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The optical and hard undulatory radiation from relativistic particles in the presence of a dispersive 
medium is investigated. It is shown that under practical conditions, the optical undulatory radiation is 
negligible compared with the Vavilov-Cherenkov radiation. In the hard frequency range, the undulatory 
radiation spectrum narrows under certain conditions. It is shown that the narrowing effect makes it 
possible to obtain an intense quasimonochromatic and narrow-directed beam of hard quanta by means of 
modem accelerators. 

PACS numbers: 41.70. + t, 78.70. - g, 78.90. + t 

1. INTRODUCTION 

The problem of undulatory radiation is of interest 
from the point of view of the generation of intense 
quasimonochromatic and sharply-directed microwaves, 
ultraviolet radiation and gamma rays, and also from 
the point of view of the detection of single high-energy 
particles. The development of theoretical studies of 
undulatory radiation begins with the appearance of the 
work of ~ i n z b u r ~ , '  in which undulatory radiation of 
relativistic single electrons and coherent electron clus- 
ters  was studied with the aim of obtaining generation of 
microwaves. Later, a large number of theoretical 
and experimental researches were devoted to this 
theme. Great interest in the study of problems of un- 
dulatory radiation (see Ref. 2  and the literature cited 
therein) was stimulated by the appearance of Refs. 3 

shown that the Cerenkov radiation remains unchanged, 
while the undulatory radiation is negligibly small in 
comparison with the Vavilov-Cerenkov radiation. 

Great practical interest attaches to the study of hard 
undulatory radiation in a dispersive medium. In this 
case, the complex Doppler effect leads under certain 
conditions to a narrowing of the radiation spectrum. 
This effect was f i rs t  discovered in Refs. 8 and 9, while 
in Ref. 8 the problem of the radiation of self-happed 
particles in a crystal with account of dispersion was 
considered by Bazylev and Zhevago. It i s  interesting 
to note that in previous works,101" in the study of x- 
ray transition tradiation in media with a sinusoidally 
changing density, one also has to deal with a complex 
Doppler effect. However, in the case considered there 
the interval of radiated frequencies was a large one. 

and 4, in which it was proposed to generate ultra- 
violet and harder radiation with the help of modern Hard undulatory radiation in a medium in the pres- 

ence of strong fields is studied below. A formula is 
accelerators. 

obtained for the number of quanta in the presence of the 
The idea of the use of optical undulatory radiation effect of narrowing of the spectrum and the possibil- 

generated in a transparent medium for the recording ities of generation of intense quasimonochromatic beams 
of high-energy elementary particles was expressed in of hard quanta by means of modern accelerators i s  
Ref. 5. In the monograph of Ref. 6 with references to elucidated. 
the earlier work of Ref. 7, i t  was asserted that part 
of the Vavilov-Cerenkov radiation is transferred to un- 2. GENERAL FORMULAS 
dulatory radiation. The degree of this transfer depends 
on the parameters of the undulator and on the Lorentz In the presence of an alternating field,12 a longitudinal 

component H, # 0 inevitably appears. Starting from this, 
factor of the particle. The transfer of the radiated 

we represent the field of the undulator in the form 
energy takes place here without change in the emission -. 

angle, which negates the possibility of constructing an H= (0, cos 62, - H o e - "  sin 6z), 

optical undulatory counter. However, a s  noted in Ref. E= IO. E.. 0). . . -. - .  
5, the undulatory radiation is easily distinguished from 

where 6 = 2 n / l ,  Eo is a constant electric field, and Ho 
the Cerenkov radiation by using the differences in po- 

and l  are  the amplitude and spatial period of the mag- 
larization and in the angular distribution of the radia- netic field. We note that the fields (I)  are  approxima- 
tions. It seems to us that the problem of understanding 

tions of the real undulator fields, which, of course, 
the nature of the optical radiation of particles moving 
with the medium in the undulators calls for additional 

have a more complicated character. The choice in the 
form (1) is due to the requirement that these fields at 

consideration. The interpretation of optical radiation least satisfy the Maxwell equations. 
given in the works mentioned above is connected with - 
the separate consideration of the harmonics in the Let a relativistic particle with charge e and res t  mass 
radiation. In the present work, with the help of sum- in move with velocity vo =pot -c  in the field (1) along 
mation of the radiations of all the harmonics, i t  is the z axis. Then the equation of i ts  motion will be 
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The condition of constancy of the energy of the particle 
is given below. 

