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Stationary power-law solutions, corresponding to conditions of weak turbulence, are found for the kinetic
equation of spin waves in a ferromagnet. Methods of producing and observing weakly turbulent

distributions are considered.
PACS numbers: 75.30.Ds

For systems whose dynamics is described by a kinet-
ic equation, when the range of energy injection and the
dissipative range are appreciably separated in wave-
vector space, there can be produced nontrivial station-
ary distributions corresponding to conditions of weak
turbulence. In such states, as a result of a fast relay
transfer mechanism, there are constant flows of energy
or of number of particles over the spectrum. Weakly
turbulent solutions were first constructed by Zakharov*
for the case of acoustic waves with a decomposition-
type dispersion law. At present the general theory of
finding weakly turbulent solutions is quite well devel-
oped, and there are many examples of such distribu-
tions.23 '

The present paper considers the question of weakly
turbulent distributions in a spin-wave system. We shall
be interested in non-equilibrium stationary distribu-
tions in the absence of parametric excitation, in the
classical limit, when the occupation numbers are large:
n,> 1. The question of a stationary state of parametri-
cally excited spin waves has already been studied in
detail.*

The paper consists of two parts. In the first section,
exact stationary, weakly turbulent solutions are found
for the kinetic equation of spin waves. Then the possi-
bility of realizing such solutions is considered, and
methods of experimental observation of distributions
corresponding to these solutions are discussed.

1. STATIONARY NONEQUILIBRIUM DISTRIBUTIONS
OF SPIN WAVES

The Hamiltonian of the spin-wave system of a ferro-
magnet has the form

+, 1 +p +
= le excyten + WV—:% (¥ 2scitertestHoe)
+ Wi ;0,,',‘c,+c,+c,c.+V(t) ,

where ¥, , is the amplitude of three-magnon dipole
processes, ®,, j, is the amplitude of four-magnon ex-
change scattering processes, and V(¢) describes the ex-
ternal perturbation that insures influx of energy into the
spin-wave system. Hereafter only the weak-anisotropy
case will be considered. By means of the Hamiltonian
(1) one can immediately write the kinetic equation for
magnons; in the limit of large occupation numbers, it
has the form
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An estimate of the various terms in (2) leads to the
isolation of two wave-vector ranges (see below):
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where p is the Bohr magneton, ©. is the Curie temper-
ature, M= ;LS/v0 is the saturation magnetization, v, is
the volume of the elementary cell, S is the spin of an
ipn, a is a quantity of the order of an atomic dimension,
E is the energy being introduced in unit time per ele-
mentary cell, and H is the external biasing field.

In the range (5), the important terms in the collision
integral are those corresponding to three-magnon inter-
action. In this case the amplitude ¥,, , and the spectrum
€, have the form®

s
‘{fu,.=n( %) uM, (e** sin 20,+e'* sin 26,),
e,=0c(ak)?,

)

where 6 and ¢ are the polar and azimuthal angles that
the vector k makes with the direction of M.

Since the general methods of finding weakly turbulent
solutions are inapplicable in this case because of the
anisotropy of the transition probability W(k,, k;; k,), we
shall use direct calculation. After integration over an-
gles and over the wave vector k,, on the supposition that
the distribution function is isotropic, the dipole-dipole
collision integral takes the form

an,_ n
at 165k
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We shall seek a stationary solution of the collision inte-
gral (8) in the form of an isotropic power-law function,
n<gs, Here one can use the method of linear fractional
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FIG. 1.

transformations.®

There are two solutions that make the collision inte-
gral vanish:

neog=!, noog~,

The first solution corresponds to the equilibrium Ray-
leigh-Jeans distribution, the second to a constant flow of
energy through the spectrum. To within a numerical
coefficient, it has the form

naeo (RE) */uM, (ak)®. )
This distribution is local; that is, the main contribution
to the interaction, over the whole inertial range, comes
from wave vectors of the same order of magnitude. Al-
though, just as in the isotropic case, only the radial
component of the energy flow is nonzero, the anisotropy
of the three-magnon collision integral leads to a depen-
dence of it on angles:

I,[1+2 cos? 6—3 cos* 6]. (10)

The angular dependence of the energy flow is shown in
Fig. 1; I, reaches its maximum value at cos 6=+ 1/V3.

