must know the molecular field at the impurity, namely
the sum of y(r) over the lattice, starting at least from
the nearest neighbor. The oscillating character of the
susceptibility at short distances makes all the quantities
containing sums over the lattice highly sensitive tothe
discreteness and parameters of the lattice. This fact
must be taken into account in the analysis of magnetic
ordering.

The expression obtained by us for the nonlocal sus-
ceptibility can be used also in the study of the question
of the line width of paramagnetic resonance on local-
ized magnetic moments along with the study of the Kor-
ringa mechanism of relaxation in a superconductor.*!°

DHere and below nonlocality is understood in the sense of spa-
tial dispersion.

DThe RKKY potential in a pure superconductor was also ob-
tained in Ref. 7, but it differs from (4.3) and does not satisfy
the condition that the homogeneous susceptibility vanish at
T=0.

YWe note that it differs from the numerical solution by several
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The diamagnetic properties of “dirty” superconducting metals above the transition temperature is

systematically investigated. The dependence of the fluctuation-induced increment to the magnetization on
the temperature and on the magnetic field of type-II superconductors is calculated under conditions close
to surface superconductivity. It is shown that the magnetization varies strongly near T.;(H) and near the
third critical field H(T). The conditions under which the contribution made to the magnetization by
surface-type superconducting nucleation centers is larger than the contribution of the volume centers are

determined.

PACS numbers: 74.40. + k, 74.60. — w, 74.70.Nr

1. INTRODUCTION

The change produced in the diamagnetic susceptibility
of a superconductor by fluctuations of the superconduct-
ing phase was observed in a large range of temperatures
above T,. Gollub et al.' observed diamagnetism due to
electronic pair fluctuations in strong magnetic fields
[H~H_5(0)] and at high temperatures (T ~2T,,) in bulky
samples. The fluctuation-induced mechanism was in-
vestigated by Schmidt® and by Prange® on the basis of
the Ginzburg-Landau Theory. This theory describes
correctly only the behavior of long-wave fluctuations,
so that the theoretical results of Schmidt and Prange
are not in good agreements with the experiments of
Gollub et al.! at high temperatures and in strong mag-
netic fields, when the short-wave fluctuations must be
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correctly accounted for. Corrections for the short-
wave fluctuations were introduced in the calculations of
the magnetization of superconductors above T, on the
basis of the Gor’kov theory in a number of papers.*~® In
these papers, the dependence of the magnetization on
the temperature and on the applied magnetic field was -
determined by the procedure developed in Schmid’s
paper,? namely, by calculating the free energy of the
system. The results agree well in the main with the
experimental data.

In other experiments, Gollub ef al.” measured the fluc-
tuation-induced magnetization of bulky type-II supercon-
ductors under conditions close to surface superconduc-
tivity. If a stationary magnetic field is applied parallel
to the sample surface, fluctuation-induced surface nu-
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cleation centers are produced in a narrow layer near
the surface at a fixed magnetic field H near a tempera-
ture T 2T,4(H), or else at a fixed temperature near the
third critical field H2H_4(T), whereas the number of
these centers in the interior of the sample is still small
[T.s(H) and H,(T) will be defined below]. Under these
conditions it may turn out that the contribution from the
surface superconducting nucleation centers to the mag-
nitization is more substantial than from those in the
volume.

The present paper is devoted to an investigation of the
role of the fluctuation surface centers in the change of
the diamagnetic susceptibility of “dirty” superconducting
metals, and to a comparison of the results with the ex-
perimental results.”

2. BASIC FORMULAS

To calculate the diamagnetic susceptibility of metals
we use the formula that connects the diamagnetic cur-
rent density with the magnetization of the system

j=rotM. (1)
Naturally, the paramagnetism of the free electrons in
the metal will not be taken into account in our calcula-
tions. We use hereafter a system of units in which ¢
=r=kp=1. We express the magnetic moment per unit
of the system in the form

M=M (H)h=y (H)H, (2)

h is a unit vector along the magnetic field H=curl A.
The vector-potential is of the form

A=A+A,

where A, is the vector potential corresponding to the
applied stationary magnetic field, and A, is anartificial-
ly introduced increment

A,=aexp {ikr} (3)
with a gauge a.k=0. After simple transformations we

obtain in an approximation linear in the small incre-
ment

§=x(H) rotrot A=y (H) KA. (4)

Thus, if we calculate the response of the system to a
small perturbation (3), we can determine the formulas
(2) and (4) the magnetization of the system.

