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An analysis is made of the kinetics of weak turbulence in a nonlinear medium in which there are two
types—high- and low-frequency—interacting waves. Steady-state Kolmogorov spectra, corresponding to
constant fluxes (over the spectrum of the integrals of motion) of the energy and number of high-frequency
quasiparticles are derived. Two cases are considered: the case of identical power exponents of the
dispersion laws of high- and low-frequency waves and the case of “differential approximation,” when each
scattering event changes the energy of high-frequency waves by a small amount. The conditions of locality
of the Kolmogorov spectra are found. The results are applied to the interaction of the Langmuir and ion-

acoustic waves in a plasma.
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INTRODUCTION

Scale-invariant turbulence spectra, which can be
regarded as analogs of the Kolmogorov spectrumf!! of a
developed hydrodynamic turbulence, occupy an impor-
tant place in the theory of weak turbulence. In many
problems of weak turbulence the Kolmogorov spectraf?-
are the exact solutions of kinetic equations. These sol-
utions play a fundamental role as the spectra with con-
stant fluxes characterizing, for example, the effective-
ness of a particular plasma heating method.

We shall consider the power spectra in the specific
case of a weak turbulence which appears in a medium
capable of supporting both high- and low-frequency
waves. This situation occurs, for example, in a plas-
ma in the course of interaction of high-frequency elec-
tromagnetic (w > w,) and Langmuir waves, in the stim-
ulated Brillouin scattering, in the interaction of the
Langmuir and ion-acoustic waves, etc. The last prob- .
lem is particularly interesting because the interaction
of the Langmuir (I) and ion-acoustic (s) waves is the
main mechanism of energy transfer in a nonisothermal
plasma (T,>T,) in the range of moderately short wave-
lengths [k7, > $(m/M)V?).

The kinetics of the interaction of high- and low-fre-
quency waves is largely determined by the structure of
the kernel of the kinetic equations. We can distinguish
two situations. The first is characterized by the fact
that the kernel is a homogeneous function of the wave
vectors k; and, consequently, the Kolmogorov spectra
are the exact solutions of the kinetic equations (§2). In
the other case (§3) the kinetic equations have scale-in-
variant solutions only in the diffusion approximation,
when each step of energy transfer along the spectrum is
small. This approximation, used widely in studies of
the stimulated scattering of waves in plasma,t®” des-
cribes well the average characteristics of the spectrum;
however, it does not describe its structure due to the
fine properties of the nuclei.

As in hydrodynamics, the Kolmogorov turbulence
spectra are meaningful only in the inactive interval
when, on the one hand, one can ignore the decay and
pumping and, on the other, waves of the same scale in-
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teract effectively. The proof of this property —the lo-
cality of the spectrum—is given in §4. In §5 we shall
consider the problem of the spectra of the Langmuir
turbulence of a nonisothermal plasma.

§1. BASIC EQUATIONS

Let us assume that a medium supports high-frequency
waves with the dispersion law w, and low-frequency
waves with the dispersion law £,, and that a, and b, are
the respective amplitudes of these waves. Then, the
Hamiltonian of the medium is of the form

H= jm.la.l=dk+jg.|b.|'dk+H,,...

We can find the interaction Hamiltonian by turning to the
equations of motion

GEuz abn . Gﬁmc

o 7-'- ‘leln_iﬁ_b;‘—’ (1)
from which it follows that the high-frequency amplitude
a, should occur in the Hamiltonian only in the combina-
tion a*a. Assuming that Hy,, is linear in respect to b,

wefind—inthe first order in respect of a*a—that:"’

da,
—t @y, = —1
at AR

H= J‘Vuuuﬁ k-ky + 'k,(blaulah.‘*'bx.am.ah) dk dk, dk,,
For moderately high amplitudes of high-frequency
waves we can go over to a statistical description of the
equations of motion (1). Introducing the quantities

(aray Y =Nibaon,,  <baba"> =nabp-r,

we obtain
OTI\:. = J. (Traiin— Thanar) dlsydlss, (2)
F)
== Toadidi, ®)
where

Troane=27| Vigra, |2 (Vatas— Narta,— NalVs,) 8r-n - (01— 00, —,) .