Furthermore, in the first order of perturbation theory
there is a nontrivial correction to the equilibrium dis-
tribution, 6z g™ (Ref. T), which corresponds to a small
deviation from the equilibrium distribution in the pres-
ence of a slight flow of energy through the spectrum.
This distribution is also found to be local (in estimating
how local, one must take into account that the logarith-
mic divergences that occur at small ¢, in each of the two
terms in (8) have opposite signs and compensate each
other). It must be noted, however, that extension of
perturbation theory to higher orders encounters consid-
erable difficulties even in the second order of perturba-
tion theory. The angular dependence of the radial com-
ponent of energy flow is also described by formula (10).

In the range (6), the determining role is played by
four-magnon interaction. For this case, the spin-wave
interaction amplitude &,, 5, has the form®

onz,u=—'/tec¢‘ (klk1+klkl) . (1 1 )
At strong fields, H>M, in the spectrum ¢, a term pH
is added in (7); but for the case of four-magnon interac-
tion, the presence of an additive correction in the spec-
trum does not destroy the self-modeling character of the
collision integral. The scattering probability (11) is an
isotropic power-law function. In this case, the methods
of Refs. 6 and 7 are applicable for finding the weakly
turbulent solutions. Besides the Rayleigh-Jeans distri-
bution, there are two solutions, 7 (% 1/3 and
nMock13/3 ) that correspond to constant flow of particles
and of energy through the spectrum.!’ The investigation
of the local character in this case is practically the
same as that carried out earlier by Zakharov® (where
only the second solution was found). Both solutions are
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found to be local. In a comparison with the estimate of
local character given in Ref. 6, one must bear in mind
that at large k, the degree of k, in the denominator of

the integrand is increased by unity after integration over
the angles, thus ensuring the convergence at large k,
(see also the general case of investigation of locality in
Ref. 7). To within a constant multiplier of order of mag-
nitude unity, the distributions have the form

(12)

where N is the change of the number of magnons in unit
time per unit cell, and

@< (W) /8" (ak)"",

n" w (KE)"/6c" (ak) ™. (13)

An estimate on the ranges of the wave vectors (5) and
(6) will be obtained on substitution of the distributions
(9) and (13) in the collision integral (2). In the case of
the distribution (12), in order that the four-magnon in-
teraction may play the determining role following condi-
tions must be satisfied:

0 o\ B¢ s
s (5 (&) )
In the first order of perturbation theory, there are non-
trivial isotropic and anisotropic corrections to the sta-
tionary solutions obtained.” We shall consider only the
isotropic case. For the Rayleigh-Jeans distribution, un-
der the condition (ak)? > uH/©. we have dn k™™ and
on o k~°, which corresponds to small flows of the number
of particles and of energy. In the opposite limiting case
UM ,/© << (ak)?<< pH/©;, we have dnoc k™t and 6noc k™3,
For the solution (12) there is a correction 6n o £2727/3, All
these solutions are found to be nonlocal. Only for the
solution (13) is there a local correction 6n < £™7/3 which
corresponds to a small flow of the number of particles.

(ak)z>>max{ (14)

In the investigation of stationary solutions of the col-
lision integral (2), we have considered interaction of
waves having only large occupation numbers and have
disregarded interaction of waves with large and with
small occupation numbers. Only the local distributions
are mathematically correct and of physical interest.

On the other hand, the local property corresponds to the
fact that the only important interaction is that of waves
with occupation numbers of a single order of magnitude,
which insures self-consistency of the approach.

In the collision integral (2), umklapp processes have
also been disregarded.?’ This is certainly correct if the
characteristic scales of turbulence of the distributions
(9), (12), and (13),

Mo '/. ) ec m ecl YV
_E:'ETE‘“ Zi=a ('E\‘T) » Z=a\7E )
are much larger than an atomic dimension. Further es-
timates show that this requirement can be satisfied.