The current density is calculated from the known for-
mula

=S (V,=V,) G (2,2") e +2 S~ A (2) G* (2, 2), (5)
m m

G* is the Green’s function introduced by Keldysh,® and
x=(r,t) is a 4-vector.

Far from the transition temperature (above T,) and in
the absence of the stationary magnetic field, we readily
obtain from (5) in first order in the small perturbation

12 [ R oA (1-th 57) (G5 IGB-)

e*A, ¢ dpde

GG BN T [ B (1 )62 (-Gt e, (6)

where
P —p:]:i G.I(A) (p)-(g—.p_..-*- 8,:’:!‘5)-‘.
* 2" 2m
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The integration in (6) can be easily carried out at T
=0, and yields
G’p,
12a'm

Comparing this expression with (4), we obtain the well
known expression for the Landau diamagnetic suscepti-
bility:
Xa=—€*pp/1270m, (7

The fluctuation increment to the diamagnetic suscepti-
bility is given by the Green’s function corresponding to
the graph in the figure. The solid lines are the Green’s
functions of the electron in the normal state. The dash-
ed line is the interaction of the electron with the exter-
nal electromagnetic field, and corresponds to the ex-
pression em (p- A,). The wavy line is the Cooper ver-
tex function, with corresponding retarded and advanced
functions in the form

k‘A.

&= [ng (g gran) ()] ©®

v=mpp/2n® is the electron state density, D=f,l/3 is the
diffusion coefficient, [ is the mean free path, and ¥(x)
is the logarithmic derivative of the gamma function.
Expression (8) is valid in the “dirty” limit 7« £(T),
where £(T)=[7D/8(T ,~T)]*'? is the coherence length.
From (8) we obtain the Ginzburg-Landau limit if we
confine ourselves to low-energy fluctuations {Dg?, w}
=T, If an inorganic dirty superconductor is located
in a permanent magnetic field, it is necessary to make
in (8) the substitution g®~q2 +2eH(2n+1), where n is
the Landau quantum number.

The current density corresponding to the graph in the
figure was calculated in Ref. 9. We can write similar-

1yY
i (evD \? 2 . v
j°=-2—(—2-n7—) ;le (0,—0y )q—‘:\'(l‘)‘PN' (") lerme

XJ' droA; (v0) (0e—04") Px" (r0) @+ (10”) leyrmre

j—cm—[x *(ex) Ku®(ex) —Ku* (ex) Ku* (ex) ], 9)

@,(r) and €, are the eigenfunctions and eigenvalues of
the operator

3 9 i '
0= (-ﬁ+21eA.,) .
In (9) we have

Lowmin? [( 5+ 25) -85+ 251/ Pler-en

In the Ginzburg-Landau approximation L. =7%/2.

(10)

In the absence of a magnetic field, the wave functions
¢ 4(r) in (9) must be replaced by plane waves, and in
the Ginzburg-Landau approximation we obtain Schmid’s

FIG. 1.
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results® after simple calculations. For a bulky sample
we have

[S)]
o =

(11)

In the case of a thin film of thickness d<«&(T) we have

) (12)
3. MAGNETIZATION OF BULKY SUPERCONDUCTORS
IN A MAGNETIC FIELD

Assume that a stationary magnetic field A =(0, xH, 0)
is applied to the sample; we then have in (9)

CIWESE

px(r)= exp {iqu+iq=z—

1
20 (2"nlnA)

ex=q.*+ 2eH(2n+1), (14)
N={q,,q,,n} is the set of Landau quantum numbers, A

=(2eH)'", x,=2%,, and H (x) are Hermite polynomials.
If we choose the small perturbation A, in the form
Aiz=Ait=0v

and substitute (13) in (9), we obtain for the current den-
sity after some transformations

