Modulation instability and strong nonlinearity in media

with inverse dispersion
L. I. Rudakov and V. N. Tystovich

P. N. Lebedev Physics Institute, Academy of Sciences of the USSR, Moscow

(Submitted 18 April 1978)
Zh. Eksp. Teor. Fiz. 75, 1618-1630 (November 1978)

Linear and nonlinear theories of the modulation instability of media with dispersion of the

o = wy(n)(1 —a/k ?) type are considered. It is shown that small-scale modulation perturbations are excited
in the linear regime and the smallest scale of these perturbations is set only by the limits of validity of the
theory. Sawtooth waves with sharp peaks appear in the nonlinear regime. In the final analysis, this results

in the heating of thermal or almost thermal particles in a plasma.

PACS numbers: 03.40.Kf, 52.35.Mw, 52.50.Gj

§ 1. INTRODUCTION

The modulation instability':? has been investigated so
far mainly for waves whose dispersion is

o=o(r) (1+§%), pki<t (1)

(n is the particle density). In the nonlinear stage this
instability gives rise to relatively large solitons (in the
one-dimensional case) or quasisolitons, called cavitons
(in the three-dimensional case). Their subsequent
evolution (dynamic or as a result of collisions of soli-
tons with one another) reduces the characteristic scales
of nonlinear entities. In a plasma this gives rise to dif-
fusion of the turbulence energy to high wave numbers
where the energy flux is absorbed, because of the Lan-
dau damping, by “tail” particles.®-® The evolutionary
changes in the turbulent spectrum result in the transfer
of the major part of the input energy to fast particles.
This relatively common effect is important under astro-
physical conditions® and, in particular, it explains the
high efficiency of generation of fast particles and cos-
mic rays.

In an earlier paper’ we also drew attention to qualita-
tively new features of the so-far uninvestigated modula-
tion instability in media with the dispersion

©=0,(n) —aw,(r)/2k, 2)

which is called the inverse dispersionin Ref. 7. The
present paper gives a detailed linear and nonlinear the-
ory of this instability. A characteristic feature of the
modulation instability of waves with the spectrum (2) is
the excitation of a very wide spectra of 2, whose maxi-
mum value has an upper bound set only by the limits of
validity of the theory. It is this circumstance which is
physically responsible for the heating of thermal or
near-thermal particles by the modulation instability in
question (in a plasma there may be direct excitation of
oscillations with & close to k,=w,/vy). In the nonlinear
regime the modulation instability of waves (2) gives
rise to entities with electric field discontinuities and
these are damped by thermal particles. This distin-
guishes qualitatively our modulation instability from the
modulation instability of the waves (1) when—in the lin-
ear state—a possible spectrum of k is limited from
above the kB, [for the Langmuir waves we have % .,

~ k,( W/nT)'?, where W is the energy density in the
waves (1) and nT is the thermal energy density].
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Before considering the theory, we shall note the fol-
lowing possibilities of realization of the spectrum (2).
Firstly, the heating of the fast particles by the Lang-
muir oscillations of a plasma with the spectrum (1)
should automatically convert the spectrum (1) to the
spectrum (2) if the dispersion of the Langmuir waves is
governed by fast particles. This occurs when the rela-
tive number of the fast particles is small, n'/n< 1, but
their average energy is higher than the thermal value:

n'T'>nT @)
(T’ is the effective temperature of the fast particles and
T is the temperature of the thermal particles). The

necessary condition for the existence of the spectrum
(2) is

p — .
< — k' —_— =
teghric ()" r T @
We then have
0o(R) =wpe a=kiTn'/T'n. ()]

Another example of the dispersion (2) are the so-
called lower-hybrid waves currently used for plasma
heating in tokamaks:

2 (l)p-" ( my k2 ) re @O
© 1‘+(l)3uz/(ﬂxuz 1 m (kLz'+kxz) ! k Urnz ) (6)

For a given value of k, <k (m/m)'’?, we have the dis-
persion (2) for %, :
Wy

o) = T ortion) ™

For a given k,>>Fk,, we obtain

a=— i‘k,‘. 7
m

Do , a=k’ (8)

o ()= (1+ @’/ 0u’) "

The next examples are the ion-acoustic oscillations
of frequencies close to w,,;:

k 2
O=05; (1 - 2—;‘2), 0o(n) = 0y, a=ki. 9)

The dispersion (2) is exhibited also by many branches
of excitations in solids.