With accuracy to within small by<< 1, the solution of 
Eq. (2) can be represented in the form 

eE, r ( t ) - { - s  cos Qt, (_++) )s-%sin2 n t ,  flct+-sin 2nt . (3) 2m-l 4Q 8St " 1 
where the following notation is introduced: 

2nflc eH.1 CZO 
z.= 3 ( 

2nmc2' 527, n= I '  zo= - 
czc 

a =  b=B-a (4) 
BT~' ' @ 4 c  ' 

If the "compensating" constant electric field is chosen in 
the form 

E,--Z,HP/%~O, (5) 

then we can eliminate the undesirable drift motion along 
the y axis in (31, i. e .  , we eliminate the term -t2. The 
accuracy of the obtained solution (3) will then be of the 
order of 

z: /4yo' t i .  (6) 

The inequality (6) is simultaneously also the condition of 
constancy of the particle velocity, since the total vel- 
ocity, obtained from (3), i s  identical with the initial 
velocity v, without additional conditions. 

The frequency-angle distribution of the radiation is 
determined by the formula - 

dW e'oaY e ( o )  
-= 
d o d o  4n'ca 

III', (7) 

where 

o Y e 0  
k= -n, n= {sin 0 cos q, sin 0 sin q, cos 0 ) .  

c 

The circumstance that we use the formula (7) for the 
unbounded motion in place of finite motion leads to an 
e r ro r  of the order of 1/L << 1, where L is the length of 
the undulator . 

The vector integrand in (7), with accuracy to small 
zOl4yoai  (8) 

can be represented in the form 

[nXt l  =A+B sin Qt, 

A=fl csinO(isinq-j cosq) ,  B=zoP(j  cose-ksin 0sin q ) .  
(9) 

We note that (6) follows automatically from (8). 

Limiting ourselves to frequencies that satisfy the con- 
dition - 

o Y e ( o )  a --- 89 sin g a l ,  
C 

at-kr=io ($-be" cos O)t 

+ j E e s h ( s  s i n e c w q - ~ c o s 0 s i n 2 Q t  8Q 

Using the  formula^'^ 

exp (iz cos Pt)  = PIp ( z )  exp (ipPt) , z 
( -1)  qJq ( z )  exp ( iaqnt) ,  

qp-- 

J - p ( ~ ) = ' ( - l ) p J p ( z ) ,  

where Jp,,(z) are  Bessel functions, we can write 

Separating the odd and even p in this sum, squaring i ts  
modulus, and replacing one of the 6 functions by 7/2n, 
where T i s  the time of flight across the undulator, we 
obtain the expression 

where - 
~ I I =  ( -UkJu(aJ  J,,+,(a), 

k--- 

Substituting (14) in formula (7) and dividing both sides 
by the length of the undulator Bcr, with account of (9) 
and (4), we obtain for the spectral distribution of the 
intensity with unit length of path 

dW e'o 
= _ .  h m d z  2ncs <seven + Soda / )  

where 

S o d  = & [sina0f8p + 15 sinecos 0 cos p f n j m  
P- o BYO 

zo' + ( f - s i n ~ ~ c o s s q ) f a ~  
B'YO' 

here t= w/hl ,  and p takes on both positive and negative 
integral values. In this case, in the functions f l l ,  f12  

and f,,, f,, we must set  n=p/2 and n = (p + 1)/2, re- 
spectively. 

