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The effect of impurities on the temperature T, of the transition and on the dielectric gap is examined with 
a disordered binary alloy A,-,B, (x< 1) as an example, with account taken of the diagonal and off- 
diagonal disorders. The diagonal disorder leads to the same decrease of T, as in a superconductor with 
paramagnetic impurities. The off-diagonal disorder can either lower or raise T. 

PACS numbers: 72.60. + g, 71.55.D~ 

1. INTRODUCTION 

Consider a model of a narrow-band metal whose 
electron spectrum has in the tight-binding approxima- 
tion the property 

with a vector 2Q that coincides with one of the recip- 
rocal-lattice vectors. As shown by Kopaev and 
T i m e r ~ v j ~ ~ s u c h  a metal i s  unstable to transition into 
a dielectric state characterized by a gap A = g(Q) ( b, 
+ b,Q+) (only singlet pairing i s  considered, bQ i s  the 
operator of annihilation of a phonon with a wave vector 
Q and frequency w e ,  and g(Q) i s  the electron-phonon 
interaction constant). 

From the formal point of view, the theory of Kopaev 
and ~ i r n e r o v ~ ' ~  is close to the theory of an excitonic di- 
electri~!~] For an excitonic dielectric, the influence of 
the impurities was considered by zittartzj3'who showed 
that the transition temperature T, decreases with in- 
creasing impurity concentration x in exactly the same 
manner a s  in a superconductor with paramagnetic im- 
p~rities!~' It was assumed in the Zittartz p a ~ e r , ' ~ ] a s  
well a s  by most subsequent publications on this topic, 
that the impurity produces only a scattering potential 
and does not affect the band structure. This assump- 
tion does not hold in the case frequenctly investigated 
in experiments, that of isostructural substitution, i. e. 
for a disordered A,,B, alloy, whose components A and 
B have identical structures. The impurity changes 
here not only the charge of the ion, but the integral 
of the hopping to the next atom, and this changes the 
electron spectrum. 

In the present paper we consider the metal-dielec- 
t r i c  transition in such a model at a low concentration 
x<< 1 of the B component, when a perturbation theory 
in the parameter a l l  << 1 can be constructed (a i s  the 
interatomic distance and 2 is the mean free path). It is 
shown that scattering by the impurity potential (diago- 
nal disorder) leads, just a s  in Refs. 3 and 4, to a 
lowering of T,, whereas the fluctuations of the hopping 
integral (off-diagonal disorder) can both lower and 
raise T,. 

2. HAMlLTONlAN AND GREEN'S FUNCTION 

We consider a system of electrons in the tight- 
binding approximation 

Here a,, is the operator of electron annihilation in a 
state with a Wannier function localized on a lattice site 
R, s f  with spin projection o; c, i s  a one-electron energy 
level in the atom f ;  p i s  the chemical potential; b,, , ,  i s  
the integral of hopping between nearest neighbors; 
rr(f - f') i s  the impurity potential; p ,  = 1 and p,= 0 respec- 
tively if an impurity is present at the site f or  not. 
Taking into account the fluctuations of the energy levels 
and of the hopping integrals, we can write 

s o  that after taking the Fourier transform we get 

f ( k )  = x b (h) e"h, v (k, k g )  =6e+ 8b(h) ( ~ " ~ + e - ' ~ ' ~ )  + ~ ( k - k ' ) .  
k 

(3) 
We see that the level fluctuations 8t lead simply to  an 

increment of the Fourier transform of the impurity 
potential zc(k - k'). The reason i s  that both the first  
and the third terms of (2) contain diagonal disorder, 
while the second term of (2) contains off-diagonal dis- 
order and leads to an explicit dependence of o(k, k') on 
k and kt. It is convenient to separate the contributions 
of the diagonal and off-diagonal disorders 

v(k, k') =u" (k-kf )+b(k ,  k'), E(k-k') =&+u(k-kt). (41 

If the hopping integral i s  the same for all neighbors, 
then 

6b 
b(k ,k ' )=b[E(k)+t (k ' ) l .  (5) 

We consider hereafter a half-filled band, s o  that p =  t. 

