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A Hamiltonian technique based on the Poisson brackets is developed to describe the hydrodynamics of
superfluid He®. The technique is used to obtain the nonlinear-hydrodynamics equations for the A and B
phases. The normal coordinates corresponding to first and second sound, and also the spin waves in both
phases, are found. The interaction between these hydrodynamic modes is considered. The conditions for
the excitation of various parametric processes are described. The interaction vertices for first and second
sound, and also for sound interacting with spin waves, are obtained by expanding the Hamiltonian in

normal coordinates.

PACS numbers: 67.50.Fi, 03.40.Gc¢, 75.30.Ds

INTRODUCTION

The basis of the present work is a Hamiltonian form-
alism that turns out to be convenient for the considera-
tion of nonlinear problems of hydrodynamics. The Ham-~
iltonian formalism was developed by Pokrovskii and
Khalatnikov!’ 2 as applied to superfluid He®. In Ref. 2
and also in the work of the author® this method was used
for the investigation of the process of parametric ex-
citation of second sound by first sound in He II. In the
works of Khalatnikov and the author,*”® a Hamiltonian
formalism was developed for the description of the hy-
drodynamics of the anisotropic superfluid liquid He®-A.
In the present paper, the Hamiltonian method is used for
the consideration of processes of interaction between
different hydrodynamic modes in superfluid He®,

A review of the properties of superfluid He® can be
found in the papers of Wheatley’ and Leggett.® This
liquid is characterized by an order parameter A the
physical meaning of which is that of a gap in the excita-
tion spectrum:

K (k) =idk 65,/ (1)

Here k is the wave vector of the excitation and ¢ are the
Pauli matrices. The structure of the tensor d;; is dif-
ferent in the different phases of the superfluid He?.
The tensor d;; is factored in the A phase:

du=AsDg. (2)
Here A, is the maximal value of the gap, the unit vector
n has the sense of the spin anisotropy vector, and the
vector

O=0'+i®" (3)
characterizes the orbital part of the order parameter.

The vectors ' and ®” are mutually orthogonal and
have unit length, and the unit vector

I=[®'X "] {4)
has the sense of the orbital anisotropy vector.

The order parameter in the B phase of superfluid He?
is determined by the angle of rotation of the spin part of
the order parameter relative to the orbital part:

6,6 0
dj{=A0(6ji cos 0 +%(1—cos 8) +e;;~?ksin 0) . (5)

At equilibrium, cos 6=-17.
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THE HAMILTONIAN FORMALISM

We assume that reversible hydrodynamic processes
can be described by means of a local variational prin-
ciple. Let g(r) be the set of generalized coordinates,
the specification of which, together with their time de-
rivatives, uniquely determines the state of the system.
Then the Lagrangian density can be written down in the
form

8
A=P%—H(IML Va), (6)

where p are the generalized momenta, variables that
are canonically conjugate to ¢, and H is the Hamilton-
ian density.

The equations corresponding to (6) are written in the
form
dq aH

— = {3#,q}, = — e
5 "9 " g P

F sH _ oH
p +v I = (56, p}, N
aVq

where the Hamiltonian is
#={arhp.q Ve,

and {,} are the Poisson brackets. For the canonical
variables,

{p(t,r), p(t, )} =0, {q(t, 1), q(t, ¥')} =0,

(8)
{p(t, 1), g(t, ©)}=8(x—r).

Let G be the generator of the group whose repre-
sentations are p and ¢. If the Lagrangian density (5) is
invariant relative to this group then, with account of
the equation of motion (7), the conservation laws

a A OH -
—(069)—V (=-8q) =0 9)

hold as usual. Thus,

G(r)=—ip(r}Gg(r)
has the meaning of the density of a quantity corre-
sponding to the generator G. The coefficient in (10) is
so chosen that standard expressions for the quantum-
mechanical operators can be used; thus, for the mo-
mentum density we have

g(r)=—p(r) Vg(r). (11)

Let @a be the set of generators of the intrinsic sym-
metry group of a system, for which the relations

(10)
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GaGb— GbGa = ’athc (1 2)

hold. Here tg, are the structural constants of the
group. With account of the definitions (10), (11) and
also (8), we find the rules for the Poisson brackets:

