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The effect is considered of the electron-phonon interaction on structural and electronic alterations of the 
ground state of a system of adsorbed atoms on the surfam of a metal. It is shown that allowance for this 
interaction leads to a qualitative change of the character of the alteration, with doubling of the period of 
the two-dimensional lattice of the adsorbed atoms if the electron-phonon interaction is strong enough. 
These transitions are accompanied by both jumplike and smooth changes of the effective charge of the 
adsorbed atoms and of their equilibrium positions, and can occur also at arbitrarily small interaction 
between the adsorbed atoms. It is also shown that the structure with the doubled period can be unstable 
to formation of a long-wave superstructure that is not commensurate with the period of the adsorbed-atom 
lattice. The possibility of using the employed model to explain the experimentally observed alterations on 
clean surfaces of transition models is discussed. 

PACS numbers: 68.45. - v, 63.20.Kr 

51. INTRODUCTION 

The structures of films adsorbed on metal surfaces 
differ greatly from one another. Both ordered and dis- 
ordered phases a r e  observed, a s  well a s  transitions be- 
tween the different phases with changing temperature 
and with changing degree of coating. These transitions 
can be accompanied by alterations of the electronic 
states of adsorbed atoms (see Ref. 1 for a review). 
Phase transitions with changing temperature a r e  ob- 
served also on clean metal surfaces. In particular, the 
method of diffraction of slow electrons has revealed a 
doubling of the period of the lattice surfaces on the (100) 
face of t ~ n ~ s t e n , [ ~ . ~ ~  while on the electron diffraction 
patterns of the quartet of the (100) face of molybdenum 
there were observed closely lying points near the 1/2, 
1/2 positions; this corresponds to a doubling of the 
period of the initial two-dimensional lattice with super- 
position of a superstructure having a large period. 

Many theoretical studies were made of the structure 
and of the electronic states of adsorbed films on metal 
surfaces. It was d e m ~ n s t r a t e d [ ~ . ~ ]  that a homogeneous 
electronic state in which all  the adsorbed atoms have the 
same charge can be altered into a state in which the 
charge changes from adsorbed atom to adsorbed atom 
a s  a result of their interaction with one another. The 
energy relations between the different films struc- 
ture were considered also on the basis of the pair 
interaction of the adsorbed atoms with one another a t  a 

the adsorbed atoms with one another and of the electron- 
phonon interaction. 

To clarify the role of the electron-phonon interaction, 
we consider in O 2 a simple model of one adsorbed atom 
on the surface of a metal. We show that the electron- 
phonon interaction makes possible transitions in which 
the equilibrium position of the adsorbed atom and i t s  ef - 
fective charge change jumpwise. 

In 8 3 we consider a two-dimensional lattice of ad- 
sorbed atoms that interact with one another. It i s  shown 
that the initial state may be unstable to doubling of the 
period of the two-dimensional lattice of the adsorbed 
atoms. The transitions to the new state can be of either 
f irst  order (jumpwise) o r  of second order  (smooth) with , 

respect to the parameters (the temperature T is taken 
equal to zero). 

In B 4 is investigated the stability of the phase with 
the doubled period, It is shown that instability to the 
formation of a long-wave superstructure appears in a 
certain region of the parameters and is accompanied by 
the appearance of a soft mode; the period of the super- 
structure need not necessarily commensurate with the 
period of the initial two-dimensional lattice of the ad- 
sorbed atoms. We note that this situation i s  remini- 
scent of the picture observed on a clean (100) face of 
Mo. The last section discusses therefore the possibility 
of using the model considered in the paper to describe 
clean surfaces of transition metals. 

fixed electronic state (see Ref. 1 for a review of these 
studies). We make special mention of Ref. 5, where 5 2. STATE OF ISOLATED ADSORBED ATOM ON THE 
condensation of two-dimensional films was investigated, SURFACE OF A METAL 
with allowance for the change of the electronic states of We examine the effects resulting from allowance for 
the adsorbed atoms (depolarization) with increasing den- the dependence of the charge of the atoms on their dis- 
sity of the coating. placements, using a s  an example a simple model with 

