tallographic axes, It is possible that it is this difficulty
which explains why no such anomalies were observed so
far,

In conclusion, we take the opportunity to thank I, M.
Lifshitz and L. P, Pitaevskii for stimulating discus-
sions.

DThe lines of parabolic points are the border lines between
Fermi-surface sections having Gaussian curvatures of oppo-
site sign. At the parabolic point, one of the principal curva-
tures of the surface reverses sign. A parabolic point is a
point where the surface flattens.

The propagation and absorption of sound in metals whose Fer-
mi surfaces contain degenerate parabolic points were con-
sidered in Refs. 5 and 6 with chalcogenides as examples.

9The critical-direction cone can be constructed by moving
along a line of parabolic points.

Y the case of a spherical Fermi surface, assuming that A
does not depend on the angles, we easily obtain from (4)

e 2k|A|? n2py? ) 2k|A|t a2 (m*)? L

p(2r0)? vyt

2

If we assume Axpd/m*, p p~hifa, p~M/ad, m*~m, (m, is
the mass of the free electron, M is the mass of the ion met-
al, and a is the interatomic distance), and si= (molM)v}, then
T,/w= (my/M)'/2, This is only an order-of-magnitude equali-
ty, and it determines the scale of the electronic part of the
sound absorption coefficient.

S this system the coordinates of the parabolic point are p,,
=p,=0and £=0.

O Phis is most unlikely, since the parabolic points do not have
high symmetry (see above, as well as Ref. 6).

D1t is seen from the very same figure that at certain directions
of n (n, in the figure) the number of periods can decrease
because of the symmetry of the Fermi surface, which causes
some extremal diameters to coincide.

8We measure pgfrom that value at which A”p,(p .) has an ex-
tremum.
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Irradiation of a metal plate with radio waves may produce a macroscopic magnetic moment in zero
magnetic field, i.e., it may induce a transition to a “current” state. A calculation is given of the width

and position of hysteresis loops which appear because of the induced magnetic moment. A study is made
of the stability of the current states and it is shown that—under certain conditions—periodic oscillations of
the magnetic moment may be expected. A report is given of measurements carried out on bismuth in

which such spontaneous oscillations were observed experimentally.

PACS numbers: 78.70.Gq, 75.60.Ej, 75.70.Kw

Irradiation of a metal plate with radio waves may
produce 'a macroscopic magnetic moment because of
rectification of the rf current.!*? The inequivalence of
two consecutive half-periods of the rf current is due to
the presence of a static magnetic field. When the mag-
netic field created by the rectified current itself is
sufficient to maintain the rectification process, a sam-
ple retains a magnetic moment even in zero magnetic
field. A metal can then assume at least two “current”
states which differ in respect to the direction of the
rectified current and, consequently, in respect to the
sign of the magnetic moment of the sample. Applica-
tion of an external magnetic field anti-parallel to the
magnetic moment causes a sudden transition from one
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current state to the other. The dependence of the mag-
netic moment on an external magnetic field in the
presence of an additional large-amplitude alternating
field exhibits a hysteresis loop. This behavior has been
observed experimentally and investigated in bismuth
and tin,!'?

The rectification mechanism, which produces such
current states, was proposed by us earlier.? In one of
the half-periods of the alternating field when the ex-
ternal magnetic field is antiparallel to the alternating
field, an open trajectory shown in Fig. 1b appears near
the surface. Electrons moving along this trajectory
enter more frequently the skin layer than those moving
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@H FIG. 1. Trajectories of
) the effective electrons
’ during different half-peri-
ods of the rf field.

along a slightly distorted usual Larmor orbit (Fig. 1a).
An increase in the number of times that an electron re-
turns to the skin layer increases the effective conduct-
ivity during this period and gives rise to a rectified
current.

In metals with a complex Fermi surface a change in
the contribution made to the rectification effect by one
of the electron groups affects the efficiency of rectif-
ication by other electron groups. Therefore, the de-
pendence of the widths and positions of the hysteresis
loops on the direction of the external magnetic field
may become quite complex. We shall calculate the
widths and positions of the hysteresis loops in bis-
muth. We shall derive the angular dependence of the
width of the central hysteresis loop, which agrees
qualitatively with the experimental results, and explain
the origin of the observed! side hysteresis loops.