Z.=a (15)

The condition for applicability of the approximation of
weak turbulence requires that the turbulent perturbation
of the momentum shall be much smaller than the equi-
librium value of the momentum; for the distributions
(9), (12), and (13) respectively, this leads to the follow-
ing conditions:

(RE)™ (AN)™ (RE) %
. <1
uM, <h Oc" (akmin)™ ’ Oc" (akmin)*s ’ (16)
V. S. Lutovinov and V. R. Chechetkin 115



where the value of £, is determined by the condition
(6). The characteristic values of the quantities that oc-
cur in all these conditions are discussed in the following
section.

2. CONDITIONS FOR REALIZATION OF WEAKLY
TURBULENT DISTRIBUTIONS

In order that a transition may occur to conditions of
weak turbulence, it is necessary, on the one hand, that
the external action shall be strong enough so that the
condition of perturbation theory ceases to be applicable,®

on/ns21, (17)
and on the other hand, there must be satisfaction of the
criterion (16) for weak turbulence, of the conditions (15)
£ ;>a, and of the requirement that the occupation num-
bers must be large, »n,> 1, in the inertial interval. As
is evident from the corresponding expressions, simul-
taneous satisfaction of these requirements is in general
contradictory; therefore there is substantial interest in
the question of the possibility of realization of weakly
turbulent distributions with any concrete method of in-
troduction of energy into the spin-wave system. Below,
we shall consider only the most typical case of intro-
duction of energy, by microwave pumping.

We shall calculate the value of the energy flow E
through the spectrum; this determines the degree of
deviation of the spin-wave system from equilibrium.
The value of the energy absorbed by a ferromagnet has
been calculated previously in two cases: when splitting
of a microwave-field quantum into two magnons can oc-
cur (Fw>2¢,),® and in the limiting low-frequency case
wT 9« 1, when the motion of the magnetic moment is
adiabatic.®® We are interested in the frequency range
Tyl << ws 2¢,/7, in which parametric resonance is ab-
sent (the half-frequency of pumping lies below the gap in
the spin-wave spectrum) and the external perturbation
is nonadiabatic. We shall consider the case in which the
alternating field h(¢) is applied along the biasing field H.
Then the last term of the expression (1) has the form

1
V(t) =uh(t)2 [ 7(“&1"“Uk!zCk+Ck+ulvkck+c—k++H'c‘] ’ (18)
k
where
(At &\ _ e (Ax—&\ 2)%..
uk-—( Pr ) y Uk=¢ (—?T) v &= (A’ —|B)™

€y is the spin-wave spectrum with allowance for dipole-
dipole interaction.® By virtue of the condition Zw< 2¢,,
in the lowest order of perturbation theory the processes
described by the Hamiltonian (18) are forbidden. In the
calculation of E, it is necessary, in the next order of
perturbation theory, to put together processes with a
larger number of magnons. With allowance for various
terms (for fusion of a microwave quantum with a mag-
non and two magnons, see Fig. 2), the Hamiltonian of
interaction of microwave-field quanta with magnons
takes the form

Vin= Z[ Vi(12,3; &) eyt et e test Va(12,3; ) evtestenc,H.cl; (19)
123

S
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FIG. 2.
¥
V,(12,3;e.) =2- ""A[2|v.|'~|v.|’—lv,l’]
ho
‘yi;,zA"qvi \i’;s,aAurzvz__ li’l’llAu.!vﬂ (20)
ho—2e, ho—2e, ho+2e,

V.(12,3; &) =—V,(12,3; —&,),

~\1112' ; is the amplitude of splitting of a magnon into two,
which differs from (7) by allowance for the », v trans-
formation; \17’123 is the amplitude of “explosive” forma-
tion of three magnons from the vacuum; A is a coeffi-
cient of proportionality that appears upon quantization
of the microwave field.'°

It must be emphasized that at relatively large wave
vectors, determined by the condition (ak)?> uM/©,
when #~1 and v< 1, the interaction amplitudes (20) of
microwave-field quanta with magnons vanish. This
means that the main injection of energy occurs in the
small-wave-vector range (ak)?s puM,/© ; outside the in-
ertial range. (The situation is similar with the process
of interaction of a microwave-field quantum with four
magnons; but allowance for this process would lead to
an insignificant additional term (7/© ;) (LH/©)*/? in the
kinetic equation.) For the change of the occupation num-
bers of the microwave-field quanta we have

dN, &
—Et— = %j d-n d‘l.'z dts d (ks—kx—kn)

