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The spectral density of spin waves excited in ferrites in first-order parametric instability is investigated

theoretically and experimentally. It turns out that simultaneous excitation of a large number of degrees of
freedom can produce in each individual spin wave appreciable fluctuations (of the order of the amplitude
itself) that lead to a substantial nonmonochromaticity of the parametrically excited spin waves. For the
case investigated here (single-crystal samples of yttrium iron garnet, room temperature, pump frequency
9.37 GHz), the width of the spectral density of the parametrically excited spin waves is of the order of
several kilohertz (at a wave damping decrement of several hundred kilohertz) and depends on the spin-
wave damping parameter, on the spin wave vector, and on the supercriticality. The experimental relations
are satisfactorily described by the nonlinear theory developed in the paper for parametric excitation of
waves in media with a non-decaying dispersion law; these media can be either ferrites or many other

physical objects.

PACS numbers: 75.30.Ds, 75.50.Gg

INTRODUCTION

Parametric excitation is the simplest method of gener-
ating waves of high amplitudes with wave vector k#0 in
a solid. However, even in the first experiments on sin-
gle-crystal ferrites it was noted that the oscillations of
parametrically excited spin waves (PSW) are not mono-
chromatic—their frequencies are distributed ina certain
interval Aw about w,/2, where w, is the frequency of
microwave magnetic pumping field. This has led to an
increase of the noise temperature of the nondegenerate
magnetostatic ferrite amplifiert*! and to parasitic modu-
lation of the amplitude at the output of ferrite limit- '
ers.’?! These examples show that information on the
frequency distribution of the PSW is quite essential for
the design of ferrite devices in which spin waves are
parametrically excited.

The presently existing nonlinear theory of parametric
wave excitation'®*! does not explain the observed phe-
nomena and calls therefore for further development, all
the more since effects that are analogous in many re-
spects to parametric processes in ferrites have been
observed and are presently studied in plasma, in ferro-
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electrics, in antiferromagnets, and in other nonlinear
media.

We have investigated experiméntally and theoretically
the PSW frequency distribution N(w):

N(o)= f neu dk,
(@rutr o) =Nyd (k—K) 6 (0—0"),
Carothr Y =0xed (k+K) 8 (0+0 —0,) : (1)

here a,, is the Fourier component of the complex ampli-
tude a,(t) of a spin wave with wave vector k.

The procedure for the measurement of N(w) and the
experimental results are presented in Sec. 1. The
measurements were made by the parallel-pumping
method at a frequency w, =27 - 9.37 GHz on single-crys-
tal yttrium iron garnet (YIG) spheres having a PSW re-
laxation frequency y,=gAH,/2~1 MHz. It was estab-
lished that even in the absence of self-oscillations of
the magnetization the width Aw of the frequency spec-
trum N(w) is of the order of several kilohertz and de-
pends on the supercriticality, on the values of the PSW
wave vectors, and on the parameter AH,. The observed
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frequency dependence of N (w) is due mainly to fluctua-
tions of the amplitude, whose value is large and of the
order of the average amplitude.

There is no doubt that any real parameter has a finite
width of the spectrum of the generated frequencies, but
the figures given above offer evidence that a ferrite
spin-wave generator is much less monochromatic than
any other microwave generator. Thus, at a frequency
that differs from the central one by 1 kHz the output
power of a klystron generator or of a hot-electron gen-
erator decreases by more than 10 orders of magni-
tude, *? whereas N(w) in our experiments decreases in
this case by approximately 10%. The situation investi-
gated by us differs in that a large number N of degrees
of freedom (PSW with different k) are simultaneously
excited, and this'leads to a self-consistent decrease of
the effective pump field P, to the threshold level y, (Ref.
3):

RV. — Py=hV,+ jswnk- exp[—i(¢e—q-r-) 1dKk’

(Va and S,,. are the coefficients of the Hamiltonian (22)-
(24) below, and ¢, are the phase shifts of the individual
waves). ‘

It is seen that P, is determined by the total number N
of all the PSW, and a change in the amplitude of one of
them does not affect significantly the self-consistent
field P,, making possible giant fluctuation of the ampli-
tudes of individual PSW. The value of P, hardly fluctu-
ates in this case: (AP:)=N-YB, )2

The large Aw of PSW is also due to the fact that N is
large. In fact, in this case the amplitudes of the individ-
ual PSW are small, since the energy of the PSW system
is distributed over a large number of degrees of free-
dom N. This means that a parameteric spin-wave is a
parametric noise amplifier with not too large a power
gain K, (K,~10% - 10) (see Sec. 2). Recognizing that
AwK}/2=y for parametric amplifiers, we obtain the cor-
rect order of magnitude of Aw

For a rigorous theoretical determination of the spec-
trum n,, it is necessary to go beyond the scope of the
self-consistent-field approximation (the S theory). This
is done in Sec. 2, where a diagram technique is used to
obtain Egs. (25)-(28) for n,, and 0,,~the normal and
anomalous pair correlators defined by relation (1).
These equations have a “one-particle” solution:

Ore=018 (0—0,/2), 2)
which has been analyzed in detail in Ref. 4. We shall
show in Secs. 3 and 4 that these equations have also a
solution that is regular in w, determine the line widths
and shapes of the w-distributions of n,, and opw, and
compare the results with experiment in Sec. 5.