=2t (25) i Do a0 [

xLi,q::n—l‘q:—hz{Khn(En.q.)Ko (eu-i.w=-h:)‘Ku (en-v:)Km (en—‘-ﬂg"‘s)]‘
(15)
To find the magnetization we must now separate the co-

efficient of k2A,, in (15). Using (2), (4), and (15) we ob-
tain for the magnetization of the system

A

9
l)q: Ln Q. =1, qK (en—l q) [q-c

Prange’s limiting case® can be easily obtained from
(16). In fact, if we put.in (16) T=T, in lieu of
Ly.qzm.qz a0d K54 (g, ), substitute their values in
the Ginzburg-Landau approximation, replace
coth(w/2T) under the integral sign by 2T/w, and inte-
grate with respect to w and ¢,, we obtain Prange’s re-
sult

Ay =aexp{ik.z}

(16)
XIm K" (&ne ) —

Mo 1 n

T =T M e s (40

Experiment! has shown that the combination
mM/e3PH'T with T=T,, is a certain universal function
of the ratio H/H*, where H* is some characteristic
field. Such a universal dependence follows directly
from (16). We introduce new symbols

©/2T=p, (D/4nT)"q,=p, H'=21H.(0), (18)
where H,,(0)=7T,o/2ye D is the second critical field at
T=0, and y=1.78. Using the symbols (18) we obtain
from (16) at T=T,,

a1 (1)~ () Lon e
leK.\(P: u;,%)-%gfdn’(“' “o;H—H-)K"-‘ (9’ “"‘Tifé)lw-u

and (18) that

(19)
1t follows from (8), (10),
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(o) =[9( 34 (v ) i) ()]

H
L,.(u, o3 F)

s o ) ol

# (=) )/ (oo ).

The function f (H/H*) can be calculated only numeri-
cally.

We consider one more limiting case. We calculate the
sample magnetization near the temperature TzT,(H),
where

T..(H)=T.—*/.:neHD. (20)

We assume also that the Ginzburg—-Landau approxima-
tion is valid (the applied magnetic field and the tempera-
ture are such that the condition eH D« T ,(H), T=T,,

« T (H) is satisfied). Using the Ginzburg-Landau ap-
proximation in (16) and retaining in the sum over n only
the term n =1 (this assumption, strictly speaking is valid
in the energy interval T-T(H)<«eHD), we obtain after
integration the magnetization near T_,(H) in the form

o= - (21)

eHT.,(H) ( D "
2n 2(T—T.,(H)) )

4. ROLE OF SURFACE FLUCTUATIONS

The method used by us to calculate the diamagnetic
susceptibility is suitable also in the case of an inhomo-
geneous spatial distribution of the fluctuation electronic
pairs. This situation arises, for example, when a sta-
tionary magnetic field is applied parallel to the sample
surface.

Let the magnetic field be parallel to the y axis (yz is
the sample surface plane). We choose the vector poten-
tial in the form

A~=A,=~0, A,=—zH+aexp {iky},

A, =aexp{ik,y} is an artificially introduced small per-

turbation. To calculate the response of the system to
this perturbation we use formula (9), in which &, and
@y (r) stand for the eigenvalues and eigenfunctions of
the operator

_____ (22)
with boundary conditions on the sample surface. If the
surface occupies the half-space x>0, a variational pro-
cedure for ¢, () and g, yields at the chosen gauge (see,
e.g., Ref. 10)

1 [8ay\™
¢qy.q,(r)=£(7) exp{ig,y+ig.z—az?}, (23)
where o is the variational parameter,
g, a=2(1—2/n)"eH+% (¢:—q0) +4,",
x=2(n—2)/(2n—3), ¢q=[(1—2)n]""(2eH)"™, (24)

a,=(1—2/xn)"eH.