The starting equations in the theoretical analysis can
be, firstly, the equation for the complex amplitude E of
the field Ee™ “of:

A(ZiaE (10)

"0, 0t

2(-:7lnmg)6nE)=aE
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and the standard equation for the density variations

(w, =VT, /m):

a! 'E'Z
— & JASn= .
5 n—v,Adn= 8nm.-

(11)

In solids, in addition to the striction forces we have
to allow also for other nonlinearities. In terms of di-
mensionless variables the system (10)-(11) becomes

a=( de e) el
% v lal”

oz az 02 (12)
— — — S w— 2
FERr T
A dimensionless field ¢ and dimensionless variations of
the density v, time 7, and coordinate ¢ are given by
[ E? alnmoM ]/’ =6—M”’
8anT dlan ’ 2n )
tﬁ). 1 2(!)::z (13
= M Il § M' s’ = W .

§ 2. SOME GENERAL RELATIONSHIPS

The system (12) has a series of integrals R;. They
can be found most simply directly fro™ ®a. (12) if the
relevant laws of conservation are written in the differ-
ential form

dps, 0
o0, 9
iy

where w; is the flux of the conserved quantity R,.
Equating to zero the flux w; across an infinitely distant
surface ensures conservation of

dR,
- j'p‘dg —==0,

(14)

(15)

where p, is the density of the relevant quantity.

For simplicity, we shall consider the one-dimension-
al case when the system (12) can be written in the fol-
lowing form by introducing two new quantities g and »:

iﬁ veE=¢, _a_-’g il e

dt PO lal
w__w w_ (16)
Fr T

From Eq. (15) we can easily obtain, in the differential
form of Eq. (14), the law of conservation of the number
of quanta:

—lo|tm (0808 )
Px—lzl N(E), w, |a|‘( 3t gag) (17,

. the law of conservation of momentum:

1 de* ode
p,=7 (te E—— ie a—§—+2vv) =P (%),

+v?
+vlel*+ —
la

. (18)
3 i EEI ——z(ge'+eg').

2

w,=
and the law of conservation of energy:

vi+u?
wler- 2 |2
3 vle|*— TaT 38

og’ d’g
- 2 +g
wymvotvlel™t—om lal (gm £ agaf)'

In the three-dimensional case the laws of conserva-
tion (15) have the form

pa=H (E)=

(19)

817 Sov. Phys. JETP 48(5), Nov. 1978

=T =0, N= jm)dz- freras, (15

=0, Pajr(g)dga—_[[ e—- ¢ ——L+2vv]d§,

e _|a||a—§|]d§'

We note also that we can introduce a dimensionless po-
tential difference

;;-0. H= [H(®)at= || >

e S 4
ot lal 9%
Then,

H= j[

We shall now define the field frequency Q by

” vlel? ——I(pl’]dg

e-lzlexp(—if th).

Then,
i de  0Oe’ 2
7 (v 5 ) —e@er (20)
We find from Eq. (16) that
. . . @ 6_g ? 1 6 .
Q(¢) lel*=vlel ol I 7t T —lgl IaI
and, consequently,
v!+vl .
H= j[ . +Q(E)lz|]d§. (21)

The meaning of the above integral is very simple. In
the linear approximation, the effective frequency © in-
troduced by Eq. (20) describes linear dispersion. In the
nonlinear case it also includes nonlinear frequency
shifts, i.e., it corresponds to the total frequency.
Thus, according to Eq. (21), the total energy consists
of the energy of the oscillations under consideration
(equal to the density of the number of quanta |e|? multi-
plied by their frequency ) and of the energy of defor-
mation and motion of the medium, including the emitted
acoustic oscillations.