We shall also consider the stability of various current
states. In a spatially inhomogeneous magnetic field the
rectified current depends on the magnetic field at two
characteristic points denoted by 2z, and z, in Fig. 1. A
change in the magnetic field at any point on the electron
orbit alters practically instantaneously the rectification
efficiency in a time of the order of the electron relax-
ation time 7 <« w™, where w is the frequency of the al-
ternating (rf) field. The change in the rectified current
affects the field at the points z, , after times of the
order of 7, ,~02} ,/c% (o is the conductivity and » is
the Larmor orbit radius), which exceed considerably
7 and differ very greatly: 7,>7,. Under these con-
ditions we may expect spontaneous oscillations of the
rectified current and, consequently, similar oscilla-
tions of the magnetic moment of the sample at freq-
uencies @, such that the phase shift &(r, -~ 7,) > 1 is
large and any phase relationship can be satisfied.

We shall show that when the amplitude of the alter-
nating field is sufficiently large, such spontaneous
oscillations can indeed be observed. We shall report
experiments carried out on bismuth samples which
confirm the appearance of such oscillations.

CALCULATION OF THE WIDTH AND POSITION OF
HYSTERESIS LOOPS FOR THE FERMI SURFACE
MODEL OF BISMUTH

The expression for the magnetic field & created by a
rectified current in a metal with a cylindrical Fermi
surface, obtained in Ref. 3, is valid for H.>H, where
H_ is the amplitude of the projection of the alternating
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FIG. 2. Dependence of the field ¥ created by the rectified cur-
rent on the external magnetic field H,. The numbers alongside
the curves give the amplitude of the rf field in relative units
H./h. The inset shows the width A of a hysteresis loop as a
function of the rf field amplitude H ..

field and H is the projection of the total magnetic field
on the cylinder axis.

We shall need the dependence #(H) in the range HsH..
We shall bear in mind that the trajectory responsible
for the appearance of the current states exists as long
as

j H.(z)dz=H..(0)6 sin ¢ > Hb,

i.e., it exists when the phase ¢ is within the limits
@ =arcsin (H/H.)<@<n—arcsin (H/H.) =g,.

On the strength of this inequality we have, instead of
Egs. (3) and (4) in Ref. 3,

36=Z—;']:sin(lp —%) [expTi—w— 1 ] “'de=f(H~,H),

T (@) =1h"[ (H. sin@)"H~*+ (H. sin 9)~"], (1)
h=mcb/etl, H=H, cos a+34,

where I and m are, respectively, the mean free path and
the electron mass; 0 is the skin depth, H is the exter-
nal magnetic field. The differences which appear as a
result of changes in the integration limits are important
only for Hz0.3H~. Graphs of the dependence H,) are
given in Fig. 2 for several values of H~. The dashed
parts of the curves are those in which the state of a
sample is unstable.

In our calculations we shall assume that the electron
part of the Fermi surface of bismuth consists of three
cylindrical surfaces. Ignoring the 6° slope, we shall
assume that the cylinder axis lie in the same plane and
meet at 120°. In accordance with the experimental
conditions,! we shall assume that the rf current is dir-
ected along one of the cylinder axes. Then, electrons
in this cylinder make no contribution at all to the cur-
rent (because the electron velocity is perpendicular to
the direction of the current) and the contributions of the
other two cylinders are equal and depend weakly on H as
long as eH7/mc <1. We shall use %, and ¥, to denote
the static fields which appear because of changes in the
electron trajectories in various cylinders. These fields,
directed along the cylinder axes, can be found from the
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FIG. 3. Dependences of
the width A of a hysteresis
loop on the direction of ex-
ternal magnetic field (an-
gle ¥ =0 for Hy||J). The
number alongside each
curve gives the rf magnetic
field amplitude in relative
units H./h.

system
36, =pf (H~-3"/2, H, cos (n/3—}) +36,—36./2),

H,=Bf(H~-3"/2, H, cos (n/3+}) +,—36,/2). @
Here, f is the function which specifies, in accordance
with Eq. (1), the relationship between sand H in the
case of one cylinder; the angle ¥ is measured from the
direction of the rf current. The coefficient gallows for
the contribution of holes to the rf conductivity. (If this
contribution is ignored, then g=2/3.)