Substituting (23) and (24) in (9) and introducing the
surface-magnetization density, we get
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(9:—¢0)*

IMo @) d:c—ZH( evDx ) -’- dg,dg,

2aT (2n)?
40 h - Im K (e ) Ko (eqq )| (25)
2 ZT © G a2, q q 99, 9, q-d
We introduce a new notation:
) ( xD '/.( - D \'h ,
oT P —4—317) q:—q) =4q. , (4:!_7.) =4y,
h=H[4yH(0), <=T/T,, (26)

H_q is called the third critical field,

Hca(0)=(1—in) ZIZZ (1_127)_*/,

Substituting (26) in (25) and integrating over the angles
of the vector (¢’, ¢,) we get

H.,(0)=1.7H.,(0).

%=—ﬁg‘2)7—%fBdﬁf;—zcthpImK(Pyﬁ;—f—,r)
PN PSS T
where
(P ﬂ,— 17)4— [1nr+¢(-—+ﬁ+—r—2%p)_¢(%_)] —l,
TN NTERE TN AR

ﬂ qy,z+ql,2'

It is seen from (27) and (28) that at T=T,, the expres-
sion M?/eT is a universal function of the ratio

H/%H4(0).

We consider now in greater detail the case when the
magnetic field and the sample temperature are such that
the conditions eH D« T o and T, —T « T, are satisfied.
In this case we can easily find from (27) that at a fixed
temperature, in magnetic fields close to H4(T), we have

My xH
el 6ln(n—2)1"(H—Hua(T))

where H,4(T) is the third critical field at the given tem-
perature:

(29)

4 Teo—T

Ha (D)= [n(—2)]" eD

(30)

At a fixed value of the magnetic field and at a sample
temperature T 2T 4(H), where

Tes(H)=Teo—"/i[n(n—2)]"eHD, (31)
we obtain from (27)
My*[eT s (H) =—x"eHD[24(T—T . (H)). (32)

The contribution of the surface fluctuations to the
magnetization of type-II superconductors was experi-
mentally observed in Ref. 7. We shall discuss this ef-
fect at the end of the article.

5. DIAMAGNETISM OF THIN FILMS IN A MAGNETIC
FIELD

Let the film thickness d«£(T) and d<«(2H)"2. We
assume, as before that the field is parallel to the plane
of the film. The plane of the film coincides with the yz
plane and occupies the region |x|< d/2 in space. In this
case the eigenfunctions of the operator (22) are homo-
geneous in the x coordinate and can be expressed in the
form
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1
a0, (1) = 5—-expig,y+ig.z}. (33)
The eigenvalues of the operator (22) are given by
£y o=, 9.2+ (eHd)?/3. (34)

Using (9), (33), and (34), we can easily show that the
fluctuation magnetization of the film is of the form

eHD

M = jpdp j —-cth o

ImK(p,B;ho’,t)( AT )L=<fs,m,ho=)K(p,m,ha.r)lﬁ.-a, (35)

9p.*

where the functions K and L were defined earlier [see
(28)], and
h,=HIH,",
In the Ginzburg-Landau approximation it follows from
the presented expressions that the susceptibility of a
thin film is
@ eD T-T,

-1
S L RELNN Y B
Xe 2%d| T, @ 2 ]

H,'=(2/ed) (3nT/D)".

(36)

At H=0 this expression coincides with Schmid’s result?
[see formula (12)].

From (36) we get for the susceptibility at T=T,,

Yo =~M—,H;~W—x,~- (37)

Here £,~vp/T,» A~(eH)*/?. It seems that this depen-
dence is not very difficult to observe in experiment.

6. CONCLUSION

The influence of surface superconducting nucleation
centers on the diamagnetic susceptibility of type-II
superconductors was experimentally investigated by
Gollub et al.” They studied the temperature dependence
of the magnitization of a bulky sample of Pb+4 at% Tl
in the surface-superconductivity region. A cylindrical
sample several centimeters long and several millime-
ters in diameter was placed in a magnetic field of 54.5
Oe parallel to the cylinder axis. In the temperature in-
terval T ,(H)<T < T,4(H) the magnetization is subject to
hysteresis that is due to the fact that the cylindrical
sample is multiply connected in the surface-supercon-
ductivity region. A strong change of the magnetization
was observed at temperature above T,a(H ).