{G..(r,), Gb('z)}=itn‘G=5(h"l’z); (13)
{Ga(r)), g(r:)} =—iGugb (r,—T.), (14)

{Ga(ry), p(r:)} =—iGepb(r,—1s);
{e(r), q<rz)i=—VqG(n—r.); (15)
{8 (r), &(r2)} =g(r,) Vs (ri—r2) +Vu(ga (1) 8 (rs—14)); (16)
{g(r.), Ga(r:)} =Ga(r.) VS (r,—rs). an

In the description of real systems, we are not dealing
with the Hamiltonian density H but with the density of
thermodynamic energy E, which is represented by the
function

E(G., g 9, VO). (18)
Various combinations of the order parameter play the
role of q; quantities associated with the symmetry
group of the order parameter as well as quantities as-
sociated with the “normal” degrees of freedom enter
into the set of generator densities G,. The rules
(13)-(17) enable us to formulate the hydrodynamic
equations in this case also; for the Hamiltonian we
use here (7) with the substitution H~ E.

HYDRODYNAMICS OF He®-A

Since the order parameter of He®*-A has independent
orbital and spin degrees of freedom, we must take into
account the dependence of the energy density E both on
the density of the spin angular momentum S and on the
density of the orbital angular momentum L. The de-
pendence on the mass density p and on the superfluid
momentum density j associated with the order param-
eter are also important. The entropy density s and the
relative normal momentum density p describe the de-
grees of freedom connected with the normal motion.

Carrying out a Galilean transformation from the set
of coordinates in which j=0, we find

E=l+® 51,5170 V). (19)
2
The differential of the energy has the form

dE=pdp+Tds+vdp+ £ dj+e"dL+o® dS+6' dl1+6" dn
P

de de
+V, (mdl) +Vi(5V‘n dn). (20)
Here p is the chemical potential, T is the temperature,
v is thenormal velocity, and ware theangular velocities
connected with the orbital and spin angular momenta,

de de de de
! oo — — —_— 7 o e — —
=V v’ = ‘9V.n

The momentum density j is connected with the order
parameter; therefore the rules for the mutual Poisson
brackets of j with combinations made up of the order
parameter are given by the expression (15) with the
substitutions g-~j and g -~1, n, while the rules for the
mutual Poisson brackets with the generator densities—
by the expression (17) with the substitutions g-j and
G, ~L, S, p. Theenumerated variables have null Pois-
son brackets with those describing the normal motion

(21)
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s, p, the rules for the mutual Poisson brackets of which
are given by the expression (17) with the substitutions
g—-pand G, -~ s, since the entropy in the non-dissipative
regime is a conserved quantity. The rules for the Pois-
son brackets of j and p with themselves have the form
(16). Taking into account the commutation relations for
the spin operators and the rules for their action on the
vector indices (see, for example, Ref. 9), we find

{Li(ry), Ls(ra) }=—eynLnd (ri—12), (22)
{Li(r1), Li(rs) } =—€ijnlab (r:—13), (23)
{Si(r,), Sy(r2)} =—€ynSab (r,—rs), (24)
{Si(rs), ny(rs)} =—eyanad(r,—r,). (25)

The complete set of Poisson brackets has thus been
constructed for the quantities on which E depends,
which allows us to formulate the equations of motion:

ds/dt= {26, c}=—V (sv), (26)
0p/ot={36, p)m—V.(vp)— (pV)V—sVT, (21
p/ t={36, p}=—Vg, (28)
%L _ {8, L}——V‘(E‘— )+[m‘xL]+[6'xl], (29)
at P
s _ (%,S}E—Y’,»(EI—S)+[msxS]+[e"x n}, (30)
at p
a1l g L .
67=(x,1>=—(?v)1+[m x1], (31)
-‘;_'t‘= {%,n}.s—(%—V)lﬂ-[m'xn], 32)
g/ 0t={3, j+p)=—V,IL,, (33)
where the stress tensor is
A a ]
H‘,=5.,P+j.«%-+v.p,+a—;—il-v,l+ﬁv,n (34)

and the pressure is

P=sT+op + & j+vp+a*L+0S—E
P

EsT+p:—Z+(v——lp) ptHo*L+o’S—e. (35)