There is a sudden change in the rectified current at
those values of H, and ¥ when at least one of the deriv-
atives 8%, ,/0H, = ¥, , becomes infinite. Differentiating
Eq. (2) and equating to zero the determinant of the res-
ultant system, we obtain

(fl,—l) (f:'—i) "f:'fx,/4=0; (3)
f1'=Bf’ (Ho cos (n/3—}) +8,—34./2),
f2/ =Bf' (H, cos (n/3+¢) +36,—36,/2).

The system (1)-(3) determines the dependence, on the
angle ¥, of the external field in which the magnetic
moment of the sample changes abruptly. For each value
of ¥ there may be several abrupt changes in a magnetic
moment and, therefore, in determining the width of a
hysteresis loop we have to select a jump corresponding
to the highest magnetic field. Figure 3 shows the dep-
endence of the hysteresis loop width on the magnetic
field direction in the range 7/6 <¥ < 7/2, obtained by
numerical solution of Eqs. (1)—(3) for 8=2/3. The
curves in Fig. 3 are only in qualitative agreement with
the experimental results. A better agreement cannot
be expected because of the large number of the sim-
plifying assumptions made in the calculations.

The dependences of the parameters of a side hyster-
esis loop on the direction of the external magnetic
field are less sensitive to the precision of the calcula-
tions. The origin of this loop can easily be deduced
from the fact that the projection of the total field
H=H, +¥, + X, onto the axis of one of the cylinders
can alter the sign in a relatively high external field
H,. Since the number of times that an electron returns
to the skin layer depends only on the projection of the
total magnetic moment on the cylinder axis, it follows
that for electrons in this cylinder the field H,. Since
the number of times that an electron returns to the
skin layer depends only on the projection of the total
magnetic moment on the cylinder axis, it follows that
for electrons in this cylinder the field H, is indisting-
uishable from zero.

The value of the field H, is found by substituting
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FIG. 4. Comparison of
the calculated (continuous
curve) and experimental
dependences H, (¥); H..
=17.20e, h=0.06 Oe,
which corresponds to é
=2x10"3 em, 7=5x10710
sec, B=2/3; ¥=0 for H,
I3

H#,= 0 in Eq. (2):
8,=2H, cos (n/3+v), H,=pf (H-3"/2, H, cos(n/3—yp)+36,). (4)

Figure 4 shows how the experimental results compare
with the dependence H,(¥) calculated from Egs. (1) and
(4) ignoring the contribution of holes to the rf conduc- .
tivity. It is clear from this figure that, on the average,
the calculated value is twice the experimental result.

The experimental and theoretical curves can be made
to agree if Bis treated as the adjustable parameter.
However, in our view, a different approach is more
interesting: we can use Eq. (4) to plot the function
f(H,) using the experimental dependence H,(¥). The ex-
perimental points in Fig. 4 are used in the dependence
HAH,)=2pf(H~+3"/2/2 H,/2) as shown in Fig. 5. This
figure includes also a continuous curve obtained exper-
imentally by a different and independent method. Acc-
ording to our model, the dependence H#(H,) should be
proportional to the magnetization of the sample in the
H,lj, C,|j case, and the magnetization can be found
experimentally. This was done by recording the curves
(55¢/8H~)H~, corresponding to various values of H~.
[The signal proportional to (35¢/5H~)H ~ appeared in an
inductance coil surrounding a sample when the alter-
nating field was subjected to weak low-frequency mod-
ulation.] A set of the (8#/AH~)H~ curves, some of
which are shown in Fig. 6,could be subjected to numer-
ical integration and the dependence #{H,) could be found
in this way; however, this would be subject to an un-
known numerical factor. It is clear from Fig. 5 that