The purpose of the present paper was to investigate one atom on the surface of the metal. This example ex- 
the phase transitions in an adsorbed layer, which lead plains the qualitative features of the structural and elec- 
to alteration of both the electronic state and of the struc- tronic alterations in the adsorbed layer. In fact, a s -  
ture of the surface layer. We shall consider transitions sume that the level & of some adsorbed atom in an equi- 
corresponding to small displacements of the equilibrium librium position lies higher than the Fermi level. Then 
positions of the adsorbed atoms. The alteration is  the the level i s  empty in the ground state. We now produce 
result of simultaneous account of both the interaction of an excitation and transport one electron to this level. 
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The change in the charge of the adsorbed atom changes 
the polarization of the metal and the force of interac- 
tion between the atom and the polarization it produces. 
This leads in turn to a shift of the equilibrium position 
of the atom, s o  that the level r i s e s  by an amount A&. If 
the level was initially close enough to the Fermi  level 
cp, then the displacement A c  can move it to a position 
lower than &, and it should be filled in the ground state. 
Two equilibrium positions of the adsorbed atom a r e  then 
possible, and correspond to i t s  different charges, while 
the difference I, - $, between these states depends on 
the parameter &. If & i s  changed in one way o r  another, 
then a t  a certain value of this parameter, corresponding 
to g, - $, = 0, an alteration of the ground state, due to 
the jumplike change of the equilibrium position and of 
the charge of the adsorbed atom, will be observed. 

For a quantitative description of the system in ques- 
tion we shall use Anderson's ~a rn i l ton ian ,~"  which i s  
extensively employed in investigations of the adsorbed 
~ t a t e , ~ ' . " ~  and include in it the dependence of the energy 
of the electron localized on the adsorbed-atom level on 
the small displacement of the adsorbed atom in a direc- 
tion perpendicular to the metal surface, a s  well a s  the 
oscillation energy of the adsorbed atom. Assuming the 
repulsion energy U,, of two electrons with opposite spins, 
at  the level of the adsorbed atom to be the largest ener- 
gy quantity of the problem, we exclude from considera- 
tion states with two electrons on one level; this is equi- 
valent to inclusion of operators with only one spin di- 
rection in the Hamiltonian, and exclusion of the term 
U,,A,G, from Anderson's Hamiltonian. This approach is 
obvious and has already been used in similar  problems. 

Taking the foregoing into account we express the 
Hamiltonian in the form =x et&+ ( ~ ( q o ) + ~ ( q - q o ) )  (E-no)+g 2 (ck+a+a+ck) 

* & 

+ (Af1.ro,t/2) ( q -qO)  '1 (M/2)q' ,  (1) 

where c; and a+ a re  the respective operators of creation 
of an electon in a metal with momentum k and an electron 
localized on the adsorbed atom; tik = cjck ,  2 = a'a, g is 
the hybridization constant; ,%I i s  the mass of the ad- 
sorbed atom; qo is  the equilibrium position of the ad- 
sorbed atom with a level occupation number rz,,; w, i s  the 
frequency of i t s  vibrations about the equilibrium point at  
fixed k. 

Assuming that the period of the vibrations of the ad- 
sorbed atom i s  large compared with the characteristic 
time of variation of the occupation number of the level, 
which is determined by i t s  width I?, we use, just a s  in 
Ref. 9, the adiabatic approximation. Within the frame- 
work of this approximation it i s  easy to obtain from (1) 
the average occupation number of the level 

n=x-' arcctg 
E (40)  f Y (q--qo) 

r 
where r = l rg2~(0) ,  N(0) is the density of states on the 
Fermi level. The value of q at  the equilibrium point 
must be determined from the adiabatic condition 
a@(q))/aq=O. Using the known theorem of quantum 
mechanics, we have 

FIG. 1. Occupation number vs the position of the adsorbed- 
atom level: I-[ < s, 2-5 = r ,  3-5 > 1~. The difference between 
the energies of states with occupation numbers n j  and n 2  is  
proportional to the difference between the areas of the shaded 
sections. 

=Mo2(q -qa )  f  y (n -n , ) ,  

whence 
q-qo=-- ( y l M o 2 )  (n -no ) .  

Substituting (4) in (2) we obtain an equation for  the de- 
termination of the equilibrium value of n: 

ctg sn=E-En, (5)  

where 
6=y'/MouzI', E=e (qo) lI '+~no.  

It i s  convenient to investigate Eq. (3) by examining the 
dependence of E - 5/2 on n - 1/2 (see Fig. 1). It i s  easi- 
ly seen that a t  (< n there is only one solution for  n a t  a 
given E (one equilibrium position). At 5 > n there a r e  
three such solutions. To assess  the stability of the ob- 
tained solutions we note that (1) leads to 

This equation enables to compare the energies of the ob- 
tained solutions over the a reas  bounded by the line E 
= const and the curve of Fig. 1, and i s  the analog of Max- 
well's rule for  the transitions in question. It i s  easy to 
show also that the criterion for the stability of the equi- 
librium position, a2@(q))/aq2 > 0, i s  equivalent to an /  
aE < 0, which in turn i s  the analog of the thermodynamic 
inequality (ap/a o), < 0. We can thus conclude that a t  5 > r 
and 

there i s  one stable equilibrium position of the adsorbed 
atom. At IE - (/21<B(5) there a r e  two stable positions 
corresponding to the minimal and maximal n at  a given 
E ,  If E > 5/2, then the lowest energy is  possessed by 
the state with the minimal 1 2 .  At E = 5/2 the energies of 
both states become comparable, and the ground state i s  
altered by the jumplike change of the occupation number 
and of the equilibrium position of the adsorbed atom. 