We note that the transfer of all quantities connected
with the order parameter takes place with the mean
mass velocity. As is seen from (31) and (32), the con-
ditions 12=1 and n?=1 are first integrals and therefore
are compatible with the derived system. The system
that has been obtained corresponds to the equations of
Volovik.*

The orbital angular momentum L fails to satisfy even
an approximate conservation law. The equation for L
has therefore a dissipative term [added to the right
side of (29)] proportional to w” (see, for example, the
work of Leggett and Takagi'!). This dissipative term
leads to a relaxation of L in a finite time to its equil -
ibrium value, which leads in turn to the effective re-
moval of the degrees of freedom connected with L;
here the equation for 1 (in (31) there are also kinetic
terms) is a purely diffusion one, even with account
taken of the spontaneous orbital angular momentum. ‘2
Therefore we shall assume 1 to be constant when the
hydromatic modes are considered.

SOUND WAVES IN Hed-A

The variables describing the sound waves are the
mass density and the entropy density, and also the
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densities of the normal and superfluid momenta. The
corresponding part of the energy, with accuracy to
third order in the vector quantities, has the form

e=(pl)*/2p+[p*— (P1)*1/20,+u(p, 5), (36)
where p; and p, have the meaning of longitudinal and
orthogonal (to 1) components of the normal density.
Substitution of this expression in (26), (27), (28) and

(33) yields equations describing the propagation of first
and second sound.

We assume the parameter

-5 (5) Gn

which characterizes the relative value of the depend-
ence of the thermodynamic quantities on the tempera-
ture (o0=s/p is the specific entropy), to be small. By
virtue of the smallness of this quantity, the estimate
(c,/c,)*~ B holds, where c, and c, are the phase vel-
ocities of first and second sound. The expressions for
them in the variables p and o have the form'®

aP 2 2
ci=2L o a_poi® 38)
p d¢*
where (k is the wave vector of the wave)
_ o=/ Mk p—py g g dky?
r- 22 HEE (- () (39)

Now let a, and a, be the normal coordinates corre-
sponding to first and second sound. They satisfy the
relations (in the Fourier components)

{a(k), a*(ky)}=i(2n)*8 (k,—ks). (40)

We require diagonalization, in second order in a, of
the Hamiltonian corresponding to (36):

0= _BE e kay (k) a, (k) Feakas (k) as (k) ). (41)
(9n)*

With account of the rules (14) and (40) for the Poisson
brackets and keeping in mind the smallness of the
parameter B, we find (departures from equilibrium
values are denoted by §)
8p (k) =pA (a (k) +a,"(—k) ) +Bp (a. (k) +a." (k) ) B,
8s (k) =—sB(a. (k) +a."(—k) ) +p~*sdp (k),
—ik (o (k) oz (k) ) =c.4 (a, (k) —a,"(=k)),
o (42)
—ike, (k) =c,BA (a, (k) —a;(—k))——FB(az(k) —a,'(—Kk)),
j=—(p+8p) Vo,
where
A=(0/2pc?)", B=(Tw./2pc,?)".
The expressions for g and j contain the terms, of sec-
ond order in a, which are necessary for the calculation
of the third-order interaction Hamiltonian:

g=—pV (a,+a.) —07'8sVa.—6p\V 2y,

X = jd“r(‘/zdp(Va.)"*'O"Gs(Vm Va,+pViaz(p™) ™' Vioa)
+1/,0*V .D (p") i~ Vs /D) , (43)

where
a /]
D=8p—+b6s—, pa"=plidhtpL(8u—ld).
ap ds

Separating in (43) the coefficients of the corresponding
products of normal coordinates,? ® we can find the ver-
tices corresponding to the interaction of first and sec-
ond sound. The Hamiltonian (43) describes a three-
wave interaction. It follows from the condition c¢,> ¢,
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and from the conservation laws that a process is pos-
sible with decay of a wave of first sound into two waves
of second sound, as well as a Cerenkov process in
which the wave of first sound is transformed into
another wave of first sound with emission of a wave of
second sound.