#,0e

FIG. 5. Dependence ¥(H,)
plotted using the results
of two experiments; c;
|In, d=0.4mm, j|| ¢, H~
=7.2 Oe.
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FIG. 6. Dependence of (3¢ 8H . )H .. on an external magnetic
field applied to a sample 0.4 mm thick; Hy L]|| ¢, T =1.3°K.
The number alongside the curve is the rf field amplitude in
oersted.

the curve obtained in this way could be fitted, within
the limits of the experimental error, to the points
derived from the angular dependence of the position of
a hysteresis loop. This justified the adopted approx-
imation and, moreover, gave a calibration coefficient.
The precision of the calibration was about 10%. The
calibration coefficient enabled us to plot in absolute
units the dependence JAH,) for arbitrary values of H-~
(Fig. 7).

STABILITY OF THE CURRENT STATES AND
SPONTANEOUS OSCILLATIONS

We shall assume that an inhomogeneous correction
AKX to the field ¢ appears in a sample because of the
rectification-induced magnetic moment. We shall find
the time dependence of this correction. (For simplic-
ity, we shall again use the cylindrical model of the
Fermi surface.) We shall first consider the appear-
ance of an instability at the lowest frequencies, when
A changes only slightly over distances of the order of
the characteristic size z, , of the electron trajectories
(Fig. 1). Then,

F(HB+A+H,) =f (36+H,) + AdB—bz,d (M) /dz, (5)

where b >0 and the returns of electrons to the skin layer
can be neglected for the circular orbit corresponding
to Fig. 1la (I < z,).

X0e
101 1

2 FIG. 7. Rectified-current
field plotted as a function
of an external magnetic
field for different rf field
amplitudes. The condi-
tions are the same as in
Fig. 6.

25

H,0e
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We shall consider a plate of thickness 2d. If the time
dependence is exp (i@t) and A¥’ satisfies the conditions
for the normal skin effect, we obtain

AX=A (0) chkz/chkd, (6)

where c2k?/4nre=i®. Substituting Eqs. (6) and (5) into
the equation #=f (H,+x), we find that at the point z=d:

* (#'—1) bd/z,=kdthkd. )

if f/>1, this equation has a root for real values of &,
The solution with this root rises exponentially with time
which corresponds to the appearance of an instability.
Moreover, there is an infinite set of solutions for
purely imaginary values of k, which exists for f'>1

and f’<1. Such solutions are damped out with time, in
complete agreement with the solutions for the ordinary
Foucault currents.

Thus, if I « z,, only those states are stable which are
characterized by f’<1. Therefore, it is not surprising
that the states with f'>1 are never observed experimen-
tally. In the opposite limiting case of [ > z, we have to
allow for returns of electrons following the usual cir-
cular orbit. This allowance has practically no effect on
f but it alters greatly the stability conditions. In the
presence of long-wavelength perturbations the stable
states are those with any value of f’ with the exception
of a narrow range defined by 1 - (z,/2,)!/2<f’<1. How-
ever, we shall show later that when f'>1 and I >z,, the
state of a sample is unstable in respect of excitation of
spontaneous oscillations.

We shall now consider perturbations corresponding to
higher frequencies @. As pointed out earlier, our sys-
tem receives energy from an external source (rf field)
and it may exhibit spontaneous oscillations. Systems of

- this kind are considered by Gurevich and Ioffe* for the

case of a weakly attenuated energy flux. We shall dis-
cuss the opposite case when an electromagnetic wave is
damped out over distances of  «<d. We shall assume
the skin effect to be anomalous at the frequency @.
Since all possible solutions are damped out over dis-
tances of the order of k! «d, we shall confine our att-
ention to the case when a sample occupies the half-
space z>0. We shall assume that the characteristic
size k! of an inhomogeneity A# satisfies the condition
z,» k> 2z,. Then, the open and circular orbits make
very different contributions to f(¢+H,).