It should be pointed out that the first two integrals N
and P have the same form as for the dispersion de-
scribed by Eq. (1). The negative sign of H may result
not only from v <0 (lowering of the density) but also
from a fairly high value of |¢|? in the o>0 case.

§3. LINEAR THEORY OF THE MODULATION
INSTABILITY

We shall use the system (12) in terms of the dimen-
sionless variables 7 and ¢. We shall consider the sta-
bility of a monochromatic wave in the case '

e=g, exp (kE—iwoT), wo=—1/k’—]|20|%

(22)
:\'o=—|80|z-
Here, w, and k, are naturally also dimensionless quan-
tities. We shall find perturbations of the amplitude ¢’

and density v/ in the form
e¢'=e, exp (ikE—im,T+ikE—int), v/=v,exp (kkE—iwT),
(23)

e’ '=e,”* exp (—iko§t+iw,t+ikE—ioT), &/ 78",
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i.e., we shall assume that the perturbation €’ is a modu-
lation of Eq. (22) with the wave number k and frequency
w.

This gives the dispersion equation (a>0):

1= 2k* e Izékok—k,,’k’—k‘
kz_m:' 0 knz(k:_knz)z .
2kk—Fk? -t 2k k+k? -t
x(o- k.,’(k—k,,)z) (o= Tt (b ky)? ) (24)

It should be stressed that Eq. (24) is obtained from
the system (12) without any additional assumptions.
Therefore, it is desirable to consider the dispersion
equation (24) without imposing any restrictions on k and
k,. In specific cases the system (12) is valid when cer-
tain inequalities are satisfied, so that we have to use
those growth rates y (given below) which correspond to
these inequalities [see, for example, Eq. (4) etc.].

In the case of subsonic growth rates subject to the
condition |w|«<k, we have

e A (1 A
If k>>k, we find that

L I‘l?(l-—Zk,,’IenI’)"’. (26)
Clearly, the instability occurs if

|&0]*>1/2k,2, 27)

This criterion corresponds to the condition when the
nonlinear frequency shift exceeds the linear effect.

We shall consider in greater detail two cases without
assuming in advance that &>k,

a) the case corresponding to inequality

leo| 2> 1/k2, (28)

b) the case corresponding to the opposite inequality.

We shall begin with the case when the inequality (28)
is obeyed. Then, Eq. (26) gives the growth rate of the
modulation instability:

Y =Ymax= (2| €0| /)", k>k, (29)

i.e., the growth rate is governed by the geometric mean
of the linear and nonlinear frequency dispersions. The
rate is constant and, consequently, any values of £ may
be excited, no matter how large and their maximum
values are bounded from above by the limits of validity
of the system (12). The growth rate (29) is obtained
subject to the condition y «k, i.e.,

k> k= (26| /ke)". (30)
We shall also introduce
=ko (2] 80| 2Ki2) (31)

Since |g,|?k2 >>1, we have k,, «<Fkx. Letus assume that
k, >k, >k, OT
lealzkou<1. (32)

Then, for k«k,, we now have y >k and the subsonic
solution is inappropriate. In the range

ko2 (2] €| *he?) <k <k, (2] 0| o) ", (33)
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we obtain

o 2leglt\ ko

= (%) = (%)
i.e., the growth rate decreases as k'/2 on reduction of
k. In addition to the purely imaginary solution w==xiy,
there are also two completely real solutions w=z+y,
which describe the second sound in the problem under
discussion. The real component of the frequency is ob-
tained also for k> k,:Rew=2kk/k% however, it is al-
ways a factor of (k,/k)%(|&,|22 2)1”2 smaller than the
imaginary component. Finally, if k«k,,, the growth
rate is a linear function of %:

(34)

k k"
Y= Qe k) s (55 ) > (35)

k. k..

i.e., an aperiodically growing second sound is obtained
and it is characterized by a linear dependence of the
frequency on the wave number, as well as by a velocity
(2|go|%% 2)'/2 much higher than the velocity of sound. In
the region adjoining k~k,,, all four solutions can be de-
scribed by

2-! ( 1 2k

2 l/z
o=t (gt )

(36)
For k of the order of k,«<k4x, We obtain the following
angular dependence of the growth rate:
4 cos® 0—1—k*/k,?