The decay process is characterized by the frequency
w of the wave of first sound, the direction of its wave
vector k|, and the direction of the wave vector of one of
the waves of second sound k, (with account taken of
c,>c,, the wave vector of the other wave of first sound
is =k,, and the energy is distributed equally). The
corresponding vertex has the form

£ 2(kk:)? > 8 T
® (__( > e (44)

_ 9*P/dc* )
= 2!/’9%51 kz2k.? :

T dp p 0%/dc°

In the Cerenkov process, with account taken of ¢, > c,,
the frequencies of the waves of first sound are almost
equal (and are denoted by w),

2¢, .9
Wy = ——— @ Sin —,
¢ 2

where ¢ is the angle between the directions of propaga-
tion of the waves of first sound. The Cerenkov vertex
has the form

o (l)'hl“/’ﬁ ¢ . ) Yy ] ’

V=rr— (—sm——) ( —pgt—;ln p—cos (p) . (45)

2p%¢c, \ ¢, 2
These formulas are a generalization of those given in
Ref. 2 for the case of an anisotropic superfluid. We
note that the Cerenkov vertex V has smallness of the
order of ;33/ 4 in comparison with the decay vertex U;
moreover, the Cerenkov process is suppressed at small
angles ¢ owing to the conservation laws.

SPIN WAVES IN He®-A

The spin variables are n and S and the spin waves
are respectively described by Eqs. (30) and (32). These
equations, in particular lead to the conservation law

a0 g _
—a—'-(nS)+V‘(p—nS) =0. (46)

Thus the oscillations of the longitudinal part n of S
correspond to a harmonic with zero frequency and will
henceforth not be taken into account by us.

Accurate to third order, the spin part of the energy
is given by
_ (Sn) + S?—(Sn) +

1 V.M ;V,n—yHvS—Enl, (47)
2y 2 2

U,

where

My=MLI+M, (5;—11;).
The energy (47) includes the interaction with the homo-
geneous external field H (v is a unit vector in its direc-
tion), and y is the gyromagnetic ratio. The last term
of (47) takes into account the ferromagnetic ordering as
well as the spin-order interaction.

At equilibrium, n is directed along 1,'* so that £>0;
in addition, x, >y, ,'® so that at equilibrium niv. In
first-order approximation, Egs. (30), (32), and (47)
lead to equations that correspond to the linear hydro-
dynamics of Graham and Pleiner'®:
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a8
= mﬂv( v —‘p-) —t[IXn]—{H[vXS]+[IM, XV, V], (48)
dn ’ 8S
Fraininl oo (49)

We label with || and L the oscillations for which 6S is
respectively parallel and perpendicular to the magnetic-
field direction v. The transverse oscillations corre-
spond to the dispersion law

o *=c K+ (YH)*+Q?, (50)
where the gap is
Q=t/x. (51)
and the phase velocity of the spin waves is
M—M, [lk\* M, \"%
e (T () ) (52

XL

It is seen from (48) that the longitudinal oscillations
are mixed with the first sound, but this mixing is small
to the extent that (x,/p)'/? H/c is small and will be
disregarded by us. The dispersion law for the longi-
tudinal oscillations takes the form

opf=ck*+Q

Let b be the normal coordinates corresponding to the
spin waves; they satisfy relations of the type (40).
Then, recognizing that the rules (24) and (25) must be
satisfied in the zeroth approximation, and stipulating
diagonalization of the Hamiltonian corresponding to
(47), we obtain in second order in b

i[vxl1]
2y 0(k))"

w
(b, (K)=b,"(—K)), 53
oy Wb (R (53)

k)\ %
5500 =v (228 ¥, oy (1)

on(k)= (by(k)—by (—Kk))

10, (k)
—tw (2228, o+ 0)

—iym (E%)% (b, () —b,* (k). (54)
We consider now the interaction of the spin waves

with the sound. To write down the interaction Hamil -
tonian of third order in b it is necessary to substitute
for the quantities on which E depends expressions of
second order in the normal coordinates. The second-
order corrections can be found by requiring that the
rules for the mutual Poisson brackets of the quantities
on which E depends be satisfied accurately to first or-.
der in b. For the description of the interaction of the
spin waves with sound, an important second order
correction is the contribution of spin waves to the mo-
mentum density:

gi=—0S[1XVan]. (55)
When this is taken into account, the Hamiltonian that
corresponds to interaction of sound and spin waves has
the form

H= Id’r(‘/,V‘énDM.-,V,-Gn-F‘/zBSDLxLGS
+V, (e, te,) 8S[1XV 6n]+!/,DE (6n)*).
The Hamiltonian (56) corresponds to processes in

which a single sound wave and two spin waves partici-
pate. For the A phase, which exists only in the region