=8 (0—0,/2),

There are two causes of the broadening of the spec-
trum n,,: thermal noise, which can be described by a
Langevin random force, and the “intrinsic” noise due to
the interaction of the PSW with one another and de-
scribed by the off-diagonal terms of the Hamiltonian
X, The scattering of PSW by static inhomogeneities
(two-magnon scattering) changes the state of the PSW
system and increases the spectral width Aw due to the
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thermal and intrinsic noise. By itself, however, this
scattering does not lead to spectrum broadening, since
it proceeds with conservation of the spin wave.

In Sec. 3 we consider the case easiest to analyze the-
oretically, that of ferromagnets with large concentra-
tions of static inhomogeneities, when the two-magnon
damping 7, €exceeds the intrinsic damping y. At small
supercriticalities the broadening of the spectrum #n,, is
due to thermal noise; the N(w) lines are Lorentzians
with a width Aw=7,:

N EYimp (P—1) ", (3)
Here £ is a small parameter that characterizes the in-

fluence of the thermal fluctuations. For ferromagnets
we havet?®!

= (kl) (T/T0) =107*+107, (4)
where A is the lattice constant, k is the PSW wave vec-
tor, T is the temperature, T, is the Curie temperature,

and P =h?/h%; characterizes the excess of the pump pow-
er h? over the threshold value K.

With increasing supercriticality, the role of the intrin-
sic noise increases and becomes predominant at P>P,,
where

p,_izg_v_('iv_)"' , ®)

(v=98w,/8k is the group velocity of the PSW). At super-
criticalities P >P, the N(w) line shape is unusual:
N 20—,
S (m)—N/ch(——-———zn ) (6)
The effective line width 7 increases with increasing su-
percriticality like

;’]zm;l=7":, Kklv_)% (P—1)™, (7

These expressions are valid so long as it is possible to
disregard vertex renormalization in the diagram series,
i.e., at P<Pg (Ref. 4), where
Ps~kv/y. (8)

Next, in Sec. 4, we study a more complicated case,
but more frequently encountered in experiment, case of
almost homogeneous ferromagnets: Yimp <7. For the
sake of argument we have confined ourselves to the axi-
ally symmetrical situation, which is realized in cubic
and isotropic ferromagnets (e.g., in YIG) magnetized
along the [111] or [100] axis. It is known that the most
strongly connected with the pump are PSW propagating
across the magnetization (6,=7/2); these are the only
waves excited in the S-theory approximation,J up to
supercriticalities 6-10 dB above threshold. In the
near-threshold region (at ¥imp <<¥), the two-magnon
scattering is negligible, and the broadening of the spec-
trum with respect to 9, and w is connected with the
thermal noise:

AbB= (‘I’]r/‘Y)lh, (9)

Ao~n,=yexp[—(P—1)"/§]. (10)
At P=P, where P, is given by
(Po—1)"=~5 In(Y/Yims),
the width A6, decreases to a value
AB (Yimp/1) ™, (11)
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determined by two-magnon scattering, and does not de-
crease further with increasing supercriticality. At
P>P, the lines has a Lorentz shape with width Aw =7,
where

M= Yomp/ (P—1)%. (12)

In the absence of two-magnon scattering we can obtain
for Aw in place of (12) the expression (10), i.e., 7, has
an exponential rather than power-law smallness in
terms of the temperature parameter £. Thus, even
small two-magnon scattering increases substantially
the width of the spectrum. At larger supercriticalities
at P>P, (but P<P,), where

P,—i’wEPs(‘Yfmp/'{)%, Py~ 1P (Yimp/Y) 2, (13)
the angle broadening is determined as before by the two-
magnon scattering, A6, is determined by formula (9),
and the w-broadening is determined by the intrinsic
noise. The shape of the N(w) line is close to (6), with
an effective width 77 =7, Wwhere

(e \ %[ P=1\%
w1 (52)(50)
At larger supercriticalities (P >P,) we can neglect

both the thermal fluctuations and the two-magnan scat-
tering. Then

(14)

\ /3

{13)

The shape (54) of the N(w) line remains as before close
to (6). At the limit of applicability of the theory (at P
=Pg) we have A6, =7. Incidentally, supercriticalities of
this order are only of academic interest, sinoe self-
oscillations set in long before they are reached, and
lead to a strong broadening of the spectrum im terms of
A6, and Aw.

pP—1
AB = (T]uu/'Y)K- AORNiny, Mind™Y (T
s

1. EXPERIMENT

For an experimental investigation of the statistical
properties of the PSW, we registered electromagnetic
radiation from the ferrite at frequencies close to half
the pump frequency.t*®? It was shown in Ref. 7 that this
phenomenon is due to two-magnon scattering of PSW by
statistical inhomogeneities. In this case we can write
for the complex amplitude U(t) of the electromagnetic
wave radiated from the crystal

U(z)=2 J' gx exp (ikr.) ax (1) dk, (16)

where g is the coefficient of transformation of a PSW
with wave vector k by one scattering center, and 7, are
the coordinates of the center. Using (16), we obtain the
correlation function K () of the radiation:

E () =0 O U (t+1)>=N, [ laln () dk, @17

where
Cax (t) ax:* (¢t 1) > =n« (1) 8 (k—K)
and N, is the number of scattering centers.

