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atomically pure surfaces
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Multiple Sondheimer oscillations (with periods AH, = AH,/s, s = 2, 3, 4) of the magnetoresistance of
tungsten plates in a magnetic field HJ|[100] perpendicular to the surfaces are investigated theoretically
and experimentally. These oscillations are due to the multiple passage, through the sample thickness, of
the electron reflected from the boundaries. The amplitude of the multiple harmonics depends on the
- electron scattering in the volume and on the character of its reflection from the metal surface. A Fourier
analysis of the Sondheimer-signal spectrum and the results of the theoretical analysis, expressed in the
form of simple relations, make it possible to determine the mean free path and the specularity coefficients
on an atomically pure crystal surface and on a surface sputtered to saturation. The Sondheimer effect is

due to the carrier of section 4 of the hole octahedron of the tungsten Fermi surface.

PACS numbers: 72.15.Gd

1. INTRODUCTION

1. Interest in condensed-state physics phenomena that
occur near the surface of a conducting solid or on the
surface iteslf has increased recently. Since very pure
materials have now become available, and new methods
of purifying and obtaining controllable changes in the
surface state have been developed, definite progress
was made towards the solution of this problem (see,
e.g. Ref. 1). This has been helped to a considerable
degree by the use of methods of static and radio-frequen-
cy size effects. The point is that macroscopic proper-
ties of thin samples with dimensions smaller than the
electron mean free path / are determined mainly by the
scattering of the electrons from the surface. This
means that the experimentally measured character-
istics (dc resistance, surface impedance, etc.) contain
much information on the surface mechanisms of scat-
tering electrons, on the state of the crystal near the
boundary, and so on.

2. Consider, for example, a plane-parallel plate of
thickness d, placed in a magnetic field H perpendicular
to the surface. In a strong magnetic field, when the
cyclotron frequency 2 is much higher than the frequen-
cy v of the collisions of the electrons with the scat-
terers in the volume,
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(1.1)

the diagonal components of the tensor of the transverse
conductivity of the metal are of the order of ooyz. Here
o :nez/ mv is the conductivity of the bulk sample in the
absence of a magnetic field; n, —e, and m are respec-
tively the concentration, charge, and effective mass of
the conduction electrons.

'{-‘V/Q(i,

The conductivity of a plate with thickness d< [ can dif-
fer significantly from op? in the case of nonspecular
reflection of the electrons from the surfice. The rea-
son is that in the plate the role of / is assumed by the
effective mean free path

Lot =14 (2d) [ (1—po) + (1—pa) 1.

The collisions of the electrons with the boundary are
taken into account here phenomenologically, with the
aid of a macroscopic characteristic of the metal sur-
face —the specularity coefficientp, 0 <p <1, The sec-
ond term in I;}, is the reciprocal mean free path, in
which the electron experiences diffuse scattering from
the upper side of the plate with probability 1 - py and
from the lower side with probability 1-p,. Therefore
the conductivity component that depends monotonically
on H is given by
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oot [+ (1-255) ] (1.2)
Just as in an unbounded metal, o, =<H, but it be-
comes dependent on the thickness d and on the character
of the reflection of the electrons from the metal bound-

ary. Figure 1 shows the experimental dependence of
the diagonal component of the magnetoresistance for
R, =07}, on H in tungsten in which both surfaces of the
crystal are either both “pure” or both “dirty” (for de-
tails see below). It is seen that the resistance de-
creases when the difuseness of the electron reflection
increases. The law R,,,COCH2 is valid in both cases.

3. In addition to the monotonic dependence on the
magnetic field, the transverse conductivity experiences
periodic changes with small amplitude as a function of
H. They lead to the magnetoresistance oscillations of
first predicted by Sondheimer.? This phenomenon is
due to the fact that in a magnetic field the electron-
velocity vector transverse to H rotates with frequency
Q. During the time of flight of the electron from one
side of the plate to the other, which equals d/|v,|, the
vector v, rotates through an angle

E=Qd/|7, . (1.3)
Here v, and v, are the longitudinal and transverse elec-
tron velocities, Hllz, and the superior bar denotes
averaging over the cyclotron period.

Depending on v,, the angle £ changes from very large
values (v, —0) to a minimum value corresponding to
electrons with the maximum possible velocity along the
vector H. This group of particles turns out to be spe-
cial. It is located in the vicinities of the turning points
of the Fermi surface and causes the Sondheimer effect.?
Gurevich® has called attention to the fact that in metals
with complex Fermi surfaces the most effective among
all the electrons are those for which the angle £ has an
extremum. It is easily seen that these electrons be
long to the intersectionsof the Fermi surface by the plane
p.=const with extremal value of the derivative 9S/d3p,
is the intersection area and p, is the momentum of the
electron along H, and for these electrons we have

9S. |~'deH

22 1.3
ol Bt 1.37)

t.=2n l

The relative number of effective electrons can be easily

Rez 10782 - cm
r

g 7 zlo .7!0
H#,kOe
FIG. 1. Experimental plot of the diagonal component of the
magnetoresistance against the field for tungsten (sample I,
d=0.095 mm, T=4.2 K, H||[100]). Curve 1’—both sides of the
plate are atomically pure, curve 2”—both sides sputtered to
saturation with impurity atoms.
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estimated from the condition

8p./prs (veldQ)™, (1.4)

which is obtained under the condition that the scatter
of the angle £ near £, must not exceed 7. Here and
hereafter an asterisk labels a quantity taken on a sec-
tion with an extremum of the derivative 35/3p,.