3. OPTICAL RANGE OF FREQUENCIES, 
> 1 

At  BE'/^ > 1, i t  follows from the inequality I cos B I 
a 1 that all the harmonics a re  radiated that have num- 
bers p satisfying the condition 

We shall be interested in radiation in the optical range 
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, 
of wavelengths X- (2-6) x cm, where the dispersion 
can be neglected. In this region of wavelengths, for 
ultrarelativistic particles and in real cases, we have 
a= [ ~ ~ ~ / 8 ~ ~  << 1. The smallness of the parameters a 
makes i t  possible to simplify the expression (16) con- 
siderably. This simplification is carried out more 
graphically in the initial formula (7), using the notation 
(13) for cu and the expression (11). The result of this 
simplification is that, with accuracy to small  quantities 
of the order of 2cr, we can set.in (15) a = O .  Then, sub- 
stituting the expressions 

in (16), and then, integrating over the angles, we find 
after replacement of the negative p by p, 

P' - -  dW '¶a j{sir?&[J:(o.)+z J p x ( a p )  7- 

dadz 2nc" 
P-1 

P-1 

where 
1 

%= 8% sin 0. c o s ,  cos &=8;"(1- f )  . 
70 

(B"-I)" 
sin go= - 

Be* ' 

and, in agreement with (17), P' and p" a r e  the integer 
parts of  BE'/^ - I)[ and (&'I2 + I)[. 

If we limit ourselves in the sums in (19) to a common 
upper limit P, << 5, but such that 

then, with accuracy to small P J5, we can se t  a*= a,,. 
Moreover, for the Bessel functions with indices p r p ,  
we can use the asymptotic representations of ~ e b y e ' ~ " *  

An estimate shows that, with great accuracy of the 
order of a0/pm3, the upper limits in the sums (19) can 
be se t  equal to infinity. According to the Neumann 
formulai3 

whence, at m = O  and 1, we have 

Therefore, the first  square bracket in (19) reduces to 
unity, while the second becomes ai/2. 

Integrating (19) further over the angle cp, we obtain 
the radiated energy in the form of a sum of Vavilov- 
Cerenkov and undulatory radiations: 

e'o z,' I,,, e 
(24) 

Jund(a)=-  - -=- 
rz 2B2yOz * JHF 2(e-1)  (:I2 = (:I 

We note that the condition (10) is satisfied here since 
i t  reduces to a(P2& - 1)1/2 << 1. 

Thus, we come to the conclusion that the undulatory 
radiation in an optically transparent medium under the 
condition a << 1 is negligibly small in comparison with 
the Vavilov-Cerenkov radiation, and therefore i t  is not 
possible to use this radiation for the recording of high- 
energy particles. Moreover, both the undulatory and 
Cerenkov radiation a r e  emitted at the identical angle 
0, with a small  scatter  A0 -P/[@~E - 1)'12. 

4. HARD REGION OF FREQUENCIES, 
F& 'la < 1 

As is seen from (16), in this case only harmonics with 
numbers p >O a re  generated. In the region of high f re- 
quencies w >> w,, where the permittivity can be written 
in the form 

e"--1-y,2/2EZ, ye=oo /8ab ,  (25) 

the solution of the inequality lcos 0 I s 1 under the con- 
dition (1 - &$ > ( I -  @) leads to the following interval of 
radiated frequencies: 

It then follows that only harmonics with numbers p > yc/ 
7 can be radiated a t  certain values of the parameters 
yc and 7 .  The most interesting fact in (26) is that the 
generation of radiation a t  a given harmonic has a 
threshold, and a t  certain conditions, when 6, << 1, this 
radiation is concentrated in a narrow range of frequen- 
cies around the value 5 =m2. 