4 cos® 0—k*/k,?
For k< k,, the angular dependence is retained and only
the waves with cosg>% remain unstable.

@7

o’=—2k*e,|%k,?

We shall next consider the case kyy<<k,<<ky, When
the inequality opposite to Eq. (32) is satisfied. Then,
the solution of Eq. (34) is retained to a value of % of the
order of k,. If k<«<k, then

(kK , hookt NY ik k%
YN,(EMCOS 9—1!) (k—n,-led) ~(Tnk—) Ymas.

Finally, if ko>>ky, i.e., if | |2< k3, the growth rate
(29) is retained only up to =k, and for k<«k, only the
perturbations with cosg>; are unstable.

(38)

We shall now consider the case |¢y|2k2% «1. Then, the
instability disappears for k>>k,. I k is of the order of

' ko, the instability is possible in a narrow range Ag of

the order of (Jg,|2% 2)!/2«1 near the angle ¢, equal to
cosf,=5(1+k%/k3), i.e., for k<V3k,. If k<«k, we obtain
weakly growing (for §>60°) second sound:

2k cos 0

0= X
However, we must bear in mind that this growth occurs
only within the framework of the system (12). If we al-
low for the damping, which occurs in the examples giv-
en above but is ignored in the derivation of the system
(12), as well as for the scatter of k, in respect to the
magnitude and direction, we find there is no instability
for |g,|2k2<«<1. Thus, in the case of sufficiently wide
spectra the instability appears in fact for |g,|%z 2> 1.

(39)

k )
+ilc_‘(1—4 c05%0 ) (2l e,1%k,2)%.
0

§4. ASYMPTOTIC (IN TIME) SOLUTIONS AND
TURBULENCE SPECTRA

The problem of the turbulence spectrum is frequently
solved together with a source and sink. In considering
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an inertial interval it is important from which end (the
one corresponding to high or low wave numbers) the en-
ergy is arriving. We shall begin from some guiding
ideas on the inertial-interval turbulence ignoring the
effects of maintenance of oscillations from the side of
high or low values of 2. We shall assume that initially
there is a spatially localized, in a distance L, packet of
the oscillations in question with a characteristic value of
k =k, of sufficiently high amplitude |e,|?23 > 1, so that
modulation creation of short-wavelength harmonics is
possible in a time much shorter than the packet spread-
ing time [see Eqgs. (22) and (29)]:

1)L _ Lklel

—_— ~Lk,-k >
EPWEDS i, Lk, -k,le|>1.

(40)

The deformation of |e|? and v in the course of develop-
ment of the instability results in the emission of acous-
tic oscillations in accordance with the system (12) and
these can carry away energy and momentum to “infinity”
at the velocity of sound assumed to be much higher than
the group velocity of the packet.

We shall consider three possible situations. In the
first case the development of a modulation instability
of scale L produces quasihomogeneous plane-wave tur-
bulence with a certain spectral distribution of |g,|%. In
this situation we can always expect generation of acous-
tic oscillations carrying away the energy and momentum
and the energy of the oscillations in question remains
negative but increases in the absolute sense. However,
since |¢|? cannot change greatly because of the first in-
tegral in Eq. (15') and homogeneity of such turbulence,
it follows that only |¢|?=[e|?/% 5 can increase, i.e.,
only the main scale of the turbulence can increase up to

2ka<1. Consequently, in the final analysis, the modu-
lation instability described in Eq. (26) is suppressed and
short-wavelength modes with k>k,~1/€, are absent from
the oscillation spectrum. This apparently terminates
the whole process. This is the feature that distinguish-
es the turbulence of the waves described by Eq. (2) from
the turbulence of the waves described by Eq. (1). In the
latter case we can also expect the emission of sound
which can reduce the wave numbers and restore the
modulation instability.