Finite rotation of the vector v, relative to an external
electric field E leads to the appearance of an exponential
factor exp(ity) in the oscillating part of the conductivity
Ouce It iS now easy to obtain an estimate of o ,.. The
latter is proportional to the “surface” part of 0y,
which is already taken into account in (1.2), to the num-
ber of effective electrons (1.4), and to the conditional
probability of diffuse scattering of the electrons from
both sides of the plate with the assumption that they
move in the volume of the sample without collisions.

In other words

'
aosc.wa,‘y‘ —l (i)
a \dQ

X(i-Po) (1"01) e—ﬂ/helg.. (1. 5)
The real and imaginary parts of this expression cor-
respond to the diagonal and to the Hall component of the
conductivity, respectively; I,= |7,4|/v. Formula (1.5)
describes the magnitude of the first (fundamental) Sond-
heimer signal. Figure 2 shows an experimental plot
obtained by differentiating R,, with respect to H

If the reflection of the electrons from the boundaries
is not strictly diffuse, then 0, acquires multiple Fou-
rier harmonics.” Their amplitude differs from the
fundamental only in the probability of two, three, etc.
passes of the electron through the plates. Thus, al-
lowance for the second harmonic reduces to replacing
the last four factors of (1.5) by the expression

2-%[pa(1—po) +po (1—pa) t] =24/ ke, (1. 6a)

the third harmonic corresponds to

]

FIG. 2. First derivative of the magnetoresistance vs the mag-
netic field of sample IV (d=1.2 mm, T=4.2 K, Rgy/R43=1.03).
Both sides of sample coated with a monolayer of impurity
atoms.
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3pupa(1-p) (1=pa) e, (1. 6b)

etc. The numerical factors have appeared in (1. 6) be-
cause with increasing number of the harmonic s the
number of effective electrons that produce this signal
decreases like s*!”? compared with (1.4). As will be
shown in Sec. 2, formula (1.5) obtained by a qualitative
approach, agrees apart from inessential constants with
the results of the exact solution, while the factors (1. 6)
are quite rigorously obtained.

4. The appearance of multiple Fourier harmonics
changes the form of the oscillations, but their period
remains the same as before:

c | dS.
_:i -aI- . (1. 7)
The ratios of the amplitudes of the different Fourier
harmonics contain the specularity coefficients and an
exponential with the mean free path. This makes it
possible in principle to determine these quantities from
the experimental data for the group of effective elec-
trons responsible for the Sondheimer effect.

Such a program is realized in the present paper.? In
the experiment we have obtained, for several tungsten
samples, the oscillations of the derivative of the mag-
netoresistance with respect to H for different states
of the crystal surface and for different temperatures.
The amplitude and the waveform of the oscillations de-
pended significantly on the concentration of the impurity
atoms adsorbed by the metal surface. On the basis of
the period (1.7) they could be identified with the contri-
bution made to the conductivity by the electrons of sec-
tion A on the hole octahedron of the Fermi surface of
tungsten. A subsequent Fourier analysis of the Sond-
heimer oscillations has made it possible to determine
the relations between the amplitudes of the multiple
harmonics. A comparison of these quantities with the
theoretical formulas has led to stable and noncontra-
dictory results for p and /,. Coating the surface of the
sample with a monolayer impurity film changes the spec-
ularity coefficient in the range 0.3-0.7. The calculated
mean free path I, in these experiments turned out to be
unexpectedly small (Ix~150 um).

2. THEORY

1. We calculate now the resistance of a plane-par-
allel metallic plate in a magnetic field H oriented per-
pendicular to its surface. We use a coordinate system
with z axis along H, such that the upper and lower sides
of the plate are identical with the planes z=0 and z=d.
We consider a model of a metal with several groups of
carriers, in which all the electron orbits in a plane per-
pendicular to the vector H are circles. In other words,
all the isolated sections of the Fermi surface have axial
symmetry® with respect to H, and the electron spec-
trum is given by

e(p)—-’itp—'l-+e(p.). 2.1)

2m (Pl)

To find the connection between the current density j
and the electric field intensity E, we must use the ex-
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pression

j=—¢ Z‘ vy

and the standard kinetic equation for the nonequilibrium
increment x to the electron distribution function

(2.2)

o @
(v+v.—6; +Q aTP) y=—eEv.

(2.3)
The symbol Z denotes summation over all the carrier
groups, 2 =eH/mc is the cyclotron frequency, ¢ is the
dimensionless time of motion of the electron on the
orbit, the angle brackets

<.. .)-%Ide jdp,lml @d(ps(e—e,)

denote averaging over the Fermi surface, and h =277,

The absence of current contacts on the surfaces 2=0
and z=d (j,=0 on the boundaries), the homogeneity of
the plate in the plane z =const, and the electroneutrality
condition lead to vanishing of the normal component of the
the current in the entire volume of the sample:

il=0- (2. 4)
It is easily seen that, because of the axial symmetry
of the Fermi surface, v, does not depend on ¢ and
therefore (2.4) leads to the condition E,=0.

Equation (2. 3) must be supplemented with boundary
conditions on the surfaces z=0 and z=d. We express
them in the simplest form proposed long ago by Fuchs®:

x=pox'! at z=0, x'=psy' at z=d. 2.5)
The first relation of (2.5) relates, via the specularity
coefficient py, the anisotropic party of the distribution
function of the electrons that move away from the upper
boundary (z=0) of the plate, x+=x]|v,|), with the func-
tion x' =x(- |v,|) for the electrons incident on the sur-
face. The second condition in (2.5) establishes an anal-
ogous connection on the lower side of the plate, which
generally speaking has a different reflection character-
istic p,.