We shall now make some assumptions about the quan-
tities w,, R4, and Vi, ,,. First of all, we shall assume
that the medium is isotropic. Then, all these functions
depend on the moduli of their arguments. Finally, we
shall assume that w, and 2, can be described by the pow-
er laws

a=0,+ck®, Q=c.k*
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and that the quantity V,,,,, is a homogeneous function of
the power exponent s:

Vaawe=e'Virn,.
Clearly, for this selection of w, the frequency w, does
not occur in Eqgs. (2) and (3) and, therefore, without loss
of generality we can assume that wy=0. We shall next
introduce a quantity €, =w,N, +8,n,, which represents
the “energy” density of the waves in the % space. Ac-
cording to Egs. (2) and (3), the evolution of this quantity
is found from

65
—= j. (“)hThlun_mATh.Inh.—QATllhh)dkl dk,. ’ (4)

The conservation of energy and of the total number of
waves follow directly from this equation and Eq. (2) so
that these equations have steady-state thermodynamic-
equilibrium solutions N, =T/(wy+ i), ny=T/Q, where T
and p are the temperature and chemical potential. We
shall be interested in other steady-state solutions for
which T =p =0. In contrast to thermodynamic-equil-
ibrium solutions the latter should be characterized by
fluxes (over the spectrum) of the number of high-fre-
quency waves Py and of the “energy” P,.

§2. KOLMOGOROV SPECTRA (EXACT SOLUTION)

We shall first consider the case a =f. This situation
occurs in the interaction of electromagnetic and acoustic
waves—for example, inthe stimulated Brillouin scatter-
ing and also in a strongly magnetized plasma (8mT/H?
<« 1)-in the interaction of the Alfven and acoustic
waves.? In the case the kernel of the kinetic equations

Unias=27| Viras | *Orenyss8 (Q2— 0n, - 01s)

is a homogeneous function with the homogeneity index
y =2s - a-d, whered is the dimensionality of space.
Steady-state solutions of Egs. (2)-(4) will be sought in
the form

Na=Ak*, n=Bk-. (5)
We shall first consider the solutions of Eq. (2):

J Tusm=Tuna) dkdks=0.

We shall map the integration domain of the second inte-
gral, governed by the decay conditions, into the integra-
tion domain of the first. For this purpose it is conven-
ient to introduce in an arbitrary plane occupied by an ex-
ternal vector k a complex quantity w =k, +ik,, where &,
and k, are the coordinates in that plane. The mapping is
then performed as follows:

w w w
wv=w—, w=w—, w,-=w”-7. (6)
w w w

In this way the expression under the integral is factor-
ized:
[ Trum [t = (R/R0) ) dhedes =0,
where y=y +3d + 2x.
Equation (4) is transformed similarly:
j T [ 0r—n, (k/E,) +e—Qy, (k/k;) 7+ ) dk,dk,=0.

Transformations of the (6) type have been found by one
of the present authors (Zakharov)®! for the one-dimen-
sional case and then generalized to the two- and three-
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dimensional cases by Kats and Kontorovich.!®® It follows
directly from these equations that, apart from thermo-
dynamic-equilibrium solutions (T4, =0), there are
also nonequilibrium solutions for which ¥y =0 and v+ a
=0orx =-s-d+a/2and x,=—s—-d. One of the equa-
tions is then identical with Eq. (3):

| Tanndkidki=0, (1)

which determines the relationship between the constants
A and B in the distributions (5). Assuming that the dif-
fusivity condition w, >, is satisfied and that the inte-
gral in Eq. (7) is convergent, we obtain the estimate
A~Bc,/c,. Thus, the energy of the low-frequency waves
is of the same order as the energy w,N,.

We shall show that the first solution corresponds to
a constant flux of the number Py of the high-frequency
waves and the second to a constant flux of the “energy”
p,.

Integrating Eqgs. (2) and (4), we find the following ex-
pressions for the fluxes in the case of the power-law
distributions:

k7+l )

Py=— -—'—'I Tapa, (k7" —ky™7) Ak (GEs,

(8)
fk1+u+d

Py=— J.Th e (O~ — 0y, kf"“ -lnkz-'-a) dk.dk,,

where
f=2a for d=2 and f=4=x for d=3.

Going over to the limits y— 0 and y +a.— 0 in the above
equations and applying Eq. (7), we find that the first
solution corresponds to the Kolmogorov spectra with a
constant flux of the number of the high-frequency waves
for which P, =0 and the second corresponds to a con-
stant flux of the “energy” P, and to Py =0 (compare with
the treatment of Karas’™% andKats!!’), Hence, it follows
in particular that A, B<P!2, which is in full agreement
with the dimensional considerations.