The second possible situation is represented by solu-
tions in the form of quasisteady standing nonlinear
waves. Such waves do not create a force —9lg|%/ax
which alternates with times, and, consequently, they
cannot emit acoustic waves.

The third possibility is analogous to the modulation
instability of the Langmuir waves and it represents
self-contraction of packets with the main instability
scale 1/k, for k2lg,|>>1; these packets are converted
into solitons in which energy is localized with a high
density in narrow regions. This is permitted by the
laws of conservation of N and H. In fact, in the case of
packet contraction we have £2~1/¢ and such contraction
is favored because of reduction in the potential to the
scale kot 2k 2|g,|2. From this scale the evolution of [e|?
may proceed in the two ways described above. In the
case of the first way we again return to the turbulence
scale k2 |g,|%<1.
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It thus follows from the above considerations that both
strong turbulence and small scale |g,|%k3 >>1 may char-
acterize quasisteady nonlinear waves. The quasisteady
condition is understood to be®

d|e|*ot<|e|*/k:

§ 5. QUASISTEADY NONLINEAR WAVES

We shall begin by considering the problem of com-
pletely steady (standing) waves and then find more gen-
eral relationships which can be used to deduce the lim-
its of validity of the solutions when they are applied to
quasisteady waves. We shall turn to the solution of the
system (12). In the case of standing waves the second
equation in the system (12) is integrated, v=-|¢|?, and
we then have one equation (a>0)

9* . de 2\
—5-{2(!—5;‘*“8[ 8)—5. (41)
We shall find its solution in the form

s a8 a8

5=‘p(§)e ’ QE—_aT' k(E)Ea_Ev (42)
d?
ZE (@) o= @)t (43)
K@+ 4=0 (44)
rn $°)p'=0.

We shall be interested in solutions with <0, It fol-
lows from Eq. (44) that
kP
TP (-IQI )
Equation (43) has an integral which can be represented
in the form

[(+- ) &= 5 (1) e [-evt /5 (1-730) ]
(46)

where a and k2 are the constants of integration. The ex-
pression

k (45)

3
|w|==(|sz|—3\p=)=(%) R (= 1Q1Hp7) =/, (1Q1-3¢") ko alQl?

(47)
is simply the square of the modulus of the difference
between the potentials, which occurs in the energy in-
tegral.

It follows from the above that the problem reduces to
finding a bounded solution of Eq. (46). Consequently, we
shall be interested in the solutions that minimize the
energy integral '

H=-j'(-1;—lq>l=)- at

for a given value of the integral ['Y?dt in the interval '
L>1>[d(Iny)/de]™. The variational parameters are &,
anda.

(48)

The value of %3 characterizes the modulation ampli-
tude |Ymax— ¥minl /| ¥maxl and, as shown below, if k2= 48|9),
this amplitude vanishes, whereas for k%-0, we have
Vmin=0, i.e., the maximum modulation corresponds to
P2|Q|«1. The larger the parameter ¢, the greater the
value of ¥ /|92|. However, g has an upper bound. In

max

fact, if ¥ is to be finite throughout the interval ¢, the
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derivative a&/dt should vanish at two values ¢, and
Vmie Let us assume that 92,,<|2]/3. The point ¥°=|Q|/3
is singular. It cannot be crossed without violating the
condition of continuity of the quantities ¥ and

(192] -3v*)dw/dt, which follow from the equation for .
Therefore, we have to satisfy the requirement U
<|Q|/3. It follows from Eq. (46) that this can be done

if a <27/4. Consequently, (we are assuming that a
=27/4 - a?),

lo1*="1s(12] —3¢")*+ks*|Q|* ("] —a). (49)

We shall consider two limiting cases which can be
solved completely. We shall first assume that £2|Q|«]1,
i.e., that the modulation is strong. We then have

2~8-2_ _ s‘pl 2 -
lol*= 5 (1 TS?I_) , (50)
dp\t 1 kQIE @kl

(E) 6 v (1=3p/IQl? (51)

At the points $-0, ¥*~|Q|/3 we have infinite “potential
barriers” corresponding to the “force”?
dy | kAQI
ag