The symmetry of the problem enables us to introduce
the “circularly polarized” quantities

E.=E.*iE,,

and to break up the distribution function into two terms,
X =YX.+X., which are determined from the equations

E vs.

(2.6)

a [} e
(vogzrag) -5

We solve them with the boundary conditions (2.5), rec-
ognizing that v, =v, exp* (xi¢), and find

e E,vs _2Q .
x=‘=—‘2§ = [1—N*exp{ W('ﬁl)}
X (1=pa) +po (1—pexp (-t (1F0)}1 |, - )
2.7
e E.vs Q ]
xal= ~ 3G [1—N* exp{—(d—'z) Torl (Y:F‘)}

X[ (1=p) +pa(1=po) expl-E (i)} 1] .
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Here the function

N.=[1—pipsexp{—2& (1Fi)}]-'= 2 (popa)* exp{—2st (yFi)}

(2.8)

determines the “number of cycles” of the periodic mo-
tion of the electrons between the boundaries of the plate,
with account taken of the relative rotation of the vector
v, and E through the angle 2t [Eq. (1.3)] in each of the
cycles.

2. We now find the current (2.2) in the plate aver-
aged over the thickness:

1 d
—2i2<vg7!dz(x*‘+x=’)>-0*E=; (2. 9)

04+ =0xF10z, Oyy=0xz, Oyx=—0xy.

Using (2.7) and (2.9) we obtain after elementary cal-
culations
a*=cmon+° OSC

mon_ 2ec S
Oy Hh,ZslgnmIdp, 'FFz[i_

+a:sc-,(_lc7)’%zj dp.-l(ﬂ’lql:':)#

1—pa)*+ps(1—po)*
(e 2 oulp oy (3 ) | W

dgl(l;lzlm) ( _p°2+p‘)] ’

[ (1—po) (1—pa) exp{—E (1Fi)}

+ B

(2.10)
We wr1te down the asymptotic form of the monotomc
part of the conductivity in strong magnetic fields (1.1):

oI it 4 () 5 X, [ dpdmis] v+ (1- )]

(2.11)

We note that the last integral in (2. 11) can be calculated
explicitly. Indeed,

2 1 &
T apImIS1v.) = znhszsg [

At 2
1 . S ()
- 3 Y | Tl

pf
7S (ps,) §“ ip. 25
op? * ap,

2a

} (8 (Prayy) = S* (). (2.12)

Here p,, and p, 4.4 are the values of p, on the turning
points (sectlons) of the Fermi surface, p, (0 #0,A+1)
are the positions of the extremal sections (the1r num-
ber is equal to A) where the derivative 3S/8p, vanishes.
The second term in the square brackets of (2.11) thus
takes into account, in the monotinic conductivity, the
influence of the collisions of the electrons with the
boundaries and can be simply expressed in terms of the
squares of the extremal sections.

We proceed now to calculate the oscillating part of
o, under the conditions (1.1) and
[e]>1. (2.13)
As already noted in the Introduction, the main contri-
bution to the integral (2.10) with respect to p, is made
by the vicinity of points where £ =£x Using the sta-
tionary-phase method and taking (2. 8) into account, we
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obtain
' .
=7 B8 || |5 | T {22}

X[ (1—po) (1—pa) exp {—' —d—:h ik.sign m}

x® (z’ exp {:t:Zz.E sign m} ) 4 Pol1—pa) *+pa(1—p0)"

.2
2d
Xexp{— l—d: 2ik. sign m} (0] (z’ oxp {+2it. sign m}, ZL , 1)] .

2.14)
Here
8°S. 88S. 2
i (n I ). tonen(E). @19
and
@ (t,n,v) = 2 (v+s)-"te. (2. 16)

The first term in the square brackets of (2.14) deter-
mines the contribution of the odd harmonics to the Fou-
rier expansion, and the second only the contribution of
the even ones.

3. The transverse components of the resistivity ten-
sor R=0"! are expressed in terms of o, in the form

0,—0-

Ra=R,, = . Rpm—Ry=-279-_
" 26,0- =Ry 2i0,0-

(2.17)
For a compensated metal with n, =x, we have 07"
=g™" determined by the sum of the last terms of
(2.11). Comparison of 0, with o, easily shows that
Omon>> |Omen! to the extent that (2.13) holds. Therefore
the final formulas for the resistance can be represented
in the form of an expansion in the small oscillating in-
crement:
1
omon( =

In the formulas (2.11) and (2. 18) for R,, we do not write
out the small monontonic increments of order 50,
~¥iyOpo, and REc®~—y /0, ., which stem from the next
terms of the expansion of the first formula (2. 10) in the
parameter y.

Re o Im o9%
2

Ro=R,, =

(2.18)

) , R%C—_R%—

Omon mon

It is also useful to have formulas for the derivatives of
of the resistance with respect to the magnetic field:

e e 2 B oo (227,

- : . (2.19)
yx |
dH =Rmonlm (-—dﬁ—) > Rmon=6mon .
Here .
Ll Ul PR AT LY R L A 1)
TaH d‘”h’H’/- ap. | 1 3p7 i e %

x[ (1—po) (1—pa) exp{ - li + ik.sign m}

) Po(1_P¢) *+py(1—po)?
2

x® (.1:‘ exp{2it.signm}, ——1— 3

Xexp{—T+ 2i. sign m}tD (z’eXP{Ziﬁ- sienM}y __21_' 1)] - (2.20)
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In (2.19) and (2. 20) we have differentiated with respect
to H only the rapidly oscillating functions. Formulas
(2.18)-(2.20), (2.11) and (2. 14) constitute the complete
solution of a problem of an axially symmetrical Fermi
surface.