The radiation determined by the formula (16) is 
emitted a t  the angles 

It follows from (15) that a t  large p, an essential 
contribution to the radiation can be made only by those 
harmonics for which the condition p << [ is satisfied. 
Then, in accord with (27), the angle 0P<< 1. Keeping 
(25) in mind and solving (27) relative to 5 ,  we get 

i. e . ,  a t  a given angle, in contrast with the case of a 
vacuum (for a given value of p), waves a r e  propagated 
with two different frequencies, 5, and E2. This is a 
consequence of the fact  that in the presence of a dis- 
persive medium (25) the phase of the wave depend quad- 
ractically on the freqeuncy w (the complex Doppler 
effect). For  the maximum angle of radiation, a t  which 
the frequencies 5, = [, = y:/p a r e  radiated, we obtain 
max 0, = p6d y, = 6,/7yp. 

It is also easy to obtain from (28) [,(0) s [,(0J < t2(0$ 
s t2(0) o r  [,(0) S 5 fz(0); these a re  identical with (26). 
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Thus the quanta radiated in a narrow range of frequen- 
cies a re  emitted with our angle scatter A@, =p6J,, 
around the direction 8,= 0. 

The effect of narrowing the spectrum in the hard fre- 
quency range (at 6,-0) is explained as follows: the 
oscillator moving in the co-moving system radiates 
waves with frequency pO7, which, because of the Dop- 
pler effect, a re  perceived in the laboratory system as 
a continuous spectrum in the range (26). The width 
of the interval depends on the characteristics of the 
medium w, a s  well as on the parameters O and 7, and 
tends to zero as py- yc . 

We also select the conditions such that the narrowing 
of the spectrum takes place a t  the f i rs t  harmonic, i. e . ,  
let 

Then the radiated quanta will have the frequency w 
= Oy; = wOyc with a frequency spread Aw/w = 6, x (2hy/ 
yc)1'2. This spread in turn leads to an angular spread 
A8x 6,,,, around the direction 8 = 0. Here the extreme 
frequencies of the interval 

a re  radiated a t  the angle 8 = 0. As follows from (28), 
the radiation of the remaining harmonics ( p 1 )  in this 
interval of frequencies takes place a t  the angles 

ep= ( 2  (p-  I ) )  " /9  (30) 

with spread A8, x 8,6,/2. 

We estimate the value of the arguments of the Bessel 
functions (13) in the interval of frequencies (29): 

l a 1 1 ~ 2 ( 2 a ) " 6 1 1 c o s q l < Y ~ 6 1 ~ 1 ,  

a,=4[  ( p - l ) a ] "  cos cp, p>l ,  a=zo2/4(z,'+2) <1/4, p>O. 
(31) 

As in the preceding section, the smallness of the para- 
meter a makes i t  possible to use the expressions (18) and 
after integration over 8, write in place of (16) 

) Ipa(ap)*)SP 
+ E* sin2 0 ,  cos' q 

with accuracy 2a .  

We note that the second term in the expansion of the 
function exp(-ia sin2Ot) must be retained from the very 
beginning in order to increase the accuracy of the sol- 
ution of the problem. 

We now consider the contribution to the radiation from 
the f i rs t  harmonic. With accuracy 6,'<< 1, we need 
keep only the third term in (32), which yields rad- 
iation intensity for the 

Integrating (33) in the limits (29), we obtain for the 
total radiated energy and for number of quanta from the 
path length L: 

\ 
At small zO, in accord with (31), we have 8 a  -2; and 

'\ 

formula (34) transforms into formula (12) of Ref. 9. 
For the considered frequencies we have c ~ ( p - l ) ' ' ~ / , ~  << 1 
in place of the condition (10). \ 

We now make clear the effect of the total radiation 
of the remaining harmonics on the monochromatic 
character of the spectrum (33) in the considered range 
of frequencies. We note that, in accord with (31), 

<(p + 1); therefore, a t  p > l ,  we have 

which makes i t  possible to obtain the estimate 
Wp,,/W1<2a=zo'/2(z,2+2), (35) 

where W,,, is the total radiated energy from all the 
remaining harmonics (p > 1) in the frequency range (29). 