In the dielectric phase, Bose condensation of the pho- 
nons reduces the electron-phonon interaction to an ex- 
ternal field that acts on the ele~tronsj '*~'and we there- 
fore add to (3) 

. -- 

X ~ = A ~  ato+ar-~.. 
L O  

Since the lattice distortion takes place with doubling of 
the period, i t  is convenient to change over to a de- 
creased Brillouin zone and work with matrix Green's 
functions. We introduce the vector column (here k i s  
defined in half the initial Brillouin zone) 
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and the matrix Green's function in the temperature 
techniqu&" 

The matrix form of the Hamiltonian is 

2 - 2 # + i 1 ,  f - 5,- Zo ...Fkk*9...,. 
kn kk'o 

where 

The Hamiltonian so describes a regular crystal in 
the dielectric state, and the corresponding Green's 
function G,(k, it$, where E n =  (2n+ l)nT, is given by 

.. ie.-t(k) 
e0-l(k, ie,) = i e ~ - o r =  ). ( -A ie.+ ~ ( k )  

To calculate the averaged Green's functions i t  i s  
convenient to use a diagram techniq~e!~' The impor- 
tant difference between our problem and the case of 
potential scattering by impurities i s  that the simplest 
diagram with one cross  no longer reduces to an in- 
significant increment to the ground-state energy. Be- 
cause of the off-diagonal disorder, the contribution 
v,, =xb(k, k) of such a diagram leads to a change of 
the electron spectrum; we note that this contribution i s  
of f irst  order in the fluctuation bb. The importance of 
effects of f i rs t  order in the impurity potential in the 
problem of the metal-to-dielectric transition was noted 
earl ier  by ~ o r i s y u k . ~ ~ ]  We confine ourselves to the case 
l bb I - (  lU(8) I2)A',, where AT, i s  the state density of 
states on the Fermi surface, and the angle brackets 
denote averaging over the angles; therefore I bb I<< zt 

o ( ( l Z(0) I '))112 and in all diagrams of second order in 
V ,  the terms with bb a re  disregarded. 

Besides the usual impurity mass operatorc6' shown in 
Fig. l a ,  in the case of off-diagonal scattering-it i s  
necessary to consider a mass operator of type lb. 
The diagonal part  of the mass operator is calculated 
in the same form a s  in Refs. 3 and 4, and is equal to 

Z, (k, ie*) = - Z I Z ( ~ - ~ )  l 2 ~ ( p ,  ie,,). 
N .  

The off-diagonal contribution to the mass operator i s  

FIG. 1. Contribution made to the mass operator by the 
diagonal (a) and off;diagonal (b) scattering. The cross denotes 
the vertex matrix V, and the line the Green's function G. 

To obtain the last  equality we use+ formulas (5) and 
(1). The vanishing of the elements Z, that a r e  off- 
diagonal in the sublattice indices i s  an important fac- 
tor of the theory, for otherwise the off-diagonal scat- 
tering would lead to formation of a gap even in the 
absence of electron-phonon interaction, and the transi- 
tion temperature would tend formally to infinity. The 
averaged Green's function i s  thus 

Here 

iz,(k) -ie,-Z,(k, ie.), b.(k) =A+Z2(k, ie.), 

g(k) ==E(k)+zb(k, k) -5 (k) (i+z8b/b). (7) 

Assuming that in the vicinity of the Fermi energy 
the dependence of 'i(k - p) on I k - p l i s  weak,16' we find 
that C, and C, depend only on the frequencies 

Using (7) and (81, we find that 
e,=e,+u./Z~(l+u.')", A.=A-l/2r(l+u2)", 

where 2tn=z,,/zn i s  determined by the equation 

Thus, our analysis differs from the case of mag- 
netic impurities in ~ u p e r c o n d u c t o r s ~ ~ ~  and charged im- 
purities in e_xcitonic  dielectric^^^] only in a renormaliza- 
tion of the f(k) spectrum; therefore, without dwelling 
on the details of the solution of the self-consistency 
equation 

we present directly the calculation results. 