In the general case, the oscillating derivative (2. 20)
describes conductivity changes that are periodic in H
with a period (1.7). The oscillations of dR/dH are not
harmonic, and their waveform is determined by the
value of the parameter x* (2.15). Just as in (2.14), the
first term and the brackets takes into account the odd
Fourier harmonics, and the second only the even ones.
If 22 <1 in (2.15), then the Fourier amplitudes in (2. 20)
decrease rapidly with increasing s. Thus, for the even
harmonics the ratio of the amplitudes of the 2(s +1)-st
and 2s-th harmonics is

Gses) - ( st+1 )’/' '

Gll

8

(2.21a)

for the odd ones

ot (Mi)%r 2. 21b)

Gn—1 2s5—1

and finally the ratio of G* and G! is

Gi\'_Zr(pe\"1=pe  (pa\"i-p
(G.) 2 [(pd) 1—po+(57) 1—p4] )
The parameter »? is small whenever either the mean
free path is small compared with the thickness or the
reflection from the boundaries is close to diffuse. To

analyze the oscillations pictures convenient in this case
to use the series expansion (2. 16) of the functions. &.

(2.21c)

4. If the specularity coefficients on the opposite sides
of the plate are the same, py=p,=p, then formula
(2. 20) simplifies to

doj:“ 4c"'e"‘ 38,11 9°S. 2"
d"'h'H"' p: I Iap.'
. _ (1—-p)* R _L 9. 922
Xexp{t-—z—slgnm 14} 5 o(zexp(ta.swnm), 2 ,0). (2.22)

It is seen from this formula that the case of interest is
that of sufficiently thin plates and of a nearly specular
reflection (x —1). In this situation, the series in (2.22)
has singularities at points £,=2rk (¢ are integers). To
obtain this result it is convenient to use an integral rep-
resentation of the sum (2. 16):

O(t'——;’v) 47"‘-‘ o 1— t:".

(2.23)
The contour C consists of the upper edge of the cut that
passes along the real axis from « to g, the circle
T=ce'%(0 < p <27), and the lower edge of the cut from

€ to =,

In the vicinity of the Sondheimer “resonance,” when
the detuning A = £, - 27k is small, we obtain

1 ' -3 3i A
o (.re“'. —?.0)—“?[ (1—z)*+A?) Aexp{—z—arctg-i_—z} . (2.24)
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In this case the waveform of the oscillations is rem-
iniscent of bursts having a power-law singularity drR/
dH =|A|3%(1 - p)*. In the first derivative, however, the
amplitude of this effect is small because of the factor
(1-p)*. The effect begins to manifest itself most clearly
in the second derivative of the magnetoresistance, for
which the resonant singularity becomes stronger:

|FR[H* | (1—p)*/| A |

and becomes proportional to (1 - p)-'? at the maximum.

Figure 3a shows the imaginary part of the function
(1—p)* a1
— © (:u = .0).

which enters in (2.22) at m <0, 8=1 and at various ». It
describes the form of the periodic changes of dR,,/

dH. The function ReF, which determines dR,,/dH, is
approximately of the same form. Figure 3b shows the
derivative of ImF with respect to ¢,, in terms of which
&R,,/dH® is expressed.

F(z,t.)=e-t* (2.25)

5. The results presented in this section were obtained
under the assumption that the Fermi surface has axial
symmetry with respect to H. Obviously, these re-
lations are fully applicable also for the analysis of Sond-
heimer oscillations in anisotropic metals, if the effect
is due to electrons whose orbits (in aplane perpendicular
to H) are circles, and v, does not depend on ¢.

The situation can change for the effective electrons
with noncircular orbits and pulsations of v, about a mean
value v,. We shall describe these changes qualitatively.
It is easy to verify that if the direction of H is a rota-
tional-symmetry axis of order 7 for the orbit of the
electron on the Fermi surface in the plane p,=p¥, then
the velocity v has the following periodicity properties
with respect to ¢:

v, (9+2n/r) =v.(9), v*(¢-+‘-2n/r) =v, @) exp {xi2n/r}. (2.26)
It follows therefore that the only nonvanishing com-
ponents of the expansion of the velocity in a Fourier
series in ¢ are those with numbers

kr for v.(e), kr£1 for v.(9), (2.27)

where £=0,+1,12,. ..

_dlmF
=ImF at
7 . 7"
a
1+ 1
g 7 4
1
=1L -7
1

K klfl In/27 Ai k-fll T /2%
FIG. 3. Waveform of oscillations of the first derivative of the
magnetoresistance dR,/dH (a) and of the second derivatives
dzR,“/de (b) at different degrees of metal-boundary specular-
ity. p=x=3,0.7, and 0.99 respectively for curves 1, 2, and 3.
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It is quite easy to take into account noncircular mo-
tion of the electrons in a plane perpendicular to H.
Formula (2. 14) is in fact the contribution made to o ¢
by the Fourier components of the velocity v*(w) with
k=0. The components with 2+ 0 yield additive correc-
tions to the conductivity. An expression for the k-th
term can be obtained from (2. 14) by the formal sub-
stitution +i —~i(kr +1). In addition, this expression is
proportional not to Sy but to m?|k» +1]-12 and to the
square of the modulus of the k-th Fourier component
of the velocity, i.e., to |vt,,|*. It can be furthermore
found that for noncircular orbits the amplitudes G of all
the higher Fourier harmonics of the Sondheimer signal
experience a small change (relative to the parameter
|v%,,1/vpl?). The only exceptions are those G, whose
numbers are represented by powers of two, s
=2,4,8,16,... For these G,(as also for s=1) all the
formulas written out above remain valid.