As the final task, we shall determine the directions
of the fluxes. We note that n, can be found explicitly
from Eq. (7). Substituting this distribution into Eq. (8)
and symmetrizing the integrand, we find

4
Pu= % [ RNV NN, (NN, =N =N,~)

X m—k:‘ dk,dk,dks,

l 3
7
P.== j Runspr VN NNy (N-44N,~ — N, —N;=)
X (0 In k+a, In k,—a; In ky—s In k;) dk,dk.dks,
where
Rum=Tu|u+Tn|u+T|qu+Tu;:zv

-1

Tirsem= j' dk' U in2Un'ise [IUvm (N._N,)dk,dk.] ,

Ny=N,, N.=N,, etc.

These expressions are formally identical with the
fluxes in the four-wave interaction and the “matrix”
element R has a definite sign: this sign is opposite to
sign (xa). Then, following the treatment of Kats,"! we
obtain
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sign Py=sign (z,+a), sign P.=—sign (z,+a). 9)

In the case of the interaction between electromagnetic
(t) and acoustic (s) waves (¢ =1,s =- 3,d =3), we have

==2, .=, Py<0,

B>0.

Thus, in this case the Kolmogorov solutions with a con-
stant flux of the number of the high-frequency waves
may be realized in the long-wavelength range where Py
is directed and the other solutions in the short-wave-
length range where the “energy” is pumped.

§3. DIFFUSION APPROXIMATION

The homogeneity of the kernels of the kinetic equa-
tions (3) and (4), considered in §2, and the consequent
existence of the exact solution in the form of the Kolmo-
gorov spectra are related primarily to the coincidence
of the indices a and B. This condition is not obeyed in
the majority of the examples of practical importance.
This comment applies particularly to the interaction of
the high-frequency Langmuir waves with low-frequency
ion-acoustic waves. A typical situation in turbulence
of this kind is the one when the frequency obeys w, > Q,,
the step in the transfer along the frequency axis of the
high-frequency waves is small. In this situation, the
equations can be simplified.

Expanding, in Eqs. (2)-(4), the 5 function of the fre-
quencies as a series in £ and assuming that the wave
distributions N, and », are isotropic, we obtain

dan,

3_t =5 T.-‘.‘hdk,dk;, (10)
aa—IZ' +div,py=0, (11)

[}
%= —divioupyt J.(QATAIMM_QMTMIM:) dk, dk,, (12)

where

T = 27| Viun? (Ng.z'*'nngn";]v—h) Sr-nansd (@ = 0n) 5
Wy
Pr =%j s:)—':’,fTu,..,dk,dk,

is the density of the high-frequency quasiparticle flux.
These equations are two independent systems (10), (11)
and (11), (12) whose identity can be checked by direct
calculation. Like the initial system (2)- (4), Egs. (10)
- (12) have solutions in the form of the Rayleigh - Jeans
distributions which cause the fluxes Py =0 and P, =0 to
vanish (T yup, =0).

We shall consider solutions with the constant fluxes
Py and P,. The constancy of these fluxes corresponds
to the power-law solutions:

Ni=Ak:, n,=Bko,/Qu. (13)

In the case of the spectra corresponding to Py =const,
the power exponent x is found directly by calculating
the power exponents in Eq. (11):

z,=—s—d+a—p/2.
In this case we have A, BxP}/2,

(14)

The second solution corresponding to P, =const is
found by carrying out in Eq. (12) a transformation anal-
ogous to Eq. (6), which then gives

Ty=—s—d—(B—a)/2, A,B«<P,. (15)
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For both solutions the relationship between the con-
stants A and B is found, as before, from the steady-
state equation (11) by showing also that the other flux
vanishes: P, =0 for Py =const, and vice versa. The
signs of the fluxes are given by the previous expressions
which now no longer have the power exponent 8. This is
due to the fact that the quantity n,$2, rather than », is ex-
cluded from Eqgs. (11) and (12) in the a =8 case.

By way of example, we shall consider the interaction
of electromagnetic and Langmuir waves in the k;c > w,
case. In this case we have @ =1, =0, s =0 (Ref. 6).

Therefore, x,=—2 and x, =— 3.

§4. LOCALITY OF TURBULENCE

Our solutions of the diffusion and exact equations are
meaningful, firstly, only in the inactive interval repre-
senting an intermediate region of the k£ space where
there is no decay or pumping and, secondly, when the
interaction of waves in this region is local. Therefore,
the local Kolmogorov spectra are independent of the
growth and decay increments, but are governed only by
the magnitudes of the fluxes.

To prove the locality of the spectra it is sufficient
to demonstrate the convergence of the integrals in the
diffusion equations (10) - (12). This can be done only if
we know the asymptotes of the matrix elements Vi, ,.
We shall assume that

Vi Dk}

Then, the convergence of the integrals from above is
ensured for

2+25+d—20<—1,

for k,>k.

from below for
z+a+p+d+2(s—g)>1.

