boundary of the 
resistance region (0.1-0.3 ohm), used for obtaining the cur- 
rent steps at high potentials; *-curve l ,  0-curve 2,  A- 
curve 3. The solid line 4 denotes the dependence of the resis- 
tivity p(n of niobium wire. 

FIG. 4. Bridge-circuit plots of a ( 0 )  -P in the superconduding 
region (T= 4.2 K) for junctions with different diameter bridges, 
made of materials with different purity; 1-for a junction with 
a wire electrode of Nb+ 50% Zr (1(10)= 20 A ) ,  20 A S ~ C  100A; 
2, 3-for junctions with a wire electrode of pure Nb(1 (lo) 
= 400 A), d2= 200 d;, 4 = 80 d;. The arrows on the plots indicate 
the positions of thermal heating V,. At a potential of m16 mV, 
a bend is  observed in curve 1, corresponding to the first maxi- 
mum of the density of phonon states of Nb. 
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FIG. 5. Oscillograms of two types of VAC for pure junctions: 
a-junction with R(T) dependence of the f i s t  type, d =  90 A ; 
b-junction with R(T) dependence of the second type, d= 20 A .  
scales: along the horizontal-2 m ~ / c m  (a, b), along the verti- 
cal 23.5 mA/cm (a) and 8.7 mA/cm (b). 

an oscillogram of a typical VAC. The presence of an 
excess current,1° the absence of a gap singularity, and 
hysteresis near zero  voltage a r e  typical of this VAC. 
As il (the slope of R (T)) decreases the R(T) dependence 
of the first  type undergoes a continuous transition to 
that of the second type and a significant increase of the 
superconducting current a t  eV = 2A0-the gap singularity - 
is observed on the VAC (Fig. 5b). 

In the study of nonstationary characteristics, the 
junction is placed a t  the antinode of the electric field 
of a coaxial resonator. The radiation is introduced by 
means of a standard klystron oscillator with frequency 
wo=10 GHz. The Josephson current steps a t  a voltage 
VN =Nliw0/2e was measured on the screen of an oscillo- 
scope a t  an amplitude 0.1-1 mV of the alternating 
(50 Hz) sweep and a dc junction bias in the range 0-15 
mV. Typical oscillograms of the stepped VAC a r e  
shown in Fig. 6. 

The current steps vanish a t  a specified microwave 
current amplitude f when the bias voltage exceeds fR.  
With decrease in the voltage to the value i R ,  the steps 
increase rapidly in size, after which their height 

changes weakly over a wide range of voltages containing 
a grpup of 40-80 steps, depending on the value of the 
excess current (first group). Then the height of the 
steps falls off rapidly and upon further decrease in the 
bias it oscillates with a period of the Bessel function 
according to  its index (=wi3). The height of the current 
steps IN at  the upper boundary of the wide group, where 
V, =fR,  was measured a s  a function of change in the 
microwave power. In Fig. 7, the circles and crosses  
indicate the experimental results of the measurements 
of the IN(VN) dependence. For  all  the junctions, this 
dependence was the same slowly decreasing function of 
V up to the thermal heating voltages V, (Fig. 4). For  
voltages above V,, the decrease of IN(VN) becomes 
steeper (crosses on Fig. 7). The measurements were 
carried out a t  a background level =5p V - R -', which is 
connected with the instability of the microwave power 
a t  the junction. Even a t  such a background level, steps 
up to  14 mV were observed a t  individual junctions. 
This approaches the maximum voltage step =I5 mV ob- 
tained in the work of MacDonald et al.' on a mechanically 
adjustable Nb-Nb junction, where a complicated tech- 
nique of averaging was used to separate the current 
steps of IN-( 1 pA from the background. 

A calculation of the density of the nonstationary 
Josephson current in a bridge with dimensions less  
than (1, [J but much greater than the dimensions of the 
atomic lattice was made to  explain the experimental 
characteristics of the junction. The calculation was 
based on the fact that in the region of falloff of the 
bridge voltage the order parameter ~ ( r ,  t )  =O. In this 
region, the current density exceeds the critical value. 
As a result of the solution of the boundary-value prob- 
lem for the basic equations of a pure s u p e r c o n d ~ c t o r ~ ~  
with the boundaries given in Ref. 12, the following ex- 
pression is obtained for the current density a t  the center 
of the bridge: 

j ( t ) = i . + j . + ~ m { j . ( ~ ) e x p ( i ~ ~ ~ ( t ) ~ ) } .  (2 ) 

where V(t) is the total voltage drop on the bridge; it 
changes slowly (in the scale A;~) with time. The ampli- 
tude of the Josephson current at T = O  has the form 