The contribution of the circular orbits can be found
by calculating the change in their revolution period T
in a strongly inhomogeneous field. We shall represent
T in the form

a n "‘
e — 8
T=t—f da(E-U ()" ®)
where U(z) =[E*/2 - A(z)] 2 ; £ mE is the electron energy;

mcA(z)/e is the vector potential of the magnetic field;
2, are the roots of the equation E =U(z). Then,

a % AUdz
A = ae ®

[the perturbation A does not occur in Uy(z)].
When the time dependence is A¥ « AK(0)e-**, we find
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from Eq. (7) that

AT AF0) 2
T ~ = % ?exp(—kzl) [Lo(kz,) =1 (Rz,) ],

where I,(x) is a Bessel function of the imaginary argu-
ment. In the limiting case of kz, > 1, we find from Eq.
(10) that

AT A3%(0)

T %
The corresponding contribution to f(H) can, therefore,
be — A 0)a(kz,)/2, where a is a positive constant of
the order of (z,/z,)*/2. Using this expression in the

equation #=f(H, +¥), we obtain

(10)

(kll) _3{2 (1 1)

1=f'—bkz,~a(kz,) 3 (12)

Since the nature of the spatial inhomogeneity corres-
ponds to the conditions for the anomalous skin effect,
the time dependence is governed by the factor exp(i&t),
where & obeys

=—c*rk*/3n’o,

(13)

whereas the value of % has to be found from Eq. (12).
We have used here an approximate expression for the
effective conductivity in a strong magnetic field although
it is inapplicable in the case of a cylindrical Fermi sur-
face.’ Its use can be justified by, for example, the
existence of an additional noncylindrical part of the
Fermi surface.

We shall now introduce a new variable kz, =pe*,
where 0<¢ <7/2, and also the quantity b=bz,/z, « 1.
Separating the real and imaginary parts in Eq. (12), we
obtain

(14)
(15)

bp sin 9—ap~" sin (3¢/2) =0,
bp cos p+ap~* cos (3¢/2) =f'—1.

It follows from Eq. (14) that undamped oscillations
corresponding to ¢ =7/3 appear for p=p,[2a/3!5p /5,
If p<p,, the oscillations decay with time but if p>q,
they grow with time. It follows from Eq. (15) that in
the case of undamped oscillations we have

f—1=bp./2, (16)

which determines the characteristic amplitude of the rf
field H<® above which we can expect spontaneous oscill-
ations.

The solution obtained satisfies the earlier assump-
tions:

kzy~ (2,/2,) "+, (%))

kzo~ (2:/2,)¥:< 1, (18)
The frequency of undamped oscillations is

B~c*/3n%0z. 20 . (19)

Substituting in the above formula the values of the bis-
muth parameters® and bearing in mind that under typ-
ical experimental conditions we have z, ~10-'cm and
2,~5x10% cm, we find that the oscillation frequency is
@~10* sec™! [it should be noted that although z, >z,
under experimental conditions, the ratio of these two

quantities is such that the condition (17) is not satisfied].

It follows from the above analysis that if /' >1, either
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an aperiodic growing perturbation may transform a
sample to a stable state or growing oscillations of the
magnetic moment may be observed. The existence of
steady-state oscillations can be determined experimen-
tally, especially as it is not easy to satisfy the condi-
tion (17).

EXPERIMENTAL OBSERVATION OF SPONTANEOUS
OSCILLATIONS IN BISMUTH

Spontaneous oscillations were studied in bismuth
disks 17.8 mm in diameter. A disk was placed inside
an inductance coil which was used to generate the rf
(5 x10%<w/2m<5 x10° Hz) field and to detect the res-
ultant oscillations of the magnetic moment. The disk
was immersed in superfluid helium, whose temperat-
ure was 1.3-1.5°K, but the temperature of the sample
differed considerably from that of the helium bath be-
cause of the Kapitza jump. The power evolved in a
sample in a given experiment could reach 1 W and
under these conditions the temperature of the sample
could rise by 0.5°K. The coil emf was supplied to the
input of an oscillograph (for the display of oscillations
on the screen) and to an rf spectrum analyzer. The
pass band of this analyzer was 0.4 x 10°® Hz, which
made it possible to determine the dependence of the
spectral density of these oscillations on the frequency
in the range up to 10° Hz.