The question of the dependence of v, on ¢ is much
more complicated. The reason is that in coordinate
space these electrons drift on the average along H and
execute reciprocating motion. Even if v,=0, their
trajectories can be nonplanar. From the mathematical
point of view, this recalls the problem of the motion of
an electron in a plate in a magnetic field parallel to the
surface. However, even in this situation it is possible
to formulate a criterion sufficient for the validity of the
theory developed above. Thus, if the amplitudes of the
Fourier components of the velocity v, are small com-
pared with v, to such an extent that when an electron
moves from one side of the plate to the other the sign of
v, is not reversed, then the period of the oscillations is
given as before by formula (1.7). In the opposite case,
when the pulsations of v, are relatively large, new pe-
riods may appear in the Sondheimer signal. Thus, the
dependence of v, on ¢ does not influence the ratio of the
amplitudes of the multiple Fourier harmonics. An in-
vestigation of the Sondheimer effect in metals with a
complicated Fermi surface is an independent problem.

3. EXPERIMENTAL RESULTS AND THEIR
DISCUSSION

1. We measured in the experiment the transverse
magneto-resistance of single-crystal plates of tungsten.
The sample thickness and the ratio of the resistance at
room and helium temperatures RmK/R,'ZK (certified
nominal data), which characterizes the quality of the
initial material, are listed in the summary table. The
initial cleaning of the metal surface was carried out in
vacuum by standard procedure.” In the course of the

TABLE I. Summary experimental data obtained for tungsten sam-
ples*

experiment it was possible to vary the state of the crys-
tal surface in controlled fashion. This was done by
sputtering on the sides of the plate in vacuum (10! Torr)
a monolayer film of impurity atoms.

The impurity source was located inside the experi-
mental tube and constituted a tungsten filament of 150
pm diameter. The filament surface always contained
some amount of gas (apparently CO) that settled from
the residual gas. Atmosphere by heating the filament,
the gas was desorbed and settled on the surface of the
crystal. The surfaces was subsequently cleaned by
heating the sample to a temperature 2500 K.

The experimental material consisted of plots of the
diagonal component of the magnetoresistance R,, and
of its derivative dR,,/dH against H. The measure-
ments were performed in a superconducting solenoid
in fields up to 32 kOe. We used a standard modulation
procedure to plot the derivative of the resistance. The
amplitude of the modulation of the magnetic field was
20-30 Oe and the frequency was 36 Hz. At this fre-
quency, the depth of the skin layer is of the order of
6(cm)~ 10 H (Oe) and is larger than the thickest of the
employed samples in a field of several kilooersted.
Figure 4 shows a general diagram of the experimental
tube, the geometry of the experiment, and a schematic
representation of the Fermi surface of tungsten.

2. The first group of the experimental data pertains
to the monotonic function R, (H). Figure 5a shows a
plot of R,,(H) for the sample W III with different sur-
face states. The first curve 1’ corresponds to a crys-
tal with both surfaces atomically clean (we shall hence-
forth call them “clean” and mark them with a single
prime). The sequence of curves 2" and 3” demon-
strates the decrease of R with increasing concentration
of the impurities on one side of the plate. The lower
curve 4” was obtained for a plate with both surfaces
sputtered to saturation (henceforth called “dirty” —double
prime). After recording this family of curves it was
possible to return the crystal to the initial state by
heating, and repeat the entire sequence of experiments.
Figure 5b illustrates the dependence of R on the tem-
perature in the limiting cases of clean surfaces (curves
5’ and 1’) and dirty surfaces (6” and 4”). The upper
curve of each pairs corresponds to T=2, 25 K and the
lower to T=4.2 K.

Figures 1 and 5 attest to the quadratic dependence of
R,, on the magnetic field (the plots against H? are straight
lines) in all the investigated methods of sputtering the
surfaces and for all temperatures. Increasing the tem-

; Ry |Bmonl 64 | G/ | 6| 6 | G| G | G .

Sample| T,K | d,mm o oo - | & .T"F ol ol vl P (4 1, mm
WI| 4.2 10.095| 095 |1.1(0.24/3,4 |6.9 |15.7|38,5/ — | — ]0.75/0,39]0.073
Wil | 4.2 10,461 1.03 |1.3(0.34]|2,62|7.0 |10.5]|18.1}22,2]37.9]|0.65]0.24]10.18
WIII {2.15 0.161 — 1,6 10.35/3.57|9.43(17,6[37.3| — | — [0.73710.28/0.12

4.2 [0.161] — 1.6 10.3713.48(8.68] — | — [ — | — |0.74({0.30{0.12

*Samples W II and W III are in fact the same crystal, whosekinetic
characteristics were altered in the course of the high-temperature
treatment.
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FIG. 4. Experimental vacuum tube (a), geometry of experi-
ment (b), and Fermi surface of tungsten (c).

perature and the concentration of the adsorbed atoms
decreases the resistance. These relations agree fully
with formula (2. 11), which was experimentally con-
firmed with approximate accuracy 5% (see below). It
was noted in Sec. 2 that expression (2. 18) describes the
oscillations of the Hall component of the magneto-re-
sistance R, with a small monotonic part Ro"~ -/
Onon® H. At first glance this statement contradicts the
experimental data of Soule and Abele.® They investi-
gated R, and R, in tungsten in the same geometry as
in our experiment. The results of Soule and Abele on

R, agree fully with the conclusions of the present paper.