It is seen from (17) that, apart from a time-indepen-
dent scale factor, the function K,(7) is equal to the PSW
correlation function integrated with respect to k

N(r)=Jnk(r)dk
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FIG. 1. Block diagram of the experimental setup: M—magne-
tron, G—gate, A—attenuator, BC—bidirectional coupler, 04,
0,—oscilloscopes, R—resonator with ferrite, F—low-pass
filter, Amp—amplifier, SD—square-law detector, S—spec-
trum analyzer.

and therefore the spectral density K ,(w) differs only by
a constant factor from the PSW spectral density N(w)
given by (1). This conclusion stems essentially from
the fact that two-magnon scattering by statistical in-
homogeneities takes place without a change of the oscil-
lation frequemcy. It is thus possible to investigate the
statistical properties of PSW by studying the electro-
magnetic raliation from the ferrite.

A block diagram of the experimental setup is shown in
Fig. 1. Tlke signal from the magnetron pump generator
was fed through a number of waveguide elements to a
cavity resonator with a ferrite, located in a constant
magmeticfield of imkensity H,. The magnetron operated
in the cw regime #9.37 GHz, and the bandwidth of the
magmetren generation did not exceed several hertz. The
caviity sesonator was a segment of standard rectangular
waveguite for the 3-cm band, on one end of which was
located :an inductiive diaphragm for coupling with the
pump channel, amd the other a metallic wall near which
(at :adiistance 1 mm) was placed the investigated ferrite
sphere. The lattter was placed inside the coupling loop
used to direct the Ferrite electromagnetic radiation, of
freguency w,/2, was directed to the recording system.
The resonator @ was ~500, and the oscillation mode
H,,. When the spinwaves were excited by the parallel-
pumping method the plane of the loop and the vectors of
the constant and altemating magnetic fields at the loca-
tion of the ferrite weme parallel to one another.

The recording system consisted of a 6-cm-band am-
plifier gwarded against the pump frequency by a low-
pulse filter, of a square-law detector, and of a spec-
trum analyzer and an oscilloscope, on the screens of
which it was possible to observe the frequency and tem-
poral characteristics of the radiation from the ferrite.
The spectrum analyzers were the instruments SKCh-3
{up to 20 kHz, resolution up to 10 Hz) and SCh-8 (range
20 kHz-3 MHz, resolution 3 kHz).

The investigation objects were ferrite single-crystal
YIG spheres of 2.5-2.9 diameter at room temperature.
The spheres were oriented with the difficult-magnetiza-
tion axis [100] parallel to H, to exclude the influence of
the low-frequency self-oscillations of the magnetization.
The electromagnetic radiation from the ferrite was
maximal when the frequency of this radiation was equal
to the natural frequency of one of the magnetostatic
modes. In our case the radiation took place via the
modes [220] and [330], which were 20 and 60 Oe lower
than the field H, at which the PSW with k- 0 were ex-
cited. The wave vector of the PSW was varied by
changing the constant magnetic field H, and was related
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in simple fashion to the difference AH,=H,—H,; k*
=AH./D, where D is the exchange constant. The ferrite
spheres were ground withdiamond paste of ~60 ym grain,
a procedure accompanied by a broadening of the line of
homogeneous resonance and magnetostatic modes to
10-20 Oe, as a result of which the electromagnetic
radiation could be observed in a wide region near the
resonant field of the magnetostatic mode.

Since the recording system contains a square-law de-
tector, the statistical properties of the signal fed to the
spectrum analyzer and oscilloscope differ from the sta-
tistical properties of the electromagnetic radiation from
the ferrite. In fact,'®) if the output signal U(t)=A(¢) exp
(—iw,t/z) is narrow-band (A (¢) is a slow function), then
the output of the quadratic detector acquires a low-fre-
quency component |A(¢)|2=B(t), as well as a component
at the pump frequency w,. When we use low-pass filters
to cut off the signal at the frequency w,, we lose infor-
mation concerning the phase, and we investigate within
the framework of this procedure the fluctuations of the

square of the amplitude of the electromagnetic radiation.

The function registered on the screen of the spectrum ;
analyzer is I(Q2) =K}/ 2(), where

(18)

If, for example, we use the line (6) as N(w), then (at
Q+0)

Ka(Q)= jK,,<T)ef°'dr=J‘ (B(t)B(t+7) e dx.

evdn 20
ch*(ant/2)  nn®sh(Q/n)

Ky (@) |

The spectrum analyzer should therefore display the re-
lation

1@ ( (19)

Q Y
nsh(Q/n) ) ’
Thus, the spectrum

-~ 2 —_—
N(o)=ch~* A0—0p
29

is transformed by the square-law detector in the ana-
lyzer into the spectrum (19).