(56)
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of temperatures near the transition curve, it is natural
to expect that ¢, >c,.® Therefore, decay into two spin
waves having a frequency threshold due to gaps in the
spin wave spectrum is possible with the participation of
first sound. The Hamiltonian (56) gives nonzero ver-
tices for the decay into spin waves of like polarization
(k, is the wave vector of the sound wave, k, and k; are
the wave vectors of the spin waves)

X Kyikyp OM/3p—p 9E/3p
U= &+
I 2"'0,"‘9” [c %o (@ (ks) 0y (ks) )™
P
— (0 (k)0 (k) "o 5 lns | (57)
K Fakssp OM 5/ dp—p 0%/ p
.= 2Mhchp' [ ek + X (0 (k) 0y (ks) ) *
_ (1 ___rE ) (0, (k) 0, (k) "o~ In ] (58)
o, (ko) o, (ks) + L dp 2l

In the high frequency limit w>Q, both these formulas
give identical expressions:

Lk [e+ kadewp OM o/ 9p
2v’cll:pll' e XJ.(C-(kz)C:(ks)kzkz)v’

a3
— (.60 () k) o 5T x]- (59)

Because of the smallness of 3, the estimate (c,/c,)?
~ B<1 holds.® Second sound exists only in the region
of very low frequencies; we therefore assume the fre-
quency of the wave of second sound to be much smaller
than the gap . This condition excludes the possibility
of consideration of the decay process, and we shall deal
with the Cerenkov emission of a wave of second sound
by a spin wave, since the conservation laws do not im-
pose any limitations on the frequency in this case. By
virtue of the assumed condition £ > c,k, (k, is the wave
vector of the second sound) the frequency of the spin
wave changes little; we shall denote it simply by w.

As before, let k, and k, be the wave vectors of the
spin waves. Just as in the case of interaction with first
sound, only processes without change in the polarization
of the spin wave are possible. The corresponding Cer-
enkov vertices, obtained from the interaction Hamil -
tonian (56) have the form

Tk* . 4 1 d
L [onztan g g EMkk) ]

Vi= 57‘7—02,— 7 (60)

k" (H)*\ d 1 4 ‘
VL—W[( 1+ )wo Elnh—xju&o—(amjknku)]_, (61)
where the derivative d /do denotes differentiation at con-
stant pressure. In the high-frequency limit w>Q we
can assume k,~ k,=k. Here the expressions for both
vertices simplify and are identical:

Tk, )'/= d (62)

ko—c..

do

The expressions (57) and (58) give the long-wave limit
of the vertices of phonon-two magnon interaction and
can be used for the study of kinetic phenomena in He®-A,
We also note that the linkage of the spin waves with sec-
ond sound is much weaker than with first sound.

V=- ( 2pc.

HYDRODYNAMICS OF He*-B

In connection with the structure of the order parameter
of the B phase (5), we must take into account, in addi-
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tion to p, s and p, the dependence of the energy density
€ on the density of the spin S which generates the rota-
tion of the spin part of the order parameter relative to
the orbital part, and also the dependence on the order
parameter itself and its derivatives:

e=e(p, s, p, S, dj, Vad;),
P
dE=(g/p)dj+v dp+pdp+T ds+o dS+8,dd,+V (ﬁ dd,.,.) , (63)
i

where
L L
" 9dy oVdy
In connection with (14) we have
{Si, di} =—enindin; (64)

taking also (24) into account, we find the equations of
motion

3S/01= {36, Sy=—V, (%S)+[mxS]+[E.,-xd,-], (65)
2 (56, 4)m— BV 4+ [0xd)). (66)
ot [

The equations of motion for p, s, and p have the same
form as (28), (26), (27).

We complete the set of hydrodynamic equations with
the law of momentum conservation, which has the form
(33) with the stress tensor

de
H‘.—b(,.P+j.—§'-+ vt g Vol (67)
where the pressure is given by
P=sT+pu+ (g/p)j+vp+oS—EmsT+p Z—Z + (v - :—) pteS—e.  (68)

At equilibrium, the angle of rotation is determined by
the condition cos 6=-%.2 At small departurgs from the
equilibrium angle, we shall use the symbol 6:

dy= exp (—i§§) d,(," .

