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The effect of impurities on the temperature T, of the transition and on the dielectric gap is examined with
a disordered binary alloy A4,_,B,(x<1) as an example, with account taken of the diagonal and off-
diagonal disorders. The diagonal disorder leads to the same decrease of T, as in a superconductor with
paramagnetic impurities. The off-diagonal disorder can either lower or raise T.

PACS numbers: 72.60. + g, 71.55.Dp

1. INTRODUCTION

Consider a model of a narrow-band metal whose
electron spectrum has in the tight-binding approxima-
tion the property

e(k+Q) —p=—e (k) +p, (1)
with a vector 2Q that coincides with one of the recip-
rocal-lattice vectors. As shown by Kopaev and
Timerov{'such a metal is unstable to transition into
a dielectric state characterized by a gap A=g(Q)( bq
+b_g*) (only singlet pairing is considered, bq is the
operator of annihilation of a phonon with a wave vector
Q and frequency wg, and g(Q) is the electron-phonon
interaction constant).

From the formal point of view, the theory of Kopaev
and TimeroviJ is close to the theory of an excitonic di-
electric./? For an excitonic dielectric, the influence of
the impurities was considered by Zittartz!*who showed
that the transition temperature T, decreases with in-
creasing impurity concentration x in exactly the same
manner as in a superconductor with paramagnetic im-
purities.™! It was assumed in the Zittartz paper{*'as
well as by most subsequent publications on this topic,
that the impurity produces only a scattering potential
and does not affect the band structure. This assump-
tion does not hold in the case frequenctly investigated
in experiments, that of isostructural substitution, i.e.
for a disordered A,_ B, alloy, whose components A and
B have identical structures. The impurity changes
here not only the charge of the ion, but the integral
of the hopping to the next atom, and this changes the
electron spectrum.

In the present paper we consider the metal-dielec-
tric transition in such a model at a low concentration
x <« 1 of the B component, when a perturbation theory
in the parameter a/1<« 1 can be constructed (a is the
interatomic distance and [ is the mean free path). It is
shown that scattering by the impurity potential (diago-
nal disorder) leads, just as in Refs. 3 and 4, to a
lowering of T, whereas the fluctuations of the hopping
integral (off-diagonal disorder) can both lower and
raise T..

2. HAMILTONIAN AND GREEN'S FUNCTION

We consider a system of electrons in the tight-
binding approximation
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Here a,, is the operator of electron annihilation in a
state with a Wannier function localized on a lattice site
R, =f with spin projection 0; ¢, is a one-electron energy
level in the atom {; u is the chemical potential; b, ,,, is
the integral of hopping between nearest neighbors;
u(f - ') is the impurity potential; p,=1 and p,=0 respec-
tively if an impurity is present at the site f or not.
Taking into account the fluctuations of the energy levels
and of the hopping integrals, we can write

er=e+pOe, by 1:a=b(h)+pbb(h),
so that after taking the Fourier transform we get

H= Zi(e+§(k) —) axotaret 2 prexpl—if (k—k') Jv (k, k') axo*axe,

1kk’c

E(k)= Z b(h)e™, v(k k')=6e+ -51—2 8b(h) (e**+e-*") +u(k—k’).
h h

3)

We see that the level fluctuations 8¢ lead simply to an
increment of the Fourier transform of the impurity
potential u(k —k’). The reason is that both the first
and the third terms of (2) contain diagonal disorder,
while the second term of (2) contains off-diagonal dis-
order and leads to an explicit dependence of v(k, k') on
k and k’. It is convenient to separate the contributions
of the diagonal and off-diagonal disorders

vk, K) =i (k—k')+b(k, k'), #(k—k')=8e+u(k—k’). 4)

If the hopping integral is the same for all neighbors,
then

&b
b(k, k)= T[E(k) +5(k")]. (5)
We consider hereafter a half-filled band, so that u=¢.

In the dielectric phase, Bose condensation of the pho-
nons reduces the electron-phonon interaction to an ex-
ternal field that acts on the electrons{%>'and we there-
fore add to (3)

Hs=A
ko
Since the lattice distortion takes place with doubling of
the period, it is convenient to change over to a de-
creased Brillouin zone and work with matrix Green’s
functions. We introduce the vector column (here k is
defined in half the initial Brillouin zone)

Axot Ax—qo.

YPro= ( Oxa ) , $ret=(ax.", “:-Qa)

Ax-qo
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and the matrix Green’s function in the temperature
technique®!