We note that these two functions are very similar to
each other if w,=0 and Q= V6 w; the functions

@), F&)
-6

Q[25 kHz

FIG. 2. Spectral density of signal I passing through the
square-law detector vs. the frequency Q for the case of a fer-
rite single-crystal YLG sphere (2.9 mm diam, AH,=0.15 Oe,
P=6 dB)—solid line. Dashed curves—plots of I(Q) in the fol-
Iowin/g coordinates: 1) F(Q) =2{in[1/1(Q)I}1/2, 2) F(Q)=[1/1(Q)
-111/2, 3) F@)=1n {1/1(Q) + [1/12(Q) - 1]1/2},
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FIG. 3. Photograph of one random realization of the frequency
dependence of the spectral density I(R). The orizontal sweep is
linear with a maximum value 20 kHz.

(x/sinhx)'/? and cosh™'(x/V6 )are equal accurate to 2.5%
at le <17.3; in this interval both functions change by one
order of magnitude. Consequently, the line observed on
the spectrum analyzer screen represents, with high
accuracy (2.5%), the real electromagnetic radiation,

but is broadened by V6 times.

Figure 2 shows a typical experimental plot of I(Q) for
one of the investigated YIG spheres. The solid curve in
Fig. 2 is a smoothed curve based on ten realization of
the random process on the spectrum-analyzer screen.
A photograph of one of the realizations is shown in Fig.
3.

To clarify the character of the experimental I(2)
curve, it was plotted in three sets of rectifying coordi-
nates: [In(1/D)]*/2, Q; (1/I-1)*/2, @ and In[1/I+ 1/
-1)*/2], Q. 1fI(Q) is a Gaussian curve, I(Q)~exp(—?/
AQ?], then its plot will be a straight line in the first set
of coordinates; if I(R) is a Lorentzian, then the plot will
be straight in the second set; if I(Q) is described by
formula (19), then a straight plot of I(R) will be ob-
tained in the third set of coordinates. It is seen from
Fig. 2 that the first two standard functions are not at
all suitable for the description of the experiment,
whereas the function (19) agrees satisfactorily with the
experiment. The same agreement was observed for the
shape of the I(R) curve of all the samples investigated
by us at various supercriticalities and various values
of the constant magnetic field. The slope of the straight
line on Fig. 2 determines the width AQ of the curve;
this width, as indicated above, is V6 times larger than
the real width Aw of the electromagnetic-radiation
curve, which coincides with the width of the spectral
density of the PSW,

In the course of the experiment we measured the de-
pendences of AQ and 7 on the quantity AH_=DE? on the
spin-wave damping parameter AH,=2%,/g, and on the
supercriticality P =h*/hZ%.. The results of these mea-
surements are shown in Figs. 4—6 and will be discussed
after the exposition, in the sections that follow, of the
rigorous theory of parametric excitation of spin waves
in ferrites. Figure 7 shows a photograph of a random
realization of radiation from a ferrite, taken from the

Krutsenko et al. 564



Aw /27, kHz
[‘ -
\
N\
2 F -
SN S S N T T
0 50 100

4Hg , Oe

FIG. 4. Dependence of the width Aw of the spectral density of
the PSW on the constant magnetic field AH, = H, — H,. Sample—
YLG sphere(2.9 mm diam, P=1 dB); AH,=AH,(AH,), the points
correspond to AH,(10 Oe) =0.13 Oe, AH,(30 Oe)=0.15 Oe, AH,
(50 Oe) =0.155 Oe), and AH (70 Oe)=0,165 Oe. Dashed—theory
(see Sec. 5).

screen of oscilloscope O, and representing the time de-
pendence of the square of the radiation amplitude.

As already noted, all the results reported above were
obtained with spherical samples under conditions of
parallel pumping of the spin-wave instability and at an
orientation of H, along the difficult magnetization axis
[100]. When H, deviates from [100] by about 20°, low-
frequency self-oscillations of the magnetization appear
and broaden substantially the spectrum of the electro-
magnetic radiation. This broadening is maximal at Hyl|
[111], when Aw exceeds by about two orders of magni-
tude the corresponding value of Aw at Hyll [100]. In the
case of perpendicular pumping of the spin-wave insta-
bility, the situation is reversed: the most monochro-
matic radiation from the ferrite sphere is observed at
Hyll [111], and the parameters of this radiation do not
differ in any way from those shown in Figs. 2—6.

We note in conclusion we note that the spectral density
of the PSW radiation was measured also in a sample in
the form of a disk magnetized perpendicular to its plane
(disk diameter 4.5 mm, thickness 1.4 mm). In this case
the radiation from the ferrite is due not to random in-
homogeneities but the regular gradient of the internal
magnetic field,'®? and therefore the intensity greatly ex-
ceeds (by more than two orders) the intensity of the ra-
diation of spherical samples. In all other respects the
data obtained with the disk were perfectly analogous to

Aw/27, kHz
40 + §
20 | e
//
//
-~
=t
9 02 04 06
AH, , Oe

FIG. 5. Dependence of the width Aw of the PSW spectral density
densith on the spin-wave damping parameter AH, for AH,
=300e and P=1 dB. The data at AH, 0.2 Oe were measured
for different single-crystal YLG spheres. The experimental
point corresponding to AH,=0.6 Oe was measured for a poly-
crystalline YLG sphere of 2.7 mm diameter. Dashed curve—
theory (see Sec. 5).