The oscillations were exhibited by the majority of the
samples with the ¢, [|n orientation, where n is the nor-
mal to the disk plane. The oscillation frequencies were
within the range 1-10 kHz and they depended on the pre-
vious history, temperature of the helium bath, and
orientation of the crystallographic axes of a sample
relative to the rf and static fields. Application of a
weak magnetic field suppressed the oscillations (Fig. 8)
but at high amplitudes of the rf field the oscillations
were observed not only in zero external field but also
in the region corresponding to a side (located some
distance from the origin) hysteresis loop.

The spontaneous oscillations were usually nonmono-
chromatic. An example is shown in Fig. 9. It can be
seen from this figure that an increase in the rf field
amplitude increased the oscillation frequency. This
behavior was characteristic of all the samples. In

SYYYY PYPRY FPYVLPVT, . ;o VYV IYTE [OETY IPITS
HHH HFHH 1

FIG. 8. Photograph taken from the oscillograph screen for a
sample 0.54 mm thick investigated under the following condi~
tions: w/2m=2x10% Hz, Hy=1.15"cos Q¢ Oe, Q/2m=40 Hz,
H..=37.5 Oe. The spontaneous oscillations can be seen and
these are suppressed on increase of the magnetic field.
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FIG. 9. Spectrum of the

spontaneous oscillations

in a sample 1 mm thick

forj|| ¢ and w/2w=1.6

ud x10°Hz. The rf field am-
plitude in oersted is

49 given alongside each

curve.

36

1
7 Z % 5 5 70
7, kHz

some cases the oscillations appeared in two ranges of
H_ and in each of them the frequency rose on increase
of the rf field amplitude. Clearly, this increase in the
frequency was associated with the field # and with a
reduction in the characteristic dimensions z, and z,.

Our measurements were carried out on three samples
of identical quality and with the same orientations of the
crystallographic axes. These samples differed in re-
spect of the thickness, which was 0.54, 1.0, and 1.0 mm.
The rf current was directed along the ¢, axis and the
static magnetic field was perpendicular to the current.
Under these conditions the critical values of the rf
field HE" were 17.6, 13.2, and 6.5 Oe. The character-
istic field H: in which a hysteresis loop appeared in
zero magnetic field was the same for all samples:
~4 Oe. According to Eq. (16), at the moment of app-
earance of the spontaneous oscillations the condition
f'=1<«1 should be satisfied, i.e., the field should
differ negligibly from HZ (H% corresponds to f’=1).

As pointed out above, an important requirement for
the appearance of the oscillations is that an electron
following the usual circular orbit can return to the skin
layer. In other words, the orbit diameter should be
less than the thickness of the sample. It is possible
that the increase of HS' for the thinner samples is due
to the cutoff of the electron orbits in weak fields H~.
When the amplitude of the hf field becomes such that
HH_.) satisfies the condition #'=2v mc/ed, spontaneous
oscillations should be observed.

The oscillation amplitude was estimated from the emf
that appeared in the detection coil. Conversion of the
value of 6 from Ref. 7 in accordance with the anomal-
ous skin effect formulas gave the value of 10%cm at
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103 Hz. Use of this value gave A¥(0), which was 1 Oe
for H.~20 OQe.

CONCLUSIONS

Our experimental calculations demonstrate that the
rectification in a metal subjected to rf and weak static
magnetic fields is due to the influence of the rf magnet-
ic field onthe electron trajectories. Depending on the
external magnetic field, the usual Larmor orhit may be
slightly distorted or a new orbit may appear. Allowance
for this influence makes it possible to predict qualitat-
ively the dependence of the magnetic moment of a
sample on the external magnetic field and to understand
the reasons for the appearance of the current states.

A more rigorous calculation allowing for the mutual
influence of the various electron groups yields not only
the dependence of the width of a hysteresis loop in bis-
muth on the direction of the magnetic field, which is in
qualitative agreement with the experimental results,
but also makes it possible to explain a finer effect,
which is the appearance of a side hysteresis loop. An
analysis of this type of nonlinearity makes it also
possible to predict the appearance of spontaneous osc-
illations of the magnetic moment detected experimen-
tally.

The authors are deeply grateful to V. F. Gantmakher
for valuable discussions, to L. B. Davydova for her
help in the numerical calculations, and to L. P. Mezhov-
Deglin for technical help.
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