§5. SPECTRA OF THE LANGMUIR TURBULENCE IN
A NONISOTHERMAL PLASMA

We shall find the isotropic spectra of the Langmuir
turbulence due to the decay of the Langmuir (I) waves
into the Langmuir and ion-acoustic (s) waves in a non-
isothermal plasma (T,> T;). To be specific, we shall
assume that the excitation of this turbulence occurs in a
narrow range Ak near k=Ek, with a characteristic incre-
ment ¥y much greater than the linear decay of waves
which we shall ingore. In this situation the steady-state
spectra should be of the flux type. To determine them
in the diffusion approximation it is sufficient to use the
general expressions (13) - (15). True, we have to know
also the matrix element of the interaction and the dis-
persion laws of waves. They are of the form

(klkz) ( Q )l/‘
kik2 8not
(Dn=‘0p+l/z(l)p(krd)z, Qu=ke,.

Vn.\,=(0p

In the case of the Langmuir oscillations the dispersion
correction is small and, therefore, the energy spec-
trum of the Langmuir waves €} and the energy flux along
the spectrum agree, to within a factor w,, with the num-
ber of waves and their flux, respectively.

Following the results of §3 we can say, firstly, that
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the turbulence spectra corresponding to a constant flux
of the number of high-frequency waves are realized in
the range k£ <kj, whereas the spectra corresponding to

- P.=const are realized in the range k > k; secondly,
these fluxes are directed in opposite ways: Py to the
long-wavelength oscillations, where the Langmuir waves
are dissipated by collapse, and P, to the range of short
waves, where the dissipation of the ion-acoustic due to
the Landau damping by electrons is important. Accord-
ing to Eqgs. (14) and (15), the spectra have the following
form in these regions:

EA‘”@;A;/’»‘:,
Enl=(DpA:/k:,
where the constants A,, B; and A,, B, are deduced from
the constancy of the fluxes Py and P, and from the con-
dition of their matching with the growth region. The
condition for Py can be written in the form

P~y Akko N,

e'="6:0;7¢B, for k<k,,
ex'="l:0,réBulk for k>,

and hence it follows from Eq. (11)

A~B~ng L2
@p Koy
where k4, =73'(m/M)'/? is the characteristic step in the
transfer of the Langmuir waves along the spectrum.

The quantities A, and B, are determined from the con-
tinuity of the energy flux of the ion-acoustic waves P at
k=ky,. We can easily see why such a flux appears for
k <ky. This is due to the fact that as a result of the
transfer of the Langmuir waves to the region 2=0 and
their dissipation in this region, sound is generated and
accumulated. We recall that for 2 <k,, where Py =
const,

P,=’/zo),,(kr4)’PN+P,=O,
i.e.,

P.=—’/z(ﬂp(k"d)2p.\',
and is directed toward higher values of 2. For a similar
reason in the region k£ >kj,, where P, =const and Py =0,
the energy flux of the ion-acoustic waves is identical
with P,. Hence, it follows from the condition of contin-
uity of P at k =k, that

Y Akko

| Ay~Bi~n T ———.

? Maiy

It is clear from the above solutions that the intensity of
the ion-acoustic waves is fairly high:

e.Jei~ (kra)®.
The main proportion of the energy of the ion sound is
concentrated in the short-wavelength range. This
circumstance has a decisive influence on the dynamics
of the collapse, resulting particularly in additional
damping because of the conversion of the long-wave-
length Langmuir oscillations interacting with the short-
wavelength sound.*?) This aspect is outside the scope of
the present paper; it will be discussed elsewhere.

We shall now estimate the influence of other weakly
turbulent mechanisms on the kinetics of the Langmuir
turbulence. The most important of these is the conver-
sion of the Langmuir waves interacting with sound into
long-wavelength electromagnetic oscillations. We shall
turn to the kinetic equation for the occupation numbers
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of the transverse (t) waves N&:¥
aN,!

T =1 5 | "‘:u, l z (NA.’"A.—N k'"u.— ’k‘A’hl) 6 ((xh'—(:)u.l—Qn,)

X 6A—lu-hdkldk3—a‘! J l VA‘:R.:I' (N;'n.,—l\"..’m.—Nn‘NA,‘) 4] ((lu.l—(l)x‘—gu,)

X On-a—na@ky d’»‘z, (16)
where
" 1t Qu [kk]*
Wa =1 Vanal*=05' o 2

o'=0,+k*c*205;.