As is known, in the presence of a magnetic field the
angle 6 tends to become oriented along the field."” We
assume therefore that at equilibrium 0 is directed along
the uniform external magnetic field H=Hv (i.e., we
neglect boundary effects). However, the corresponding
contribution to the energy is of fourth order in & and

we shall not take it into account.

Finally, the spin part of the energy density, with ac-
count taken of the gradient terms and the spin-orbit
interaction, has the form!®
5 -ms+ Lo (1Y ehr-vava) + 5 @, (69)
with accuracy to third order. Here p® =p —p" is the
superfluid density and m is the He® mass.

e, =

It is more convenient to write out the equations of

first order for  and S with account of the fact that
{S5(r)), 0:(r:)}=8,8 (r.—1.) (70)

follows from (64) in zeroth order in 6. These equations
have the form®®

S ~ o h? - y 25
56/0t=5S/y, (72)
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Just as in the case of He3-A, we neglect the transport
term that leads to the mixing of spin waves with first
sound and is small in terms of the parameter (x/p)!/2
YH/c, = H/10°G (the velocity of the spin waves is taken
from Ref. 20).

Equations (71) and (72) describe the spin waves for
which the characteristic parameters are the phase vel-
ocity

co=(1?p*/10m?y) " (73)
and the gap ,:
Q=t/x. (74)

In correspondence with the number of degrees of free-
dom, there are three spin wave branches with rather
complicated dispersion laws in the general case. We
consider two limiting cases depending on the relation
between YH and Q7 +c2 k2,

We consider the case (YH)?<Q? +c2 k2. In this limit,
the dispersion laws for the three branches of the spin
waves have the form

(DA.-’ZC.zk',
022 ="/(Qu+3c.2k?) +/o (R +c.2 (k. —k?) ) etk e, ),
02 ="12(Qu*+3¢,2k?) —[,((Qu e (k. —k?) ) *+he kK, ), (75)
where k, =kv, k2 =k*~kZ . Letb,, b, and b, be the
normal coordinates corresponding to these waves.
Then, keeping in mind the fact that (24) and (70) should
be satisfied in zeroth approximation, recognizing that
the b satisfy the rules for Poisson brackets of the type
(40), and requiring diagonalization of the Hamiltonian
corresponding to (69), we find
6S (k) =(*/:xw: (k) ) " (bi (k) +b," (—k) ) n,
+(‘/xx0)z(k))I/'(bz(k)+bl.(_k'))nz+ ("2 0s(k)) " (bs(k) +bs"(—k)) ns, (76)
- i .
e(k)"(—zx'm(bﬂ(k)—bx( k))n,
i . el
+W(b;(k)—'b;( k))n,+ (b;(k) bs( k))nl.

77)

i
(2x@s(k))™

Heren,, n,, andn;areatriad of orthonormalized vectors
specified by their components -
nk=n,v=0,
nv=A4,(2k%.—w0.'—c.’k,?), nw=A4,(2k%'—0,'—c’k,?),

nk=A,(2k*c.*—w,’)k, (78)

where

nk=A4,(2k.’~ws*)k,

o= (4k'c,' =3¢, k*k, >—2¢,2 (2k*— K, %) 0.+ @2*) ™,
Ay=(4k'c,' =3¢, Kk *—2¢,* (2k*—k,?) 0s*+ ws*) "
In the high-frequency limit w >, we have w,=w,
=22¢ k and wy=c,k. The first two dispersion laws
correspond to waves of transverse polarization, n, and
n, orthogonal to k, and the third corresponds to longi-
tudinal polarization, n,=k/k.