The magnetization formula (32) connected with sur-
face fluctuations is valid strictly speaking for a flat
surface, but can be used in estimates for a cylindrical
sample. The magnetization per unit volume of the cy-
lindrical sample, recalculated from (32), is of the or-
der of

M,~e*HDT . (H)/R(T—T.(H)), (38)

where R is the radius of the sample. Naturally, asR
- the average magnetization per unit volume, due to
surface superconducting fluctuating nucleation centers,
tends to zero.

The magnetization connected with volume fluctuations
at a given magnetic field H is expressed above T ,(H)
by formula (21).

Comparing (21) with (38) we can determine the tem-
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perature interval near T (H), in which the contribution
of the surface fluctuations to the magnetization is more
substantial. From (20), (21), (31), and (38) it is seen
that this temperature interval should satisfy the condi-
tion

(T—Tos(H))/T s (H) <tol/RA. (39)

Here £,=vp/T3(H)~10"*cm. In the experiments of Ref.
7, R~0.1 cm and A=(eH)?”? ~10"* cm. H we put /~10"%
cm (the order of magnitude of the electron mean free
path in the alloy Pb+4 at.% T1), then the condition (39)
is satisfied in the temperature interval (T=T,,)/T,q
<10"%, which agrees with experiment” in order of mag-
nitude (the data given in Ref. 7 for the surface-fluctua-
tion diamagnetism are insufficient for a detailed com-
parison of our results with the experimental data.

In conclusion, the author thanks A. F. Andreev for a
discussion of the results.

Un Ref. 9 the author calculated the response of the system to
an external perturbation that is a function of only the time co-
ordinate. In the present case A, is a function of only the spa-
tial coordinates.
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The resistance of four beryllium samples, differing greatly in respect of the residual mean free path of
electrons and magnetic impurity concentration, was measured in the temperature range 2-70°K. All
samples exhibited an increase in the resistance as a result of cooling with a minimum in the region
between 10 and 17°K. The temperature dependences in a magnetic field were also determined. The
observed anomalies were largely due to the influence of magnetic impurities.

PACS numbers: 72.15.Eb, 72.15.Lh

INTRODUCTION

We reported earlier that the temperature dependence
of the resistance of beryllium has a minimum and that
the position of this minimum and its depth are in agree-
ment with the theoretical estimates of Kozlov and
Flerov.? The theoretically predicted anomalous temper-
ature dependence? is due to the following reasons: at
low temperatures in metals when the characteristic
wavelength of thermal phonons becomes greater than the
electron mean free path governed by the scattering on
nonmagnetic impurities and defects, these two proces-
ses—i.e., the scattering by phonons and impurities—can
no longer be regarded as independent and the phonon
contribution to the resistance is no longer described by
the usual Bloch~Griineisen law p o« 7°. The characteris-
tic range of temperatures T where this law is replaced
with a logarithmic temperature dependence of the resis-
tance is defined by the relationships

Tleb

h
T.«<T<T,; T.= IL9Y 8y, T,= .
TEp gr
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Here, ©, is the Debye temperature; 7 is the Planck con-
stant; 7 is the collisional electron lifetime; £ is the
Fermi energy; c is the concentration of impurities and
defects. The effect under consideration is most likely to
be exhibited by beryllium: the exceptionally high values
of the Debye temperature ©,=1416°K (Ref. 3) and of the
ratio ©,/¢, (in the case of beryllium this ratio is ano-
malously large compared with other metals and €,=0.7
eV) make this range of temperatures not too narrow and
convenient for measurements. For example, if c¢~1-2%,
these temperatures are ~10 °’K. Moreover, the ratio €,/
&, determines the absolute value of the effect.

On the other hand, it is known that in the case of
metals at low temperatures the scattering by noninter-
acting magnetic impurities may give rise to a logarith-
mic temperature dependence of the resistance, first dis-
covered for gold:*'® this is known as the Kondo effect,®
which is responsible for the resistance minimum. The
sample investigated by us earlier' contained a small
amount (~10°%%) of the iron impurity and this could also
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