565 Sov. Phys. JETP 48(3), Sept. 1978
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FIG. 6. Dependence of width Aw of PSW spectral density of
the supercritically P=(k/h)? for a YLG sphere (2.9 mm diam);
AH, =30 Oe, AH,=0.15 Oe.

the results shown in Figs. 2—6; this is additional evi-
dence that the statistical properties of the radiation do
not depend on the mechanism whereby the PSW is con-
verted into an electromagnetic wave,but are determined
by the properties of the PSW itself.

2. FUNDAMENTAL EQUATIONS OF THE THEORY

As usual, we start with the classical Hamilton’s equa-
tions of motion for the complex amplitudes a, of the
traveling waves:

i =056/8a". (20)
The Hamiltonian of the problem
H= jvmka.‘ak'dk+H,+H‘,,.,+H(,., (21)

includes the interaction of the waves with the homoge-
neous pump field k(r, t) = h exp(—iw,t):

= "3‘ J' [ () Viara_i'+ c.c.]ldk, (22)

the interaction of the waves with the statistical inhomo-
geneities:
(23)

and their interaction #;, with one another. In the case
of a decaying dispersion law, when all the excited waves
are concentrated near the surface 2w,=w,, we have

b imp= j 8xi' @8y by 8 (k—k’'—k”) dkdk’ dk”

(24)

1
Hin—= —2' .“Tn,ual.az'a:a‘& (k,+k,—k,—k,) dk,dk,dk,dk,.

FIG. 7. Photograph of one random realization of the time de-
pendence of the square of the amplitude |A(t) |2 of radiation
from a ferrite. Horizontal sweep duration 400 u sec.
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For a statistical description of parametrically excited
waves (PW), one of us'*) used a canonical diagram tech-
nique’'®! that generalized the technique developed by
Wyld for hydrodynamic-turbulence problems.*!? The
smallness of the interaction of the PW with one another,
relative to their dispersion, allows us to restrict our-
selves to partial selective summation of the diagrams
of nonrenormalizing vertices. Solving the Dyson equa-
tions obtained in this manner,'*’ we have for the normal
and anomalous Green’s functions Gy, and L,,

Go=(0,—0—0x—il) A", L=ILA,",
A= (0,—0—8x—il}) (0—&x+ile) — | IL]?,
7=k, o, g=-k, 0,—o.

If the pump amplitude is not too large, P <Py (see Eq.
(7)), we can disregard the diagrams of second order in
# e in the expressions for the spin-wave (SW) frequen-
cy @y, for the damping I', and the renormalized pump
amplitude II,. Then

(25)

Br=0x+2 j Tungdq’, Toe=yi—c I |gxir1? Im Gy odk’,

;=P +c jgkk'g-k,—-k’Lk'ndk,,
P =hV.+ an'o,-dq’,
(26)

Compared with Ref. 4, we take here additional account
of the interaction with the random inhomogeneities (of
the concentration c) and it is not assumed that w=w,/2.
In (26), 7, is the SW damping decrement in a homoge-
neous crystal in the absence of pumping. This decre-
ment can be calculated with the aid of the kinetic equa-
tion. n, and o, are the normal and anomalous pair cor-
relators (1). It is possible to obtain for them'®! closed
integral equations that generalize the equations of the
S theory:

Tewe =T xkr; S =T -k, x’, -k

ne=GA;tLBy", 0,=G.A7+L,B,,

@)

A=0,G+Y¥ . L7, B, =Y ,G;+0.L,.

Unlike relation (26), in the diagrams for &, and ¥  we
must take into account terms of second order in #,:
(Dq=0imp(q)+®.in((q)y ‘Vq="}'-'mp(4)+‘¥w(¢1);

(D-‘mp(q) =c j lgu'lznr,.dk', Yimp (fI) =.‘. gnvg-k,-rax'.dk,
D=2 I [ |T|u,zaiz”1nz'l:
FTv125T k21304 (n,05F0,n,) 16* (9+9,—¢:—qs) d'q,d‘q.d'qs.
‘yim=2_" [T:‘,“O,'OZO;
+Tk|,z;Tk§3:+”x (02nst0sn,) 16 (¢ +9,—9.—s) d'q,d'q.d'qs. (28)

In the next section we consider Egs. (25)-(28) in the
case easiest to analyze theoretically, when the defect
concentration is large and the “two-magnon damping”
-Yimp >7.