Go(k, ieg) = ( Cnclars™d Caxolarqo? ))

€ar-q olarstd (a:-q ala

- ( G,(k, iB.) Fo(k, iea)
Fv* (k, ien) Gl (k—Qr ie.) ) ’

The matrix form of the Hamiltonian is
x—x.+”,, 38.- 2¢n OxPxo, ”ﬁ' Zibn Vix'Prro,

) eyl )

k-Qo

6_(§(k) A
"\ A tk—Q

where

V..'—Z Pre= "Xy (K, k).
1

The Hamiltonian #, describes a regular crystal in
the dielectric state, and the corresponding Green’s
function G,(k, ie,), where €,=(2n+ 1)1T, is given by
ien_E(k) —-A )

-A e ti(k) /7

To calculate the averaged Green’s functions it is
convenient to use a diagram technique.® The impor-
tant difference between our problem and the case of
potential scattering by impurities is that the simplest
diagram with one cross no longer reduces to an in-
significant increment to the ground-state energy. Be-
cause of the off-diagonal disorder, the contribution
Vu. = xb(k, k) of such a diagram leads to a change of
the electron spectrum; we note that this contribution is
of first order in the fluctuation 86b. The importance of
effects of first order in the impurity potential in the
problem of the metal-to-dielectric transition was noted
earlier by Borisyuk.!”? We confine ourselves to the case
18b1~( I1#(6)12) N,, where N, is the state density of
states on the Fermi surface, and the angle brackets
denote averaging over the angles; therefore [8bl<«<u
=(( 172(6)12))*/2 and in all diagrams of second order in
Vye the terms with 8b are disregarded.

G (k, ie) =it —@r= (

Besides the usual impurity mass operator®! shown in
Fig. 1a, in the case of off-diagonal scattering it is
necessary to consider a mass operator of type 1b.

The diagonal part of the mass operator is calculated
in the same form as in Refs. 3 and 4, and is equal to
A Sk, ie,)  Za(k,ien)
Falk, fen)= (z. (k ie.) Z,(k—Q, ie,.)‘\) '

B jea) =3 18 (cp) G (p, ),

52 (K ien) = —jVZ,IiI(k—p) F (p, ie.).

The off-diagonal contribution to the mass operator is

o b(kk)  b(kk—Q) b(k, k) 0
Zan(l)=z (b(k—Q, k) b(k-Qk—Q) ) =z ( 0 bk, k))'
7 N \/
———
2 b

FIG. 1. Contribution made to the mass operator by the
diagonal (a) and off-dxagonal (b) scattering. The cross denotes
the vertex matrix V and the line the Green’s function G.
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To obtain the last equality we used formulas (5) and
(1). The vanishing of the elements £, that are off-
diagonal in the sublattice indices is an important fac-
tor of the theory, for otherwise the off-diagonal scat-
tering would lead to formation of a gap even in the
absence of electron-phonon interaction, and the transi-
tion temperature would tend formally to infinity. The
averaged Green’s function is thus

G (K, iea) =Gy (K, ien) —Sg(k, ien) —Soq (k)

_ (@) —Ek)  —B.(k)
- ( —A.(k)  iga(k) +f-,(k‘)) ®)
Here
it (k) =ie,.—3Z(k, ie,), An(k)=A+32,(k, ie,),
n

E (k) =t (k) +zb(k, k) =& (k) (1+z8b/b).

Assuming that in the vicinity of the Fermi energy
the dependence of #(k - p) on |k -pl is weak,'®? we find
that =, and =, depend only on the frequencies

—ten —'An
A ) = reT A

1 z -
—;=?N.I 1% (8) 1%d9.

-z-l (ien) =
(8)

Using (7) and (8), we find that
ga=e,tu./2t(1+a.)*, A.=A—1/2v(1+u?)"*,
where u,=&,/4, is determined by the equation

€n 1
a0 (1 T TAAFu)" )
Thus, our analysis differs from the case of mag-

netic impurities in superconductors(*] and charged im-
purities in excitonic dielectric s®lonly ina renormaliza-

" tion of the £(k) spectrum; therefore, without dwelling

on the details of the solution of the self-consistency
equation

£(Q 2 .
A= ——Z=T F(k, iea), .
@q o (o fex) ©
we present directly the calculation results.