We now consider the case (YH)>> Q7 +c2 k2. In this
limit, the dispersion laws for the three branches of the
spin waves have the form

R+ (2% LY )
@Y. "m g )

(D"-

(79)

2¢,%k? )’ Q2 —k,*Q,/ 2k +c 2k
( H Qr+c, (2k* k) '
0 =Q;+c,2(2k*—k ).
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Let b,, b;, and bg be the normal coordinates corres-
ponding to these waves. Then, keeping it in mind that
(24) and (70) should be satisfied in zeroth approxima-
tion, taking it into account that the b satisfy the rules
for Poisson brackets of type (40), and requiring diag-
onalization of the Hamiltonian corresponding to (69),
we find

1 A
880 = (51000 ) * () o0 (—1)w+ (2)" (o010
by (—K))v'— (ﬂ) (b () —by* (—K))", (80)

0(k) = ———— (b (k) —bs’ (k) )v’

2y H)"'
¢k
YH (w5 (k)x)"

(b () + b (k) (

(bs (k) +bs" (k) ) v’
o, (k)
X

'/’ i . /"
b G ) 50—y (<)

i
+W(bn(k)—ba (—‘k))\?
ckk k,
YH (05 (k) ) "ad (k)
where V', v", v is a triad of orthonormalized vectors,
V'k=0.

(b5 (k) —bs* (—k) ) v, (81)

INTERACTION OF SOUND WAVES AND SPIN WAVES
IN He*-B

The superfluid He®*-B is characterized by an isotropic
superfluid density, therefore the consideration of the
interaction of first and second sound is completely an-
alogous to the case of superfluid He*.> The expressions
for the normal coordinates and the scattering vertices
can also be obtained from the corresponding formulas
for He®-A, except that now I' =p® /p" is isotropic. In
what follows, we shall use the same notation for the
sound waves as in He®-A,

It is necessary to know the interaction Hamiltonian in
order to consider the interaction of sound and spin
waves. From among the second order corrections in b
to the quantities on which E depends, the contribution
to the momentum density

g’=—0SV.0

is the most important. The third-order Hamiltonian
then takes the form

ygm=.[d3 ( a,+a,)GSV‘9+——(GS)zD*—

h 2 1 2
+ 55 Dps(2(VH) = VAV B+ D (B7) (82)
This Hamiltonian corresponds to processes in which a
single acoustic and two spin waves participate.

We consider the interaction of first sound with spin
waves. The experimental data are such?: 2° that the
condition c,>c, is satisfied. Thus, with the participa-
tion of a wave of first sound, only a decay process is
possible which has a number of frequency thresholds
connected with the presence of gaps in the spectrum of
the different branches of the spin waves. This condi-
tion leads also to the result that for all frequencies, ex-
cept those very close to threshold, the wave vectors of
the spin waves are much greater in magnitude than the
wave vector of first sound, and we can assume them to
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be equal in magnitude and opposite in direction.

We now consider the case (YH)*<<Q}? +c2 k% In this
limit the expressions for the quantities entering into
(82) are given by the expressions (42), (76), (77). We
shall assume that the wave of first sound, which has the
frequency w, decays into two spin waves with frequen-
cies w’ and w”, with wave vectors k’ and k”, and with
polarizations n’ and n”. The Hamiltonian (82) gives
the decay vertex in the general case:

Y3 PNAY
U= E,;‘:Tc' [n'n” CLDAS p-g—Plnxn’n”
h? a

+ 1O’n‘p —a}p' (2 (k'k”)n'n"

yo(e'e”)™

—(k'n”) (k"n’)) —p% (xQ?) (n'v) (n”v)] . (83)

1
Recognizing that k’ = -k” =k, and that in decay into
waves of identical polarization the frequency is equally
divided, we obtain from (83) for the different polariza-
tions (the expressions corresponding to the expression

in the square brackets in (83))

3 9 a
[Uu]= 1——p——lnx—2p——1nc., U,,=U,;=0,
2 p p

(nz\')

1
L e e ln x—2p-a—(x€h‘)

- , (84)
—2(2k*— (kn,) )—XFPEE(XC: )y

1
%0 (0:0:) "

The expression for U,, is obtained from the expression
for U,, by the substitution n,-n,.

a a3
[Unl= ( (n) (kno) o 5-xe.) = () () - (9) )

In the high-frequency limit w>Q;, U,; vanishes,
the expression for U,, is identical with the expression
for U,,, and as should be the case for the mode with
transverse polarization, the limiting expression for U,

has the form
i) i}
= 1—p— —P = s 8
[Us]=1 paplnx paplnc (85)

We now proceed to consideration of the interaction of
spin waves with second sound. The decay process is
possible if ¢,>c, and the Cerenkov process, in the op-
posite case. The experimental relation between these
two quantities is unknown; however, we can obtain from
the Hamiltonian (82) an expression that describes both
the Cerenkov and the decay processes. In this same
limit (YH)?<<Q? +c? k?, it has the form (the notation is
the same as in (83) except that w now refers to second
sound)