3. MULTIFREQUENCY TURBULENCE OF SPIN WAVES
IN CRYSTALS WITH DEFECTS

It was shown in Ref, 12 that random inhomogeneities
destroy the phase correlation in SW and at ¥ jmp > 7 we
have

| Ok | [ne= (Y [Yimp) <1,
|Py|*~| quzz‘Y‘Yimp«FzzYifnp.
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This circumstance allows us to simplify greatly Eqs.
(25)-(28), in which retain, besides the principal terms,
only the terms of first order in the parameter ¥/¥imp.
We can neglect in the resultant equations the depen-
dences of &,, and ¥,, on the modulus of k, and this en-
ables us to integrate them and obtain closed equations
for the integral quantities

Mov=ke® [ muu dk,  cau=ka* [ v ds. (29)
We have
ko
o
Mo ?[ (A)*+3T0.?] | RellouWau' ]}

2[F’*+(Aw)?] Aotilg,
Fnu09,+iﬂa..na..=0,

Taunge=

(30)
where

k '2
Tou=1atnc [ 1gour |~ (1
»

+

|nn-.|2[r;»—<Am)'1)
2(T%,_F (Aw)?]
ko TMerdQ'

Igu=Po+nc | goo'gaa" ——

Vor Doe—i(Aw) (1)

Here Q is the solid angle of 8 and ¢; Q is that of 71— 6
and ¢ +m; dQ=d cosbdg; Aw=w—w,/2.

In the limit %, > 7, Eqgs. (30) and (31) have the iso-
tropic solution ng, =N,/47. Integrating (30) with re-
spect to  and taking relations (31) into account, we ob-
tain an equation for the dependence of N, on w:

r ko?

1v.,=-——(nj‘+;z) Jr= 0@ 0)de, (32)

a
where
[t Yimp ¢ dQdQ’ |gaa’|* Re Pollo’
g et It '
4n2g1k2
Yimp= v ’
&k ¢ ko'l goar|* dQdQ’
v =I Vo 16

In order of magnitude we have I‘fyfnp /y, and the con-
dition 72 = 0 determines the threshold of the parametric
excitation of the SW: |hV |*~¥¥im,. The term @ in
(28) consists of two parts: a thermodynamic-equilibri-
um contribution &,=n;/7 and a term &, that is cubic in
the amplitudes n, and for which an expression is ob-
tained from (28) by integrating over the wave vectors.

As a result we have

_ T, [4nk’nk°
T Wt (Ae)? v

+£_5N0|N«»;Nn,6 (w‘+ml—mz—m:)dw‘dwzdm=] ) (33)
kv

where T is the mean value of the square of the matrix
element T, ,,. At low spuercriticalities, when the sec-
ond term in (33) can be neglected, the distribution n,, is
Lorentzian with width 7=7,; this width can be deter-
mined by integrating (33) with respect to:
_ Ty 4ntk’n,’ ~ Yimp 4nk’n,®
" kv N kv N

Here N = wadw is the integral amplitude of the SW.
Recognizing thatt!??

(34)

Nr

Krutsenko et al. 566



IN=Yimp(P=1)",  P=(h/her)?, (35)
we obtain for 7, formula (3), in which
t=4mk*Tna’lv. (36)

In the opposite case of large supercriticality we can
neglect the thermal term in (33) and solve this equation
by changing to the T-representation using the formulas

N(1)=(21)% [ N(o)e " do,

Ni(1).

2::[": IT| (37)

a R
ERR
For n(T) we obtained Newton’s equation with a “poten-
tial energy”
N Al TV
=== =5

This equation has an integral of “motion” 3(dN/d7)*+1I
=E, which makes it possible to integrate it once. The
trivial solution of (37), which does not depend on 7, cor-
responds to the “single-particle” solution of (33):

N(w)© 8(w - w,/2).

At E>TI;,, a solution N(7) that oscillates with a fre-
quency 27 appears, and the expression for N(w) acquires
in this case, besides the central line (whose intensity
decreases) also satellites whose frequency differ from
w,/2 by bw=+27mm (m is an integer). With increasing E,
the value of 6w decreases, the number harmonics, and
at E=0 the solution N(w) becomes a continuous function
of w:

(nkv)™  q
2TT, chyt’
Thus, Eq. (33) has a one-parameter set of solutions

corresponding to variation of E from Iy, to 0. The
theoretical choice of the solution, which must be real-
ized in actuality, should be based on a solution of the
stability problem within the framework of the total
Hamiltonian. Our experiment shows that the distribu-
tion N(w) in yttrium garnet is continuous, and this dis-
tribution will be investigated.

TN(0)= (ZI‘T”) " ent 19

20 (3 8)

N(1)=

To estimate its width 7, we calculate the central am-
plitude of the distribution (38):

N={ N(o)da =% (%) .

Substituting here expressions (32) and (35) for I'; and N,
we obtain the estimate (7) for 7. The total width con-
sists of the thermal width (3) and the intrinsic width (7).
The minimal width 7, is reached at the supercritical-
ity Pumin : :

@39)

Mmin = (& 7.;"" )' () % (04-0.01) Yims (L= )'/' . (40)
Pin—1~% YI" (kTv)/ ~0.4 11, (41)

4. MULTIFREQUENCY TURBULENCE IN ALMOST
HOMOGENEOUS CRYSTALS

1. Fundamental equations. In this section we consid-
er a more complicated case, when the defect concentra-
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tion is low, so that Yimp < 7- The phase correlations in
the pairs are large in this case: |o.] xpn,, itis neces-
sary to study the initial equations (25)-(28). Neglecting
the dependence of the matrix elements T, ,; on the
moduli &, (relative to the parameter y/kv << 1), we inte-
grate these equation with respect to the modulus k. As
a result we obtain rather cumbersome equations for the
quantities n,q and 0,5. As we shall show below, at
Yimp <<7 the width of the distributions of n,q or 0,5 With
respect to w is much narrower than ¥, so that these
equations can be simplified by putting Aw=w - w,/2< 7.
We have

[ ﬂkaz['{noun'*'lm(Pn"‘y-a)]
©@ 2(210) -/,vq[(Am)z+na2];/4 ’

1n0-n+ipn'lu'c|=0: (42)

here
no= o'~ |Pa|*] (2ya) ~*

and no account was taken (relative to the parameter
Yimp << 7) of the renormalization of the Green’s functions.