It follows from (35) that the background obtained from 
the remaining harmonics cannot significantly affect 
the monochromatic character of the radiation of the 
f i rs t  harmonic, a t  least for small 2,. For  example, 
a t  z, = 8 ,  we shall have WP>,/ W, < 1/18. 

Although the number of quanta obtained from a single 
particle (34) is apparently always very small in cases 
of practical importance, one can obtain an intense 
current of ultraviolet and even harder quanta in the 
presence of an electron beam. This current is highly 
directional and, to a known degree, monochromatic. 

For  example, let a beam of monoenergetic electrons 
with a Lorentz factor y and a scatter Ay/y pass through 
an undulator with parameters 1 = 0.5 cm, nL/137 = 1 cm, 
Ho=5x103 Oe,z,=+, 7=0.984 y, and O=3.71xl0"sec-~. 
Upon satisfaction of the condition y =  yc= wo/O the rad- 
iated quanta will have a frequency w = Oy2= way, with 
scatter AW/W = 1/L + 6,. Moreover, since O always has 
a certain scatter AS2, the halfwidth of the spectral line 
will be determined by the formula 

For  illustration of the role of dispersion of the med- 
ium in the hard region of frequencies, we assume that 
such an undulator is placed in a linear section of an 
accelerator, and calculate the characteristics of the 
radiation. The corresponding results for some ac- 
celerators a r e  given in the Table I. 

In all the examples considered, the width of the spec- 
t ra l  line must be estimated by means of Eq. (36). If, 
instead of the undulator, ane uses plane electromagnetic 
waves, then we can set  AS2/S2=O. 

TABLE I. 

Accelerator DORYS ARUS PEP 
Characteristics /  amb burg I Erevan I Stanford 

625 Sov. Phys. JETP 49(4), April 1979 

7 
A d r  
N u m k  of electrondsec 
Plasma frequency of the medium, set-' 
Angular scatter of quanta 
Energy of quanta, keV 
Number of quantalsec 
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6.103 
5.10-6 
5.10" 

2.23.10'' 
0 . 5 2 ~ 1 0 ~ ~ . 4 7 ~ 1 0 ~ 8  9 

1.9.10" 

10' 
10-9 
3. 10t5 

3.71.10'5 

25 
1.6.10'3 

3.10' 
lo-= 

5.7.10" 
l.11~1Oi8 
1.49.10-8 212 

3.1Ot5 



p / ( l f  fi)GSGp/(l-P),  (37) 

while for arguments of the Bessel functions (13) at  
j - 1  and ( > > p  we have 

where NZ is the mean density and N'Z' is the amplitude 
of the variable part of the density of the electrons of the 
medium. The ratio of (40) to (34) gives 

NtranrlNund~ (06;/2z0) 2<6,2<1. (41) 

The authors thank A.N. Afanas'ev for discussions.' 

The angle of incidence is determined by the formula 

If we limit ourselves to a small range of frequencies 
y,, ,<l,  then at (1-y,,,)1'2<<l/2u2 a n d p = l ,  we have 
a, << 1. Then we obtain for the number of quanta form- 
ula (34) with accuracy to 2a, where 6, must be replaced 
by 1 - y,. If the parameters zo is not small (strong 
fields), then a and a, a r e  not always small and formula 
(16) is not simplified. After integration over the angle 
8, this formula is identical with the formula (3) of Ref. 
15. 

The considered effect of narrowing of the spectrum in 
the hard region of frequencies occurs also in transition 
radiation, and in the flight of a relativistic particle 
through a medium whose density changes according to a 
sinusoidal law. lo' " However, the transition radiation 
turns out to be negligibly small in comparison with the 
undulator radiation. Actually, for the number of trans- 
ition quanta in this small range of frequencies (29) from 
the first  harmonic, we obtain, according to Eq. (28.57) 
of the monograph of ~er-hfikaelyan,14 

no'& L N'Z' 
Ntrpr.=--- a=-<I, 

4,1372' NZ 

"~onditions (8) and (10) lead to the result that we can set y =O. 
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