Their data for the Hall resistance consist in the follow-
ing. In absolute magnitude, R, is smaller by one order
of magnitude than R, and the curves show, in addition
to the oscillations, a growth, approximately quadratic
in H, of the monotonic part of R,. In our opinion this
result is due to the fact that the potential Hall contacts
were not perpendicular to the direction of the electric
current, and reflects the exceeding sensitivity of the
Hall measurements to the geometry of the experiment.
In fact, |R™" /R,,~y<<1. This means that the angle
error ¢ in the experiment causes the measured quan-
tity to be not R, but the combination R, + $R,,. Favor-
ing this argument is also the fact that the ratio R/
Rumop in “Hall” geometry® greatly exceeds the relative

Fer 1972 - cm

j’
7!
Jr "N+ s
V”
ZL l/ll -
s
1 ] 1 - 1
g w0 0 o0 1M 20
H,kOe

FIG. 5. Ry(H) plot for sample III. Left—effect of plate soiling:

temperature 4.2 K, curve I’—both sides of plate clean, 2™ and
3"__successive increase of impurity concentration on one side
of the plate, 4”—both surfaces sputtered to saturation. Right—
effect of temperature on plate resistance: curves 5’ and 6”
correspond to T=21.5 K, curves 1’ and 4” to T=4.2 K.
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amplitude Rg¢, which, judging from the formulas, should
indeed be smaller than the Hall amplitude by a factor
¢'1. The limitation on the angle ¢ in the Hall measure-
ments is quite stringent: ¢ <y <1,

In addition to the R,, <H” law, expression (2.11) des-
cribes the dependence of the resistance on the thickness
d. Figure 6 shows a plot of R, (d) at a fixed value of H,
constructed from the data of Ref. 9. According to
(2.11), at small thicknesses R,, increases linearly with
d, this being due to a decrease in the contribution of the
surface mechanism of the electron scattering. For
thick crystals, the resistance saturates at a level de-
termined by the resistivity of the bulk sample. For-
mula (2. 11) contains the contributions made to the mono-
tonic part of the conductivity by electrons of various
groups, for which the specularity coefficients are gen-
erally speaking not the same. Nevertheless, it has one
curious property. It is easy to verify that (2.11) leads
directly to the following universal relation:

R.'/R."+1=2R.//R., (3.1)

where R’ is the resistance of the close plate, R” is the
resistance with both sides dirty, and R” is the resis-
tance with one clean and one dirty side. This relation
was verified for two samples, W I and W III. It was
found that it is satisfied with relative accuracy 2% in the
former case and about 5% in the latter. A change of the
reflecting ability of the surface of the metal leads to
variation of the monotonic resistance by anamount of the
order of 40%. This follows from the ratio R’ /R” listed
in the table.

3. The next set of experimental results describes the
oscillations of R, (H). As seen from Figs. 1 and 5,
their amplitude is small, so that it is simpler to investi-
gate them with the aid of the derivative dR,,/dH, By
way of example, Fig. 7 shows an automatic plot of the
derivative obtained for sample W II. The upper curve
represents oscillations on atomically clean surface, and
the lower on dirty ones. This plot is described by the
first formula of (2.19). Its first term gives the course
of the monotonic part of dR,,/dH, which increases lin-
early with H, while the second term gives the Sond-
heimer oscillations. On all the experimentally observed
curves, the period of the oscillations did not depend on
the magnetic field. From (1. 7) we obtained the quan-
tity

1 | 88.
—| 22| =0.492A-1,
Znﬁl op | 0492

(3.2)
which made it possible to relate the group of electrons

that manifested themselves by the oscillations to sec-
tion A of the hole octahedron of the Fermi surface of

R,pm,’Q -cm
J
2 FIG. 6. Resistance of tung-
sten plate vs its thickness
1 at a fixed H=10 kOE
. N (H||[100], T=4.2 K).
g 1 z
4,mm
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FIG. 7. Plot of the derivative of the magnetoresistance against

the magnetic field at sample II (d=0.6 mm, T=4.2 K) with clean
(curve 1’) and dirty (2”) sides.

tungsten. The value (3.2) agrees with the data on the
radio-frequency size effect is tungsten.

It is seen from Fig. 7 that the amplitude of the os-
cillations is larger on a dirty surface than on a clean
one. This is due to the appreciable decrease of the
specularity coefficient when the crystal surface is coated.
When the surface is cleaned the decrease of the ampli-
tude is accompanied by a change of the form of the os-
cillations. We attribute it to the appearance of multi-
ple harmonics of the Sondheimer signal. They result
from multiple passage of the electron through the par-
ticle, if the angle £ [Eq. (1.3)] of its collision with the
boundary is preserved. For a direct proof and for a
quantitative description of the multiple Sondheimer ef-
fect, the oscillating part of dR,,/dH; of each experi-
mental plot was Fourier-analyzed; an example is shown
in Fig. 8. It is clearly seen that with decreasing con-
centration of the adsorbed impurity atoms the ampli-
tudes of the multiple harmonics relative to G, increase.
This regularity is reflected in the results of the Fou-
rier analysis of all the experiments, which are also
shown in the table (columns 6 — 12).