In this approximation, the contribution of the defects
must be taken into account only in the expressions for
&5, and ¥q,. Confining ourselves to the axially sym-
metrical case, we assume that the PSW are concen-
trated on the equator of the resonant surface kLM, In
this case ng =n, and g, = 0,e"2**, where 6 is the polar
angle and ¢ is the azimuthal (in the plane k LM) angle;
Pg=Pge 2, We can put 7=0 in the numerator of (42),
i.e., assume |Py|=7, and |0s| =n,. Using all this, we
simplify (42):

o= (YT)I [ (Am)?+n.‘]"‘[ Ynélkz
4 2ngtke s

j Raudd+ — j' RowMowes

X7t08 (0+8,~0,—0,)8 (0+0,—0:—0y) [ ] dade. (43)

[T

Here
1 . , ,
g'=5—{ Ul I"+Im g&v exp{2i(p—¢') } 1o,
£
§= Y S (S:u=S-1) [ 6(at+a,—a,-a,)do.dgudgs,

where S, is the Fourier component, with respect to
@ - @', of the coefficients

See=8 (9—¢’) exp {—2i(p—¢")}
of the diagonal part of the Hamiltonian #;,,. The con-
crete expressions for S,, are given in the review'®! (see
formulas (4.3) and (4.5)-(4.9)), and a, are unit vectors
in the plane k;1 M.

In cubic ferromagnets, the function 74 is minimal at
6=7/2; it can be represented in the form

Ne=n+'2byz?, r=a/2—-0<1, (44)

where the dimensionless coefficient is of the order of
unity and depends on the supercriticality P. As P-1
we have b-1. Using (26), (42), and (44), we obtain
under our assumptions an equation for n:

2yn=y*—|P|*, 1=y(a/2), P=P(a/2),

P
P=hv—2ms°T J’ne.dOdm. (45)
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We analyze next the obtained system (43)-(45) in
three cases: small, large, and intermediate supercri-
ticality.

2. Small supercriticality. In this case we can neglect
the last term of (43) and integrate the expression with

respect to 6. As a result we arrive at a simple equa-
tion for N

N,=2n j n,,do,

2 0].2
2a%dynCk

TG ) —dti] (46)

N,

Here d=~1, and ¥, =4ng’k*c/v. Atn<y we can simplify
Eqs. (45) to

(SoN) 2= (RV)*—y+2yn,
N= j. N..dto=2:ij g0 d cos Bdo. (47)

At small N we have ¥imp <7 and we can put in (46) ¥imp
=0 and integrate with respect to w. Together with (47),
the result determines the dependence of S,N and of 7 on
hV. For example, at ¥V =y we have

2y

2
S N=ty ln-(s—v)z- =~ 2y¢lIngl,
al

n=n:~17%. (48)

At BV — y >y¢ the width 1, is determined by formula

(10) and
SN=1(P*—1)". (49)

The estimate (10) for 7, at ¥yn, =0 was obtained ear-
lier by another method by one of us with Zakharov, 2}
With increasing supercriticality, 7, at ¥imp and formu-
las (48) and (10) for 71 turn out to be incorrect. The de-
crease of 7 stops: 7 -dYimp, and this makes it possible
to simplify (46) to

_ APy Y imph®ng®

= 1*=2dYimp (N—dYims). 50
ey ]2 (n—d¥imp) (50)

Integrating (50) with respect to w we obtain the estimate
(12) for the thermal width %, of the distribution (50).
The estimate (12) obtained at yim, <y agrees with the
estimate (3) obtained at ¥y > 7, and is thus valid for
any ratio of ¥imp and 7. It must only be borne in mind
that £ in (12) is expressed in terms of k2/v on the equa-
tor of the resonance surface, whereas in (3) ¥2/v is the
averaged quantity

— Y=\ k4vo'dcosb.
(£)-f

For the real spectrum of w, in cubic ferromagnets,
these quantities can differ by more than one order of
magnitude.

The width of the distribution of ng, in 6 can be deter-
mined from (42) and (44) if account is taken of the re-
sult ¥ =iy that follows from (50); in this case we get
the estimate (11).