1202k,

v Ield—3y/Ien® (52)

The lower the values of k, and 2y, the less frequent is
the reflection of a “freely moving particle” at the points
$=0 and ¢* =|Q|/3. In the vicinity of these points we
have

P=6k,’Q*+E/6, (53)

[b— (|Q1/3)*1*=6ksa?Q*+ (—E) /6. (54)
Between these points, we find that
el (g e Aol

v=(—) {’(ao—a) g, el (55)

We shall now consider the second limiting case when
the modulation is weak: |¥_,, = ¥minl/¥max<<l. The term
¥2 in Eq. (47) for (dy/dt)? has a minimum at ¥ =|9|/3
and in the vicinity of this minimum we have

(%)L%_mm{(_1__3“;‘21/‘_55;+§21—+88_‘(1—%)}. (56)
Hence, it follows that
kot | Q| =""ais (1—*) =1 (1—P"), P<1,
and we obtain
zle‘f‘la(IQI—Eh|a=):Jr‘/._,szzz‘/,,cr, . (57
(R =550 -7 & wemr 8)

In the last equation in the limit o =0 the quantity ¥? lies
between the value on the wall characterized by ¥Z.,
=|9|/3 and the value given by ¥%;,=3|9|(1 —p?/3), where

A/ Prac=>12*—"/ B, (59)
i.e., the solution represents segments of concave para-
bolas which are matched at the points separated by £,

=28/V6 and the depth of the parabolas is Ap =5t3. The
energy integral per unit length is then H,=-392.

Among possible steady-state solutions of the system
(12) we shall select one with discontinuities (peaks). In
addition to these solutions, there are analogous solu-
tions with amplitudes in the range |2|/3<¥?<|Q|. For
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all these solutions the peaks are responsible for short-
wavelength harmonics in the spectrum (we shall use the
familiar expression for a sawtooth wave):

2e, nng
epn=—p, &= COS ——¢&p.
nn

(60)

We must stress that a kink at y?=|Q|/3 in these solu-
tions minimizes - |p|? and the energy integral [see Eq.

(49)].

We shall now consider the limits of validity of our
solutions within the framework of the original system
(12). In the general case of a wave whose envelope
moves at a constant velocity #, we have

e=ve”,  p=y(0) =p(E—ur),

(61)

as as
k= E= k(%) =k(g—ur), Fraa Q—ku.

Substituting Eq. (61) into the system (12) and separating
the real and imaginary components, we obtain the inte-
gral generalizing Eq. (46):

a

¢ .
Tpi('d_c- qu) +M*=2¢*R+const, (62)
u%— VEV+M, (64)

Ve=tutQ +1_L;2, R-ku+§+'—l~’—z—“—fﬁ)—. (65)

We can obtain Eq. (46) if we make the following sim-
plifications. Firstly, inR and V of Eq. (65) we drop
ku, which is small compared with the other terms.
Since y? is either of the order of Q or much smaller
than Q, the relevant criterion is

k<|Q| /u. (66)

Secondly, we have to neglect the left-hand side in Eq.

(64), i.e., we have to assume that M=-J&V [the sub-

sitution of this relationship in Eq. (63) gives Eq. (45)].
This means that our solution is valid if

k>ule2|Q]. (67)

Thirdly (this is not so important), we have to assume
that #u«1, i.e., we have to postulate that the motion is
subsonic.

The last condition is not so important because for #~1
and even for # >1, an integral of the (46) type is easily
obtained. We shall analyze the criteria (66) and (67).
Outside the peaks of a sawtooth wave we have k~k,
£2~|Q| and, consequently, the solutions found above are
valid if

u/Q <k, <|Q|/u, (68)

In the region of the teeth we have &~k /k2|Q|, £53~F3Q%,
i.e.,

u<k|Q|%.

ko> u/Qr. (69)

Thus, the condition (68) is sufficient to satisfy the cri-
teria (66) and (67). Finally, the condition #3Q|«1, to-
gether with Eq. (68), gives againu «|Q|*2. The last
inequality is easily satisfied if @~ |2|*/2>>1 not only in
the subsonic but also in the supersonic range, where our
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solutions are no longer valid.