PI'CD'I'
—(k'n") (k”n )£ (xQ:) (n'v) (n"v) ]. (86)
Here only x, ¢, and 2, are differentiated; the plus sign
refers to the decay vertex, the minus sign to the Ceren-
kov vertex.

d
[xo) o”(n'n”) —xc.2(2(k'k”) (n'n”)

We now consider the case (YH)*>»> Q2 +c?2 k*. The pos-
sible polarizations of the spin waves are enumerated for
this limit in (80) and (81). In the consideration of the
decay of an acoustic wave into two spin waves we as-
sume, as before, that the frequency of the wave of first
sound is not too close to threshold, so that the spin
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waves have the wave vectors k and -k.

First we consider the decay processes with partici-
pation of a Larmor spin wave, to which the index 4
corresponds. By virtue of the conservation law the
frequency of first sound is here ~vH, and the condition
on the wave vector of the decay waves has the form
1/¢, ®»k/yH>1/c,. In the decay into two Larmor
waves, the frequency of the wave of first sound is
= 2yH; from the interaction Hamiltonian (82)
we find the corresponding vertex

Pk @
= 2y (yH) "y O_p_

In the decay into a Larmor wave and a spin wave of
another type, the frequency of the wave of first sound
is = yH. With account taken of the inequalities for the

wave vector k, we find the expressions for the decay
vertices:

Uu (xes). (87)

UA.'.

iyH cos @ ( @5 |, Gk ) . p" [
= -+ UV=—og——— lz ’
2p"%c,@5" \ 2 H D' 7Y 2hyewd” dp (xes’) (88)
where ¢ is the angle between the directions of the wave

vectors of the wave of first sound and the Larmor wave.

We now consider the decay of a wave of first sound in-
to spin waves that are not of the Larmor type. It must
be kept in mind that the frequency w of first sound is
divided in two upon decay into waves of the same type,
and is almost completely transferred to the wave of
type 6 upon decay into waves of type 5 and 6. Taking
this into account, we find the expressions for the decay
vertices:

Ull

2‘11 'lxc.2k2 c.‘k Zk 2 0
- . 2. [ LA ! (XQLI)
¢, (YH)a"y @ dp
N (k-’(m.‘+c,‘k,’k_ﬁ)+k,’(Q,_’+c.‘k‘)’ _ (1Ho)*? ) i o) ]’
g 8c,tk* /dp
c’kkykp* 9 o*

Upy=—""-7-— %)y, Upw=——
5 2'{Hc.m,"‘ %p ln(x‘l)a ) M 2"’p"’c.

(1—p:—pln(xm.) ).

where we have w;=w (k). In the high-frequency limit
YH>w>Q,, these expressions yield
zl’.p‘hc“kzk'z 27, 2 é 2 27,2 4 2
m[c- k. %(XQL )+Quky 6—p(xc' )] )
kgl p* (c,’k’m. )‘/. ]
K 2%, \" qH | op
o* ]
2‘pr'l,cl ( 1—05111(7(6-) ) .
In the long-wave limit, which for U,; means w<§,,
and for U, and Uy, means ,/c, < k<8,/c,, we find

Uss

Use In(xe.?), (90)

Ugp=

a'p 3 ,
Vs = — ek 72 ap ¥
kcptos* 9
= - I (), o1
* be, (K E2—2,)" dp (x9:2) (91)
F
Up= -2"'p"'c,_( 1"pa—p-ln(xg,_) )|_
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In the consideration of the interaction of second
sound with spin waves, it is necessary to keep in mind
the smallness of the frequency of second sound w;
we assume w < ;. Here the conservation laws allow
only decay of second sound into two spin waves of type
5. By virtue of the quadratic dispersion law for these
waves, we can assume that their wave vectors are
equal to k and -k, the frequency of the second sound is
equally divided in this case. The expression for the
corresponding decay vertex, obtained from the inter-
action Hamiltonian (82), has the form

m‘hr“h d
0= 6% e,
e (I ) dg » )

(92)
In conclusion, the author thanks I. M. Khalatnikov for
discussion of the research.
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