We note that in the &!,> (n/M)'/? range the frequencies
of the [ and ¢{ waves participating in the conversion pro-
cesses are similar. Therefore, the wave vector of an
electromagnetic wave is small compared with the wave
vector of a Langmuir wave (k,/k;~vg./c). This, in its
turn, means that electromagnetic waves have a smaller
phase volume [by a factor (v re/c)?] than the Langmuir
waves. It is the smallness of this phase volume that
allows us to ignore the conversion processes. This can
be demonstrated as follows.

We shall assume first that the occupation numbers
obey Ni, <<Nj,. Then,

t
%:E’ ~ 2 j [ Won 2Ni7,6 (0rf— 01" Snonedky A0,
i.e., the electromagnetic waves grow. To find the level
at which stabilization takes place, we shall consider
the opposite limiting case: N, >N;,. We can then ig-
nore all the terms in Eq. (16), apart from the terms
proportional to Ny, (2,>> Ny):
t
O 2 1V 0 =00 <0,
Hence, we can see that N{ decays at the rate character-
ized by the increment

ye~w@,W./nT.

Therefore, in equilibrium we have N'~N! and the total
energy of the electromagnetic waves

Wi=a, | Nidk~W' (vr.ic)?

is small compared with the energy of the Langmuir
waves. Hence, an estimate of the characteristic time
of the process follows directly:

1 ‘Vq(kd‘l)z( Ur-)‘
T T\ c/
Thus, the influence of conversion can be ignored.

We shall conclude with some comments on the locality
of the Langmuir turbulence spectra and the range of
validity of the weak turbulence approximation. The lo-
cality can be determined directly from the results in .
§4. In the present case we have £=0 and s =3. There-
fore, the spectra are local. The following require-
ment is most important for the validity of the weak tur-
bulence approximation. It is essential that the recipro-
cal of the randomization time of the wave phases, gov-
erned by the linear effects, is high compared with the
reciprocal time of the nonlinear process. The former
quantity should be the frequency of the low-frequency
waves and the latter the decay increment of a monochro-
matic high-frequency wave. Hence, in particular, we
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obtain the following criterion for the Langmuir turbul-
ence:

W.nT<kry(m/M)".

This criterion implies also the absence of the collapse
of the whole Langmuir wave spectrum.

1If two or more high-frequency oscillation branches with
similar frequencies have to be allowed for, the following
substitution is required:

Akg
Vo~ Vane  rat,  oont,  dky - dk,,
etc.,
A

where A is the index representing each branch.

2This example corresponds to a medium with a strong
anisotropy, when the kernels of the kinetic equations are
bihomogeneous functions of %, and %,, i.e., they permit

independent elongations along and across a magnetic field.[8]

YHere, as before, we are considering isotropic distributions.
In particular, the averaging over the polarizations of the ¢
waves is already carried out in this equation.
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It is shown that the formation of a bound roton-ion state in superfluid helium is possible for arbitrarily
weak attraction. An equation for the energy spectrum of the bound states and its solutions for a zero total
momentum of the compound quasiparticle are obtained on the basis of the roton-ion interaction potential
found previously. The momentum dependence of the binding energy near the end points of various
branches of the spectrum is found. The problem of experimental observation of the phenomena is

discussed.

PACS numbers: 67.40.Db

The problem of the bound states of elementary ex-
citations in various systems evokes appreciable inter-

est. It was shown earlier™'2)that an arbitrarily weakat-
traction is sufficient for the formation of bound states of

two rotons in superfluid helium. The problem of the

coupling of two elementary excitations in a crystal near
the special points of the Brillouin zone was investigated

in a recent work of Pitaevskil.®! At these points, the

bound states develop at any nonzero interaction constant.

Further investigation of the properties of two-roton
states was undertaken in a paper by Pitaevskil and Fo-

min,™ in which such states were classified according to

the value of the angular' momentum of the system, and
a dependence of the binding energy on the momentum
was also found there.

In the present paper, we solve the problem of the
binding of rotons with Newtonian particles—ions—in
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liquid helium. The problem of the dynamics of similar
systems is nontrivial: the impossibility of complete
separation of the motion of the center of mass and the
relative motion makes the problem practically unsolv-
able in the general case. Here the smallness of the
effective mass of the roton uy,=0.161, in comparison
with the mass of the ion M ~50m,, where 1, is the mass
of the He! atom, does not mean that in the collision of
the roton with the ion we can neglect the effect of the
recoil of the latter (the characteristic momentum of the
roton p; is close to the thermal momentum of the ion
~MT)"% at T~1 K).

1. It was shown in a previous paper of the author®’
that at distances that are large in comparison with the
interatomic distances, forces of attraction of polariza-
tion origin operate between the ion and the roton. We
write down the classical Hamiltonian of the ion-roton
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