For supersonic waves we can also find the solution
when (68) is satisfied and for & <«<u/Q2.

§ 6. HEATING OF PARTICLES BY OSCILLATIONS IN
THE CASE OF A DEVELOPED STRONG TURBULENCE
OF OSCILLATIONS WITH INVERSION DISPERSION

We shall now follow our earlier treatment.” The ap-
pearance of short-wavelength harmonics during the
growth of the modulation instability of oscillations, de-
scribed by Eq. (2) and characterized by k3|c |?>1, re-
sults, in the same way as in the asymptotic solutions,
in possible transfer of energy from a source pumping
the energy to the main scale &, of the oscillations (the
pumping is by light beams and particles in the case of
the modified Langmuir waves, and by the current in the
case of the short-wavelength ionic Langmuir oscilla-
tions), via the Landau absorption in the short-wave-
length part of the oscillation spectrum, to thermal or
near-thermal particles. The last qualification is needed
because Eq. (2) is usually invalid for w/k~v,. Thus,
for the ionic Langmuir oscillations (2) we have to in-
clude the term %%2,/w, so that the theory developed
above is valid if

(70)

Substituting the spectral expansion (60) into the quasi-
linear equation for the particles, we obtain

kvrd 0,< (TJTr) e

of 2
—f-a- ne’ jdklEl,fa(m..

(71)

—

Hence, it follows that

a 3 E} k.'v' @
- 2 AU, mim > —
53 Mo ) G fedn Ume >

Omin

(72)

We shall now list some of the phenomena in which the
above modulations of oscillations and of the plasma den-
density can be important:

1) the runaway electrons in tokamaks may build up
the modified electron Langmuir waves and heat the ma-
jority of electrons;

2) the high-current electron beams can heat a plasma
during the last stage of the quasilinear relaxation if
nymvi>nT;

3) the nature of turbulence may change as a result of
formation of the energetic component in the excitation
of the Langmuir turbulence by electron and optical
beams when the condition »'T’>nT is satisfied;

4) the majority of ions may be heated if the current
excites a strong ion-acoustic turbulence

We shall show how to estimate the current veloclty u
in the turbulent heating case. It follows from the mo-
mentum balance for ions that
koEo*kotvri® ~ d i

—_—=—nl—
8nwp® dt ‘O Ury

enk, =m; %j vfidv = (73)
Since dT,/dt =euE., it follows that T /T, =vp,/u or u/vs
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=(T,/T;)*”?. Damping of the nonlinear oscillations by
ions should be balanced out by pumping with the current.
Hence,

u T‘ 2

—=(7) o

Ure e
Combining these relationships, we obtain
(74)

u/vre~(m/ m,»)"'kord.

§ 7. CONCLUSIONS

The criteria of the modulation instability have been
established for the system (10)—(11) [or, in terms of di-
mensionless variables, for the system (12)] and saw-
tooth solutions have been found: these are standing
oscillations of modulated amplitude with the basic tooth
scale t,=¢ and a radius of rounding of the tooth peaks
governed by the limit of the validity of the theory. A
solution of this kind minimizes the energy integral (21)
so that, in accordance with the above considerations,
we may expect evolution of an extended wave packet and
asymptotic establishment of such solutions.

It is natural to consider the question of validity of the
above conclusions in the case of a real three-dimension-
al system. In the case of the Langmuir waves with the
usual dispersion (1) it is found that the one-dimensional
solutions become unstable in respect of packet contrac-
tion when applied in two and three dimensions. The
physical reason for this is that the modulations size [
and the amplitude of a Langmuir wave E are related by
lxE!, and an increase in the amplitude increases the
depth of the well in accordance with Eq. (11) as well as
reduces the frequency and energy integral (21), i.e., the
process of “collapse” is favored by the energy consid-
erations. In the case of waves with negative dispersion
there is no reason for the collapse because the rela-
tionship between the modulation size and amplitude J<E
is opposite to that required in the dynamic collapse
process. Therefore, the solutions found above should
apply to real three-dimensional systems.