3. DEPENDENCE OF THE GAP AND OF THE
TRANSITION TEMPERATURE ON THE IMPURITY
CONCENTRATION

Transition from summation over the momentum in (9)
to integration over the energies gives rise to a dimen-
sionless interaction constant

g'(Q) &b
et (12 T).

that depends on the impurity concentration. Inasmuch
as substitution changes both the mass of the ion and
the electron-ion potential, it follows that A depends on
x not only explicitly because of the factor 1 - x6b/b,
but possibly also in a more complicated manner. We
put A,=A(x=0).

At T=0 we get A,=A(T=0) from (9):
2W\ ¥ A, (1—26b/b)
(2 sz

—nt/4tNoo, :m W 1/tA.<1 )
=[ HT—%'L\‘,T 51— (1—(1A¢)?) " — o™ arcs?n-rA,, . %;> 1
(10)
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Here W= |blz is the half-width of the band, and
Aow=2W exp (—1/A,)
is the gap at T=0 for the pure substance.

In the limit x « 1 it follows from (10) that
a 6b 1 dr
4t o TP ( + )

Ao=A¢ — b A—,‘E ,

(11)
i.e., increments linear in x are added to the ordinary
relations.!** The critical value x_, at which A,=0 is
given by

)} »

Solving (9) in the region T < T,, we get

w{r[1-=(5+ 2]/ T e (Gt ) e (2). 0
where

2y 1
To= >y W exp (—7«-)
is the temperature of the transition in pure matter, and
#(x) is the derivative of the logarithm of the I' function.
At x«< 1 we have

T.= Tc.,———+zTcn

= (Gb 1 dA)

b A'dz (14)

From the condition T,=0 we get

afe L[ (F 455 7)]

which coincides with (12).

4. DISCUSSION OF RESULTS

The proposed theory is applicable to transition-metal
compounds in which a metal-to-dielectric transition
with lattice distortion is observed. As a rule, these
substances make up large groups of isostructural com-
pounds, for example the dioxides MeO, with rutile
structure, the sesquioxides Me,O, with corundum
structure, the monosulfides MeS, and others.!®! Within
each group it is possible to synthesize a large number
of disordered alloys, and if the 3d ion is replaced by
a 4d or 5d ion with larger dimension, then the hopping
integrals increase, i.e. 856> 0. On the other hand if a
4d ion is replaced by a 34 ion, then 66<0. In the
former case A and T, have a tendency to increase.

The physical reason is the increased width of the band
when the 3d ion is replaced by 4d.

It is of interest to investigate the system V,_ Nb_ O,
at x<«<1 (66>0) and at x 1, 1 -x<« 1 (86<0). In the
former case the decrease of T, would be very slow (or
nonexistent), in the latter 7, would drop steeply. We
know of experimental results for two other alloys:
V,.,.Mo0,0,.!’ where a noticeable decrease of T, occurs
only at x~0.1, and Nb, _ Ti O, (Ref. 9), where T =
=1090 K, and at x=0,017 the transition temperature
drops to T,= 300K, so that in the second case the
drop is very rapid. Such a substitution gives rise to
excess carriers—electrons in the case of Mo and holes
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in the case of Ti. According to the band model of di-
oxides,!'% the extra Mo electrons fill the e, band and
not change the filling of the quasi-one-dimensional a,
band, i.e., they do not violate the condition u=¢, and
the theory can be used without any changes. The holes
from Ti, however, decrease the occupation of the a,
band and we get 8u= €~ u >0, which also leads to a
decrease of T,.

When the 3d ion is replaced by a 5d ion, the fluctua-
tions of 6b/b should increase, one should expect an
even slower decrease of T, than in V,__Mo,O,, or even
an increase of T.. In the considered compounds T,
~10% - 103 K, therefore the critical value of the concen-
tration [(formula (12)] will not be reached in the region
x<<1 where the theory is valid; the structurally dis-
torted phase can apparently exist in the entire concen-
tration interval. This conclusion is valid for the com-
pound V,_ Mo, O, at least up to x=0.2 (Ref. 11).

Assuming, following Zittartz[,ﬁthat 7=10"! sec at
x=0.01, we canestimate from the data of Horlinet al.!!!!
the parameter 8b (neglecting the dependence of A on x);
this yields 6bN,=1/40. On the other hand 7-!=x1N,,
whence #N,~0.1 at a band width 2W~Ng'~1 eV, These
estimates show that the condition 65| <« « used in Sec.
2 can be satisfied at reasonable values of the param-
eters,
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