FIG. 6. Oscillogram of a portion of stepped VAC at fixed microwave power, containing the first wide and the last narrow groups 
of current steps: a-narrow group (at the bottom of the frame) and the beginning of the broad group, b-continuation of the broad 
group; c-end of the broad group; V, and V2 a r e  the beginning and end of the narrow group, V3 is the upper boundary of the broad 
group. Here V3=3.1 mV, I,(O)R=l mV. The scale along the vertical is 1 mA/cm, along the horizontal, 100 p ~ / c m ;  d-current 
steps in large scale (100 p A/cm, 25 p ~ / c m )  at  a displacement voltage of VN= 10 mV. The oscillogram d is taken on the same 
junction at higher microwave power than in a,b, c. 
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FIG. 7 .  Dependence of the height of the current step IN at the 
upper boundary of the voltage on its value VN. The continuous 
curve corresponds to the dependence IN(VN) - ( v ~ ) ' ~ ' ~ .  The 
crosses x indicate the experimental data for a junction with 
thermal heating. 

In particular, 

at eV>> A,, 

Plots of Rej, (V), Imj,(V), 1 js(V)I a re  given in Fig. 8. The 
characteristic scale of the change in j , (V)  for the micro- 
bridge is A,. 

The excess-current density in (2) is equal to 

Aodo 
i e W =  

where 

The normal component j,(V) = ~ / p l  of the current 
density in (2) differs from zero over the entire range 
of values of V@l =4pF/31ioe2, where pF is the Fermi 
momentum, )lo is  the concentration of electrons in the 
metal). 

The VAC of a microbridge in the given-current re- 
gime for  v> 0, calculated from (2), has the form 

I ( Y )  =[I.'(t')+(VIR)zl'"+r,(V), (5 ) 

where the total currents I, Is and I, a re  equal to the 
corresponding densities multiplied by the cross  section 
area of the bridge. A plot of 1(5) is shown in Fig. 9. 
The characteristic features of the theoretical VAC, a s  
well a s  those of the experimental ones (see Fig. 5), a r e  
the presence of the excess current I, and the hysteresis 
of I(7) near zero voltage. The latter is connected with 

FIG. 8.  Real and imagi- 
nary parts of the amplitude 
of the Josephson current 
density js(V) at B 0. 

D An Zd, eV 
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FIG. 9. Theoretical (5) VAC of a bridge in the specified cur- 
rent regime: l-VAC of the bridge in the normal state, 2- 
plot of v/R+ I,(W, 3-VAC of a bridge in the superconducting 
state. The arrows indicate the direct and reverse branches 
of the hysteresis loop. 

the smaller value of the amplitude of the Josephson cur- 
rent Is(v) a t  finite values of the voltage in comparison 
with Is(0). The coefficient (cp, - cp2)-3/8 is determined 
from the experimental VAC for I, from (4). 

Zimmerman observed similar characteristics on 
"perfectly pure" junctions of N b - ~ b , ~  and YansonI4 ob- 
served them on indium microbridges obtained by break- 
down of film structure. At junction resistances below 
10-20 ohms, the experimental VACxS is completely 
identical also in the numerical coefficients with the 
theoretical one (5). Even in the case in which such a 
junction is a single bridge, ps diameter, calculated 
from (I), c a ~ o t  exceed 70 A, which is much smaller 
than &,(=400 A f o r  ~ b ) ,  i.e., the conditiom for applica- 
tion of the formula (5) a re  satisfied. We note that on 
such junctions, gap singularities a r e  absent both in 
experiment and in the proposed theory. 

On the basis of the expression (2), we calculate the 
height of the current step at constant voltage V ,  =Nfiwo/ 
2e, induced under the microwave action (w,< A,). The 
calculation is carried out in the given-current regime 
I(t) =T +fcosw,t, which obtains in our measurements 
(the resistance of the junction is small in comparison 
with the external impedance) under the following con- 
ditions: ? > I,(O), I, > I,. Upon neglect of I,, the VAC is 
written down in the following form in the presence of 
microwaves: 

hop - [-- Zen @+- (I+L)RB (I-I-I.) 1. 
where 

In the first  approximation in Is we obtain for the height 
of the induced current step: 

2 " 2eR 
I..,=I.(O)~ I Jdt[r-ect-t.)e(t+-t) 1 ~ 0 ~ -  tt 

If Pel&/tiw,< 1, we can limit ourselves to the first  ap- 
praximation. The integral in (7) is approximated in the 
following fashion: 



where 

J,(x) and H'i'(x) are the Bessel and Hankel functions, 
respectively. The numerical solution of the differential 
equation (2) on a computer agrees with the calculation 
according to Eq. (7). 