4, Now, using Eqs. (2.21) and the experimental rel-
ations for the amplitudes G from the table, we can pro-
ceed to a direct calculation of the mean free path Ix of
the resonant electrons, of the specularity coefficients of
clean (p’) and dirty (p”) surfaces of the crystal. If both
sides of the plate reflect the electrons in like manner,
than the ratio of the amplitudes of the second and first
harmonics in (2. 21) simplifies noticeably:

G./G=T2pe~".. (3.3)

" i

J/]Lu\“ e | O W

2 3 4 1 2 3 ¥

FIG. 8. Dependence of the amplitudes G of the Fourier har-
monics on the number s for the oscillation curves 2” (a) and 1”
(b) of Fig. 7.
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Combining the amplitude G’ and G”, we can eliminate
from the formula the exponential with the mean free
path
p'==p"G."G;'/G.'G,”. (3. 4)
We compare next the amplitudes from the different Fou-

rier spectra. With the aid of (2.19) and (2. 22) we easily
obtain

G\ - [ Rmoni—p”\?
X (m'{:?) . (3.5)
In the comparison of experiment with theory we pur-

posely use the ratios of the amplitudes of the first two
Fourier harmonics. For these harmonics the signal-
to-noise ratio, as seen from Fig. 7, is much higher
than for the higher harmonics (see also item 5 of Sec.
2). The three formulas (3.3)-(3.5) allow us to express
in terms of the observable characteristics the three
sought quantities:

v _ 4 — (RmotRmon (Gr'IGy')
1— (Rmon'Rmon) (Gl./ G!I)'l' (Gz,/ Gl.)

l.=dfln (Y2pG./G»)

(3.6)

and p’ from (3.4). With the aid of these working rel-
ations we calculated p’, p”, and Ix for each sample.
They are given in the last three columns of the table.

There are several methods of checking the validity of
the formulas used by us to reduce the experimental
data. Thus, for example, from (2. 22) and (3. 3) we can
express in terms of G, and G, the amplitudes of the
higher harmonics:

&J’T(E:)‘, G L(&y,...

6. 2\¢/!’ G 12\ @.7)

A comparison of these relations with the experimental
results from the table shows that they are satisfied with
a relative accuracy of the order of 40%.

5. It must be borne in mind that the geometric im-
perfection of the sample, just as the finite mean free
path, can decrease the amplitude of the Sondheimer os-
cillations. The whole point is that the uncertainity 8d -
of the plate thickness produces in the angle {4 a scat-
ter amounting to 8¢ .~ £,08d/d. This dephasing of the
electrons decreases strongly the oscillating signal.

This effect can be taken into account in order of mag-
nitude by making the substitution d —d +i|6d| in for-
mula (1.3) for t4«. Then 0 turns out to be

d ladl
Oosc © 6Xp {— T §.} exp{it.}.

Now 3! in all the formulas will be replaced by

L=l +E.|8d1/d (3.8)

With increasing H the role of the additional term in
(3. 8) increases (£ «~H), and further decrease of the
effective mean free path [, H"! can cause the oscil-
lation amplitude to decrease in very strong fields. Esti-
mates show that in our experiments the decisive quan-
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tity in .4y was Ix. Thus, if the sample finish was ac-
curate to |6d|~1 pm, the second term in (3.8) is
smaller than the reciprocal mean free path (,~ 150 um)
even for the thinnest sample, W I (d~100 um) and in the
strongest fields (£~ 20).

4. CONCLUSIONS

1. We have quantitatively estimated the absolute val-
ue and the change of the coefficient of specular reflec-
tion of electrons by a metal surface. The basis for the
calculations was the Fuchs model (2.5), which is fully
analogous to the 7-approximation in kinetic theory. The
noncontradictory character and the stability of our re-
sults show that this model is not only simple but also
representative of the phenomena that occur on a metal
boundary. We note that the assumption used above, that
the coefficient p is constant, is not obligatory. All the
arguments and results for the oscillating part of the
resistance remain valid also if p is a slowly varying
function of the incidence angle 9 of the electrons on the
metal surface (9dpends in turn on p,). More accurately
speaking, the interval over which p changes must be
wider than 8p, given by (1.4). This is the condition that
all the electrons on the effective section be reflected
from the boundary in like fashion. Bearing this remark
in mind, p must be taken to mean the quantity p(94),
equal to the coefficient of specular reflection of the
electrons from a given effective group from the metal
surface.?

Our experiments and the comparison with the con-
clusions of the theory demonstrate quite convincingly
that it is possible to obtain on the (100) face of tungsten
a sufficiently high degree of specularity for the elec-
trons responsible for the Sondheimer effect. The sam-
ple sputtering technology used in the described experi-
ments makes it possible to vary the specularity coef-
ficinet in a wide range from p”~0.3 to p’=0.7. Itis
interesting that even at the maximum impurity concen-
tration, when the entire surface of the crystal is covered
by a solid film of adsorbed atoms, the reflection co-
efficient of the effective electrons is quite high, p”=0.3.

2, It was already noted at the end of Sec. 2 that if
the effective electrons have noncircular orbits, then the
relations (2.21) between the amplitudes of the higher
Fourier harmonics (with s >2) are somewhat modified.
This circumstance complicates the analysis of the ex-
periment because of the appearance of new unknowns,
namely the Fourier components of the transverse veloc-
ity of the electron. However, even in this case, if the
experimental spectrum of the oscillating signal contains
several (up to five) well resolved and high maxima, it is
possible to formulate a straightforward (albeit unwieldy)
program with which toe determine, besides p and I«
also the quantities |v%,,;|%. In other words, a possi-
bility exists of reconstructing the forms of the effective
sections on the Fermi surface.

