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The uncertainties of the phase (Aq) and of the number of photons (An) are connected by the relation 
A n 6 9 2  1/2. For coherent states, A q - l / 2 l / n  and An - d n .  The laws of quantum mechanics do not 
forbid "supercoherent states," which at a given energy (at a given number of photons) have a lower phase 
uncertainty than the coherent state, namely Aq- l / n  and An - n .  The class of such states is indicated 
and the normalized wave functions are obtained in the energy representation. 

PACS numbers: 42.50. + q 

The uncertainty An of the number of photons and the 
uncertainty Aq of the phase satisfy the inequality1-4 

AnAg2'/, ,  (1) 

and a state in which 

An-n, Ag-lln. (2) 

is not forbidden. An attempt to find the state (2) was 
made by Siegman4 but without success. The problem 
was first formulated by Serber and Townes,' and is 
reflected in the article of ~ r a ~ i n s k i i  and ~ o r o n t s o v . ~  
The procedure of producing states with low phase un- 
certainty Aq << 1/2& was discussed in Refs. 7 and 8. 
In the present note we indicated the class of such states. 

We note that the determination of the phase encount- 
e r s  yet unsolved difficulties in the classical0 and 
quantum formulation of the problem,1° which seem to  
have a common nature. We wish to note that the solu- 
tion proposed by Carruthers and Nietto" for the prob- 
lem is in our opinion unsatisfactory. They introduced 
phase operators for which q - q + 28 is an identity 
transformation. In the classical region, a phase jump 
of 277 leads to a new state; such jumps lead to observ- 
able effects, for example to frequency e r r o r s  in radio 
circuits with automatic phase control." Therefore 
the phase operators introduced in Ref. 10 do not permit 
a limiting transition to the classical case. We consider 

In the energy the state is character- the ,-.ase >> 1, Aq << 2n, when there a r e  no jumps, 
ized by complex amplitudes ak: therefore the difficulties indicated in Refs. 9 and 10 and 

encountered in the determination of the phase a r e  of no 
importance to us. 

(3) Inasmuch as a small phase uncertainty requires a 
large number of photons, we assume k to be a continu- 

From the commutation relations for  the phase operator ous variable and change from summation to integration 
2'" and the photon-number of operator 

[4'G]-=e"., 

we have for the eigenfunction of the phase operator4 We put 

lakzl=m, (5) where a is a small  parameter of the problem. We then 
a get from (8) 

i.e., the exact eigenfunction of the phase operator is not - - 
normalizable. Our purpose is to find normalizable wave juz(k)dk= j wZ(e)dg-1, 

functions. 0 0 

We a r e  interested in functions in which, according to My= jeqwa(t)dt [q=l ,  2). 
(2), Aq -l/n. We make the assumption, subsequently O 

justified by the result, that this function differs from (5) 
only by amplitude factors. We put The assumptions (8b) and (10) make i t  easy to obtain 

the class of distributions for which (2) is valid; we be- 
ak=e*u,, Im u,=O, Re u,>O. (6) lieve that this class is not the only one. We obtain the 

The mean value of the phase operator is4 number of photons n and the uncertainty An: 

< e ' v ) = z  a,'a,+,=eie x up,,,, 

and quantities uk must satisfy the relations 

For the phase uncertainty we have4 
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From the formula (9) we calculate the phase uncertainty: 
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a (k+l)-E+a. (1 3) 

We assume that the function w(5 + a )  can be expanded in 
powers of 0: 

This yields 

It is easily seen that 

- j w ( ~ w ~ ( E ) ~ = w z ( ~ ) / ~ ,  
0 

and formula (14) yields 

According to (12a) we have n - l/a , s o  that i f  (2) is to 
be satisfied Eq. (15) should have no term linear in a.  
This leads to the following condition for the sought dis- 
tributions : 

toz (0) = (16a) 

If the conditions 

a r e  satisfied, we obtain ultimately 

The conditions (16) determine the sought class of 
distributipns. The conditions (16a) and (16b) mean that 
the distribution does not contain weakly excited states,  
while (16c) and (16d) mean that the sought distribution 
is smooth enough. 

We note that the length uncertainty A1 for the states 
(2) depends only on the total energy I of the state and 
does not depend on the frequency w :  

We consider the simplest case  of a distribution from 

this class: 

For  the derivative we have 

which yields for the phase uncertainty 

For the considered example, the product AnAq is only 
a t imes larger than the minimal value. We recall  that 
for the coherent state we have 

~ ~ = 1 / 2 G  (21) 

and consequently the gain in the accuracy of the mea- 
surements of the phase and of the linear distances 
amounts to &/3. The use of quantum s ta tes  with mini- 
mum phase uncertainty permits therefore a more ac- 
curate measurement of distances than the use of co- 
herent signals; this makes i t  possible in principle 
either to work with smaller photon fluxes o r  with longer 
wavelengths. Both circumstances weaken the disturbing 
action of the sounding radiation on the investigated ob- 
ject. Therefore the most enticing application of these 
st i l l  exotic states of optical photons is the analysis of 
the structure of complex biological molecules, but this 
calls for development of both generators and receivers 
for such states. 
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