The limits of validity of the representation (2) in the
cases known to us are limited on the short-wavelength
side of the spectrum by the effects of thermal motion
of particles, which can be allowed for by additional
terms in Eq. (2) of the type

o \7 kvt ©
_— , > 1.
1 ( kvr; )] o kvrq

The imaginary part of the above expression corre-
sponds to weak damping of oscillations by particles al-
lowed for in § 6. The real part limits the radius of
rounding of the teeth in our solutions. For example,
in the case of the ionic Langmuir oscillations it cannot
be less than 7,(T,/T,)*/*.

The authors are grateful to V. V. Gorev, A. S. King-
sep, and V. V. Yan’kov for valuable discussions.

1+i
[ : 2kvn

1) The necessary criteria are derived more rigorously below.
2)In this case we are discussing the analogy with a nonlinear
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oscillator in which ¥ corresponds to the coordinate and ¢
corresponds to time.
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Collective oscillations and instability of a single-frequency
state of parametrically excited waves
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Collective oscillations of parametrically excited waves are investigated with allowance for their scattering
on one another and on random inhomogeneities of the medium. It is shown that in addition to oscillations
investigated earlier in the S theory (self-consistent field) approximation, there are also relatively low-
frequency oscillations (according to the S theory their frequency is zero). It is shown that distributions of
parametrically excited waves with singular frequencies are unstable when their spectrum is broadened.

PACS numbers: 03.40.Kf

Considerable attention is currently given to the phe-
nomena which appear on parametric excitation of waves
in ferromagnets,!”® antiferromagnets,*5 plasma,*” fer-
roelectrics,® and other nonlinear media. In some im-
portant cases the wave dispersion law w, is of the non-
decaying type and an external field (pump wave) can be
regarded as spatially homogeneous and monochromatic:

R(r, t) =h(t)=h exp (—iwyt). (1

A relatively simple theory, based on the self-consistent
field approximation (S theory), is developed for this
case in Refs. 1 and 9. This theory is in good qualitative
and quantitative agreement with many experimental ob-
servations on ferromagnets and antiferromagnets (for
details see the review in Ref. 1 and also Refs. 4 and 5).
However, recent experiments require interpretation
which goes beyond this theory. For example, measure-
ments have been made of the spectral density N, of pa-
rametrically excited waves,!°

N.'—‘j nye dk, (2)

where n,, is the Fourier component of the correlation
function n,(7) of the complex amplitudes a,(¢) of travel-
ing waves:

7 (7) 8 (k—k’) =Cax (£)ax* (t+1) . 3)

The experimental results show that the N, line has a
finite width Aw which depends in a certain way on the
pump amplitude and other experimental conditions.
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However, the S theory, which describes correctly the
integral characteristics of parametrically excited
waves (PW’s), predicts a singular distribution of PW’s
in the k-w space:

Nxo~8 (Brx—0,/2) 8 (0—5/2), (4)

where @, is the frequency w, renormalized to the inter-
action [see Eq. (1.13) below].

L’vov!! used the diagram technique to formulate inte-
gral equations for n,, generalizing the S-theory equa-
tions by a systematic allowance for the Hamiltonian of
the interaction of PW’s given by Eq. (1.5). These equa-
tions give rise to a finite width of the distribution »,,
in respect of the modulus &:

Ve y? (TN)?/kv. (5)

Awxx v,

Here, v is the logarithmic decrement of PW’s; N

=[ n, ,dkdw is the total number of PW’s; & is the char-
acteristic wave vector of PW’s (2@, = w,); v is the group
velocity.

The distribution of N, in respect of  is more com-
plex. The generalized equations have, like the S-theory
equations, a “single-frequency” solution singular in w:

No=N6(0—0,/2), (6)

which is investigated in Ref. 11. However, as shown
earlier,!° this solution is not the only one. In addition
to the central line of Eq. (6), the solution of N, may
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