3. Attention must be called to another, perhaps most
important result of the present paper. Even though we
used in our experiments very pure tungsten samples, the
calculated mean free paths [, turned out to be unex-
pectedly small (Ix~150 pm). The possible reason is
that the length 7, characterises only a narrow layer of
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sections near pX It is therefore determined by the
departure relaxation time, and not by the transport time
as is the mean free path ! in the monotonic part of the
resistance. If the electrons are scattered through a
small angle, then this can lead to values of /x much
smaller than the transport mean free path, Favoring
the small length Ix are also the data of a volume effect—
the Doppler-shifted cyclotron resonance of ultrasound
in tungsten and in molybdenum!! (the surfaces of the hole
octahedron practically coincide in these metals). In
these experiments the resonance on the section A takes
the form of a broad and low maximum (smeared-out
step), whereas the other groups of electrons are mani-
fest by sharp and high peaks in the sound absorption.
An alternate explanation of the short mean free path is
the following. The length that enters in the size effect
can not be the tree mean free path of the effective elec-
trons in a bulky metal, and is determined by the surface
electron-scattering mechanisms. In this case the cal-
culated value of Ix must coincide in order of magnitude
with the sample thickness d (see the table). The ques-
tion of the mean free path determined from the size ef-
fect is not clear to this day and calls for additional re-
search.

We note in conclusion that the procedure described in
the paper is a convenient method of determining the
reflecting properties of a metal boundary for electrons
of a given group singled out by the Sondhemier effect.

It offers much information, since it makes it possible to
to determine in a single experiment a large number of
characteristics, and identifies at the same time the
group of particles that are responsible for the effect.
This method may be particularly promising in studies
of the effect of the surface-finish method and of the sort
of atoms adsorbed by the boundary on the specularity
coefficient.

The authors are deeply grateful to E. A. Kaner for
numerous discussions during all stages of the work,
and A. S. Kharlamov for help with the preparation of
the samples.
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The behavior of the Josephson current steps observed at high microwave potentials and powers in the

case of a new type of clamped point junction is explained. It is concluded that at junctions consisting of
metallic bridges which are small (of size d) compared with the coherence length (£,) and mean free path
(1), the phase dependence of the nonstationary Josephson current is sinusoidal. The formation of the

current step is restricted by the heating of the junction at high voltages. The limiting voltage is
Vi ~(1/d)'"2. For the Nb-Nb junctions studied, Josephson steps up to 14 mV have been obtained.

PACS numbers: 74.50. +r, 85.25. + k

INTRODUCTION

At a voltage above the energy gap of a superconductor
eV>2A,, the nonstationary Josephson effect at tunnel
junctions has been observed experimentally by Hamil-
ton' and described theoretically by Werthamer? and by
Larkin and Ovchinnikov.® The height of the current step
induced by microwaves was calculated earlier.* The
most remote steps in voltage at a tunnel junction have
been observed by McDonald et al.® No description has
been made of the behavior of point junctions at voltages
beyond the gap value, although there is interest both in
the theory and in the practical utilization (for example,
as a voltage standard).

In the present work we set forth the results of an ex-
perimental study of the characteristics of a clamped
Josephson point junction of a new type in a microwave
field, and explain it on the basis of a proposed micro-
scopic theory of a bridge of dimensions less than {l , Eo}.
From a comparison of the measured dependence of the
height of the induced steps on the microwave amplitude
with the theoretical value, it is concluded that the phase
of the nonstationary Josephson current has a sinusoidal
dependence on the phase in the investigated junctions.
The dependence of the current step height I atthe upper
voltage limit on its value V, has an asymptotic form:
Iy(Vy)~ VyV3, Preliminary results of the research
were reported earlier.®

DESCRIPTION OF THE JUNCTION

The experiments were carried out with clamped Nb-
Nb junctions, which were prepared under room condi-
tions and which did not change their characteristics
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after numerous coolings to the temperature of liquid
helium (T =4.2 K). The junction shown schematically
in Fig. 1 comprises a wire electrode in the form of a
loop pressed to a flat electrode. The flat screen-elec-
tron was made of single-crystal Nb and its surface was
carefully smoothed by electrochemical polishing. The
surface of the niobium loop was cleansed from foreign
impurities and oxides by chemical etching.

A trace of the loop with overall dimension 5%100 u
is seen on a microphotograph of the screen, obtained
by means of a scanning electron microscope after dis-
mantling the junction. It can be assumed that a set of
microbridges is formed on this area, distributed in
correspondence with the very inhomogeneous micro-
structure of the wire surface. The total resistance of
the junction is the combination of the resistances of
the microbridges connected in parallel.

In correspondence with this model, the average
diameter of the microbridges was determined from the
measurements of the dependence of the resistance of
the junction on the temperature R(T) and voltage R(V).
The measurement of R (T) and R (V) was carried out in
a thermostat in which the temperature was maintained
and measured accurate to ~1 in the range 12-300 K.
The dependence R(V)=dV/dI was determined from the
value V-TR(0), measured with the help of a bridge

FIG. 1. Schematic dia-
gram of the clamped point
Josephson junction of the
new type: l—plane elec-
trode-screen, 2—wire
electrode-loop.
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