3. Region of intermediate supercriticality. This re-
gion corresponds to a situation wherein it is necessary
to take into account in Eq. (43) for ny, all three terms:
the thermal noise «nj, the impurity term <¥y,, and the
intrinsic noise *T?N%. Then (43) can not be reduced to
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an equation for the integral quantity N, but a qualita-.
tively correct result is obtained if, in the integration of
(43) with respect to 6, we confine ourselves to an esti-
mate of the third term of the distribution ny, with ef-
fective width A6 (11). Proceeding in this manner and
assuming that Aw < y;,,, We obtain in lieu of (50)

N Y imp _ [Im-ynk"kz
(Aw)*+7y’ v
TZ
kvA©
This equation is of the same form as (32); in analogy
with (7), we easily obtain the estimate (14) for the

width 7, of the distribution N, at ¥imp < 7.

+ [N .;N.;é(m+m.—m.—m,)dm.dmzdma].

Taking into account the approximate character of (51),
we cannot draw any definite conclusions concerning the
form of the line N; one might think that it is close to
the “standard form” N = cosh™*(w/7). This line shape
should be observed at %, >%,, i.e., at P>P,, where P,
is given by formula (13). The quantity P, separates the
region of small supercriticality, where the broadening
of the spectrum N, is determined by the thermal fluctu-
ations and the line has a Lorentz shape, from the inter-
mediate supercriticality region, where the broadening
is produced by the interaction and increases additional-
ly because of the scattering by the defects.

4. Region of large supercriticality. It is character-
ized by the fact that the widths A6 and Aw of the distri-
bution n,, are determined only by the interaction of the
waves, while the scattering by defects can in general be
neglected. In this region we can retain in (43) only the
last term, ©72N%, The obtained equation has a singular
solution

neo=N8(0—n/2) 8 (0—w,/2),

in which 7=7, is determined by formula (15). In addi-
tion, this equation has solutions that are singular only
in w or only in 6, as well as a solution that is regular in
both variables and apparently realized in experiments
on YIG,

We were unable to obtain explicitly the regular solu-
tion, although its most interesting properties can be
pointed out. The effective widths A6 and Aw of this
solution are determined by the quantity %, in accord
with (15). It is also possible to find the asymptotic
forms of this solution at

n Y \"% wp\ 1
=[0-3 |(5m) =t v=(o-F) 7ot
namely
Roe=N (1/1ine) (2, y) exp{—[ (A,2)*+ (Aay)?17}, (52)
where A, and A, =1, while the form of the function f(x,y)
depends on the ratio of x and y:

f=1 at z<y, f=(y/zy" at y*>r>y,
f=1/z" at >yt

We present an interpolation formulat that describes

qualitatively the behavior of ng, in the entire range of
variation of the parameters:

neozN('f/nri:l)‘n( 1+z*+y')»
X(1+z*+y?) = eh~' [ (zh) 4 (22y) ] . (83)

Our experiment determines only the distribution in
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frequency:
No=2=x Inud cos 0;

at y > 1 the main contribution to this integral is made by
the region # < vy, therefore

N
Ne=—[(40) '+ni7.,!‘/'¢h"l-37—l('3 .
int

(54)

Comparing the widths 7,,, (14) and % i, (15) we can ob-
tain an estimate (13) for the supercriticality P,, which
separates the regions of the intermediate and large
supercriticality. At ¥;,, =¥ we have P, = (kv/7)"/?,

which coincides with the limiting supercriticality P ¢(8),
up to which the vertex renormalization can be neglected.

5. DISCUSSION OF THE RESULTS

We have already noted, in the exposition of the experi-
mental results, that the PSW spectral -density line
shape agrees well qualitatively with the theoretical re-
lation. We now compare quantitatively the experimental
and theoretical results. Figures 4 and 5 show the re-
sults of the numerical calculation in the form of dashed
lines. Taking into account the approximate character of
the theory, its agreement with the experiment should be
admitted to be perfectly satisfactory. A noticeable de-
viation of the width of the spectral density of the radia-
tion in a polycrystal from the experimental value (see
Fig. 5) can be attributed to the increase of ¥, (it was
assumed in the calculations that ¥imp/¥=10!). Agree-
ment between theory and experiment for polycrystalline
samples can be obtained by assuming ¥, =¥, Which
agrees fully with the published data.t*®!

The situation is much worse with the dependence of
the width of the spectral density of the spin waves on the
supercriticality, which is shown in Fig. 6. Satisfactory
agreement between theory and experiment is obtained
here only at low supercriticality: P<1dB. AtPs 5
dB the experimental data is already only half the theo-
retical, and with increasing supercriticality the differ-
ence increases ever more. It can be assumed that this
is due to the heating of the sample, which is acted upon
by powerful continuous pumping. It is possible, how-
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ever, that factors unaccounted for in the theory exist .
and lead to a narrowing of the PSW spectral density at
large supercriticalities.

As to fluctuations of the square of the amplitude of the
electromagnetic radiation from a ferrite, shown in Fig.
7, their character is in full agreement with the theory.
In fact, using the correlation function K (18), we can
show that AB?/B%~1, i.e., the magnitude of the fluctua-
tions of the square of the amplitude of the electromag-
netic radiation is of the order of unity, as is indeed the
case in experiment (see Fig. 7).

The presented facts give grounds for assuming that
the developed theory describes correctly the parametric
excitation of waves in media with a nondecaying disper-
sion law, and all the conclusion made on its basis in
various parts of the present paper (mainly in the Intro-
duction) are prefectly well founded.
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