3. DEPENDENCE OF THE GAP AND OF THE 
TRANSITION TEMPERATURE ON THE IMPURITY 
CONCENTRATION 

Transition from summation over the momentum in (9) 
to integration over the energies gives r ise  to a dimen- 
sionless interaction constant 

that depends on the impurity concentration. Inasmuch 
a s  substitution changes both the mass of the ion and 
the electron-ion potential, i t  follows that A depends on 
x not only explicitly because of the factor 1 - xbb/b, . 

but possibly also in a more complicated manner. We 
put A,= A(x= 0). 

At T = 0 we get A,= A(T = 0) from (9): 
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Here W =  l b l z i s  the half-width of the band, and 
Aoo=2W exp (-1/A,) 

i s  the gap a t  T = 0 for the pure substance. 

In the limit x<< 1 it follows from (10) that 

i. e. ,  increments linear in x a re  added to  the ordinary 
 relation^!^.^' The critical value x,, at  which A,= 0 i s  
given by 

Solving (9) in the region T s T,, we get 

where 

is the temperature of the transition in pure matter, and 
&(x) i s  the derivative of the logarithm of the r function. 
At x << 1 we have 

From the condition T,= 0 we get 

which coincides with (12). 

4. DISCUSSION OF RESULTS 

The proposed theory is applicable to transition-metal 
compounds in which a metal-to-dielectric transition 
with lattice distortion i s  observed. As a rule, these 
substances make up large groups of isostructural com- 
pounds, for example the dioxides MeO, with rutile 
structure, the sesquioxides Me,O, with corundum 
structure, the monosulfides MeS, and others.lsl Within 
each group it  i s  possible to synthesize a large number 
of disordered alloys, and if the 3d ion i s  replaced by 
a 4d or  5d ion with larger dimension, then the hopping 
integrals increase, i. e. 8 b  > 0. On the other hand if a 
4d ion i s  replaced by a 3d ion, then Ub < 0. In the 
former case A and T, have a tendency to increase. 
The physical reason i s  the increased width of the band 
when the 3d ion is replaced by 4d. 

It is of interest to investigate the system V,,Nb,O, 
at x < < l  (6b>0) and at x S1, l - x < < l  (bb<O). In the 
former case the decrease of T, would be very slow (or 
nonexistent), in the latter T ,  would drop steeply. We 
know of experimental results for two other alloys: 
v,,,Mo,O~," where a noticeable decrease of T, occurs 
only a t  x-0.1, and Nbl,Ti,O, (Ref. 9), where T,,= 
= 1090 K, and at x =  0.017 the transition temperature 
drops to T,= 300K, so  that in the second case the 
drop i s  very rapid. Such a substitution gives rise to 
excess carriers-electrons in the case of Mo and holes 

in the case of Ti. According to the band model of di- 
o x i d e ~ , [ ' ~ ~  the extra Mo electrons fill the e, band and ' 
not change the filling of the quasi-one-dimensional a, 
band, i. e. , they do not violate the condition p = &, and 
the theory can be used without any changes. The holes 
from Ti, however, decrease the occupation of the a, 
band and we get btc= c - p > 0, which also leads to a 
decrease of T,. 

When the 3d ion is replaced by a 5 d  ion, the fluctua- 
tions of 6b/b should increase, one should expect an 
even slower decrease of T, than in V,,Mo,O,, or  even 
an increase of T,. In the considered compounds T, - 10' - lo3  K, therefore the critical value of the concen- 
tration [(formula (12)] will not be reached in the region 
x<< 1 where the theory is valid; the structurally dis- 
torted phase can apparently exist in the entire concen- 
tration interval. This conclusion i s  valid for the com- 
pound V,,Mo,O2 at least up to x=0.2 (Ref. 11). 

Assuming, following !ZCtartzy1that 7 = lo-" sec  a t  
x=0.01, wecanestimate from the data of Horlinet ~ l . ~ " ]  
the parameter Ub (neglecting the dependence of X on x); 
this yields UbLVo= 1/40. On the other hand 7'1=~zPlVo, 
whence ztN,,-0.1 a t  a band width 2 W -AT,-, - 1 eV. These 
estimates show that the condition I 6b l << 21 used in Sec. 
2 can be satisfied a t  reasonable values of the param- 
eters.  

The author thanks E. V. Kuz'min and I. S. Sandalov 
for useful remarks. 
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