X{|V,I*N,[ (n,+n,) ns—nn,16 (hotet+e,—es)

+|V, 12N, [np,—ns (ny+n,) 16 (Ro+es—e—e,) } (21)

The calculations are carried out most simply for H>M,,
when u,~1 and v,~ uM,/€,. Since for estimation of the
applicability of perturbation theory, dn/n,< 1, the occu-
pation numbers of the magnons may be considered in
equilibrium, we get from (20) and (21)

(ph)? (pM,)‘T*

H _——(pH)’Gc’ s ho<pH

E=2 (hoN)~ (22)
dt

(ph)* (ho)*(nM,)T*
h (nH)'8;° '

ho<2pH

(the expression (22) is correct in order of magnitude
even when HS M,). At large energy flows E, when a
break occurs to conditions of weak turbulence, an exact
solution of the problem requires simultaneous investi-
gation of the system of kinetic equations for microwave-
field quanta and for spin waves. But for the range 6n/n0
~1, we may still use the expression (22) as an estimate
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of the value of E. In the estimate of h’i‘, we take as
characteristic values

T/8c~04, pM~10—7—10-* K. ©6,~10*—10° K, H~1 kOe .

As follows from (16) and (22), the criteria for weak tur-
bulence and the condition »>>1 are satisfied in the iner-
tial region with a wide margin., The nonlinear shift of
frequency may also be neglected under these conditions
(cf. Ref. 6). Condition (16) in turn is satisfied only on
the boundary of applicability of the solutions found, when
(ak)?~ uM,/©, but in the inertial interval &n/n,~0.1.
Under these conditions it is impossible to make a defi-
nite choice between a stationary weakly turbulent distri-
bution and a weakly turbulent correction to the Rayleigh-
Jeans distribution. With the parameter values assumed,
with allowance for (5) and (6), the distribution (9) should
be realized. Then in the wave-vector range

max{ug—cu, %}< (ak):< (Pﬂ)"‘ ( “—A—!i)zls

G2 T (23)

the weakly turbulent correction &» is also determined by
three-magnon dipole-dipole interaction, and the total
distribution function has the form
T hE  8c

" 6 (ak)’ (WMo (@) T

Apparently the most direct method of measurement of
the spin-wave distribution function is experiments on
light scattering,!! which could answer the question which
distribution is realized.

(24)

+ const

ny

This paper has considered the case in which paramet-
ric excitation of spin waves is absent. It is to be ex-
pected that under conditions of parametric resonance,
the interaction of spin waves will still be determined by
the collision integral (2) far from the resonance surface
€,=fw/2. Energy is first injected into the system of
resonant spin waves, which are in a stationary state,
and is then transferred to the nonresonant spin waves.
Thus in the system of nonresonant spin waves there is
an energy flow, and for this reason one may expect a
transition to a weakly turbulent distribution. The value
of the energy flow in this case is determined by the
phase limitation mechanism* (for the case of transverse
pumping, see also Ref. 12). Since the absorption under
resonance conditions is large, the value of the energy
flow is also large and may exceed by two or three or-
ders of magnitude the corresponding value (21) calculat-
ed under nonresonance conditions. Consequently, there
may again occur a transition to weakly turbulent distri-
butions determined by four-magnon interaction. A
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weakly turbulent distribution with the flow of particles
(12) may play an important role in relaxation of the
magnetic moment.

A transition to conditions of weak turbulence in the
presence of injection of energy into the system must, in
all probability, occur in many problems of solid-state
physics. Such distributions can easily be found also for
magnon-magnon and magnon-phonon interactions in an-
tiferromagnets, and also phonon-phonon interaction.
Study of turbulent distributions in various specific situ-
ations would be of considerable interest.

In conclusion, the authors express their thanks to
A. L. Chernyakov for discussion of questions related to
weak turbulence.

DIn the presence of a constant term in the spectrum g,, a flow
of particles is accompanied also by a flow of energy.

DWe note that umklapp processes are known to guarantee an
energy sink in the large-wave-vector range.

IThe condition (17) assumes, as a rule, satisfaction of the
condition wr'?”>» 1 (w is the frequency of the external pertur-
bation, 7¢® is the equilibrium relaxation time); that is, non-
adiabaticity of the external perturbation.
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