It follows from (7) that the first broad group of cur- 
rent steps occupies the region of constant currents 
f -I, f 7 +Ie, which contains 

steps. This describes the already noted singularity of 
the stepwise experimental VAC connected with the ex- 
cess current. In the experiment, I,(O@ ~ 0 . 5  - 1 mV, 
which corresponds to 6N=40-80, i.e., it is identical 
with the measured width of the first group. In the ab- 
sence of an excess current (tunnel junction), the first  
group contains only =N1I3 steps. For the height of the 
current step in the upper slope of the first group T=? 
+I, the following approximate formula holds: 

The experimental points IN(VN) shown in Fig. 7 a re  close 
to the theoretical curve (9). 

For a test of the conclusion of the theory (2) a s  to the 
sinusoidal character of the phase dependence of the non- 
stationary Josephson current, we measured the depen- 
dence of the height of the null current step I, on the 
microwave power. If we permit a deviation from sinu- 
soidal dependence in the form of j(9) = j ,  simp + j, sin*, 
then the null step i s  described by the expression [simi- 
lar  to (7)] 61- j,cos(@ -- n/4) sincp, + 2'1'2j, cos(2@ -- n/4) 
sin29,, where 9, is the initial phase difference. It is 
then seen that if j, # 0, then I,# 0 no matter what the 
value of ?. Junctions with R 2 0.1 ohm were chosen for 
the measurements. Subharmonic steps were absent on 
the VAC of such junctions, and the height of the null 
step vanished at certain 1 accurate =1pV- R -I. Con- 
sequently, j,< O.lj,, i.e., sin9 holds a t  the measure- 
ment accuracy achieved in the experiment. 

A value I,  = 0.1 mV - R -' was obtained from the mea- 
surements of IN(VN) (see Fig. 7) for the amplitude of the 
sinusoidal component of the Josephson current. This 
value is smaller than the theoretical (3). The smallness 
of I,, and also the deviation difference from the theory 
in the initial section of the return path of the hysteresis 
plot of I ( n  can be attributed to  the interaction of the 
electrons with the lattice vibrations, which are  intense 
in the narrowing region. The latter result i s  attested 
by the experimentalB plot of R (n of small bridges in 
the normal state, since this plot shows singularities 
of the spectral density of the phonon states of the metal. 
Allowance for electron scattering by the lattice vibratios 
in the correlation function G (r,, 4; r,, t,) in the narrow- 
ing region greatly reduces the absolute value of j,(V) 
and changes the second component for je(V) in (4). The 
bridge resistance R changes little, since the wave vec- 

tor of the lattice vibrations is perpendicular to the 
electron current. To test this assumption, we need ad- 
ditional experiments on individual bridges of materials 
of different purity. 

Thus the proposed microscopic theory of bridges of 
small dimensions can serve a s  the basis of an additional 
study of their properties. 

CONCLUSION 

The sinusoidal character of the phase dependence of 
the nonstationary Josephson current, obtained in the 
theory (2), is proved experimentally by measurements 
I,@). The IN(VN) dependence, first  recorded at the 
point junction at above-gap voltages, is excellently de- 
scribed by the theory (7), (B), but differs from the 
known dependence for tunnel  junction^.'^^ This dif- 
ference is attributed by the proposed theory to the fact 
that the total junction current contains besides the nor- 
mal and sinusoidal components also the excess current. 
On the basis of the investigations that have been carried 
out, we can draw the following conclusions: 

1. The obtaining of Josephson steps far  from the gap 
is connected with the smallness of the bridge dimensions 
in comparison with 1 and 5,. 

2. The limiting voltage of the current steps is set by 
the thermal heating of the bridges under the action of 
the applied voltage. The parameter determining the 
heating of the bridge is the quantity l / d .  

3. In the preparation of the junctions, it is necessary 
to use pure materials with high thermal conductivity 
and to strive for the use of the finest grained structure 
of the junction electrodes. 

For practical use, particularly for an effective amp- 
lification and shift of the microwaves to the infrared 
region, it i s  important that the height of the steps in the 
VAC of the junction decrease slowly with increase in 
the voltage: I,(VN) - (v,)-"~. We note that the longevity 
of the construction and the simplicity of the technology 
of preparation of the junction of the new type enables us 
to broaden considerably the region of application of the 
Josephson effect. 

The authors thank I. K. Yanson for useful discussion 
of the research. 
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The elastic properties of polycrystalline cerium have been studied by the ultrasonic method under 
conditions of quasihydrostatic pressures up to 84 kbar at a temperature of 293 K. The pressure 
dependence of the density, elastic bulk modulus, shear modulus and Debye temperature were determined 
from the data obtained on the velocities of propagation of longitudinal and transverse ultrasonic waves. 
An anomalous change in a number of elastic characteristics were observed, connected with the y-a (7.5 
kbar) and a-a' (51 kbar) phase transformations. The singularities of the change in the elastic 
properties of the a- and a'- phases of cerium point to a structural character of the a-a' 
transformation. It follows from an estimate of the dependence of the density on the pressure that the 
most probable structure of the a'- phase of cerium is orthorhombic of the a- uranium type. A softening 
of the longitudinal acoustical modes was observed upon approach to the electronic y-a transition and a 
softening of the transverse acoustical modes upon approach to the structural a-a' transformation. The 
softening of the phonon spectrum of cerium found at high pressures correlates with the superconductivity 
phenomenon, and explains also the singularities of the melting curve of cerium in correspondence with 
Lindemann's representations. 

PACS numbers: 62.20.Dc, 43.35. + d, 63.20.Dj 

At high pressures, cerium exhibits a number of in- 
teresting properties, due to a change both in the elec- 
tronic states and in the symmetry of the lattice. The 
anomalous increase in the compressibility of the y 
phase of cerium with pressure is well known, as is the 
jumpwise decrease in the volume of the face-centered 
curbic (FCC) lattice by 14% at  7.5 kbar.' It has been 
shown that the localized 4f electron goes in this case 
to  the sd conduction band,= and the magnetic FCC (the 
y phase of cerium) goes over into the nonmagnetic FCC 
(the (Y p h a ~ e ) . ~  The equilibrium line of the y-a trans- 
formation terminates a t  the critical point.4 It follows 
from measurements of the Hall effect5 that the number 
of 4f electrons decreases by 0.6-0.8 in the y-a transi- 
tion, while the valence changes from 3.06i0.06 to 3.67 
i0.09.6 It has been suggested1 that further compression 
increases the valence of a-Ce to 4.0; however, neutron 
diffraction analyses7 have shown that the 4f electron be- 
comes delocalized already a t  8 kbar.8 At 51 kbar, a s  
was noted from the jump in the electrical resistance: 
a-Ce transforms into a'-Ce; the equilibrium line of 
this transformation was determined in Ref. 10. It was 
found that at-Ce is  s u p e r c ~ n d u c t i n g . ~ ~ ~ ~  On the basis 
of x-ray investigations, various structures were pro- 
posed for the a'-phase: FCC,12 slightly distortedHCP.13 
orthorhombic of a-uranium type,' HCP,14 and corres-  

pondingly various volume discontinuities in the a- a' 
transition. X-ray structure in investigations up to  175 
kbar15 have shown the existence of a tetragonal phase 
of cerium above 120 kbar; however, the structure of 
the a' phase was not interpreted in that work. The 
sharp change in the slope of the plot of the electrical 
resistance of cerium on the pressure in this transition 
has  been proposed a s  a reference point of the pressure 
scale .I6 

There is  undoubted interest in the study of the propa- 
gation velocity of elastic waves in cerium over a wide 
range of pressures. These reflect the changes in the 
low-frequency acoustic part of the phonon spectrum and 
determine the elastic characteristics of the high pres- 
sure phases and the features of their change a s  a result 
of phase transitions. 

The elastic characteristics of cerium were studied 
by us previously up to 9 kbar," and we first  observed 
the strong softening of the longitudinal acoustic modes 
near the y-a! transformation. 

For the present experimental investigations, we used 
polycrystalline cerium of grade TseM-1 wit! content 
of the basic ingredient 99.93O/0, of grade Ce E -1 (99.53%), 
and cerium of purity 99.95% obtained from the CMRS 
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