We estimate now the value of 5. We assume that the 
term yq6 in (1) appears when the electrostatic image 
energy is expanded in powers of the displacement. Then 

- e 2 / 4 ~ i ,  where R, is the distance between the ad- 
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sorbed atom and the metal, putting M - 105m,, R, - 1 A, 
w0 - 3 eV, we have 

e -  (ez/4Boz)z(M~ozr)-1-1 eV/r 

The same estimate is obtained if we s tar t  from the v01- 
ume constants of the electron-phonon interaction [ - A /  
N(O)~ ,  where A is the dimensionless constant of the 
electron-phonon interaction (A-0.3). Taking the char- 
acteristic value of the state density for W, N(O)-10 
states/atom . Ry, we also obtain 5 - 1 eV/r. Since J? can 
be of the order of tenths of an.electron volt,[101 a t  least 
for levels with nonzero angular momentum, the inequal- 
ity 52 r is perfectly attainable, so  that the aforemen- 
tioned transition can occur also under real  conditions. 

We note that al l  the results described above hold true 
i f  i t  is assumed that q - go is small, This is always the 
case of the parameter ~ / M W ;  is small. Otherwise it 
must be taken into account that the displacement of the 
equilibrium position a s  a result of the transition con- 
sidered above is Aq = -(y/~w;)(n, - %), where n, - n, is 
the change of the occupation number of the level in the 
course of the transition. This is a small  quantity when 
the constant 5 is close to i ts  critical value [,, = n. 
Therefore, when considering the transition, by choos- 
ing no close to n, and n,, we do not leave in fact the re- 
gion where the expansion in q - go is valid, provided on- 
ly that the constant [ is close enough to [,, . 

We note in conclusion that the hybridization constant 
g in (1) also depends on q. In the spiri t  of the adiabatic 
approximation, we should have written r ( q )  = r(qo)[l 
+n(q  - q,)] in (2). But if the change of the equilibrium 
position in the transition is Aq<< A, where A is the 
characteristic length over which r ( q )  changes, then al- 
lowance for the I'(q) dependence leads only to insignifi- 
cant corrections. 

5 3. TRANSITION WITH DOUBLING OF THE PERIOD IN 
A TWO-DIMENSIONAL LATTICE OF ADSORBED 
ATOMS 

We consider now a lattice of adsorbed atoms that in- 
teract with one another. We generalize for this purpose 
the Hamiltonian (1), and take into consideration the pos- 
sibility of localization of the electrons on levels of dif- 
ferent adsorbed atoms and an interaction between the 
adsorbed atoms in the form 

where z is the charge of the ion of the adsorbed atom, 
This interaction contains the energy 1 / 2 ~ ( z / e ) z ~ ~  of 
the ionic core, which we shall omit from the expression 
for the Hamiltonian, a s  well as the change - ( z / e ) ~ ~ ~ , ~ , ,  
of the energy & of the electron localized on the adsorbed 
atom, which we shall assume to be taken into account in 
c. The energy & defined in this manner take into account 
the effects of the depolarization of the adsorbed atoms 
and depends on the degree of coating. 

We shall take into account below only one oscillation 
mode, corresponding to adsorbed-atom motion in a di- 
rection normal to the surface. Allowance for other vi- 
brational modes, including both the motion of the ad- 

sorbed atoms in the adsorption plane and the vibration 
of the substrate ions leads only to a renormalization of 
the constants 5 and Uij in the final result, a s  will be 
shown in 8 5, and does not change substantially the con- 
clusions of % % 3 and 4. Thus, the model Hamiltonian of 
the system of interacting adsorbed atom takes the form 

It is assumed that q is reckoned from a point such that 
the expansion in terms of q in (7) is valid in the transi- 
tion region of interest to us. A similar Hamiltonian 
without allowance for  the electron-phonon interaction 
was considered in connection with the problem of elec- 
tronic alterations in an ordered layer of adsorbed 
atoms>51 It may seem that allowance for this interac- 
tion can only cause the phonon subsystem to adjust itself 
to the electronic transition considered in Ref. 5, and a s  
a result the smooth change of the occupation numbers in 
the course of this electronic transition, into a structure 
with double the period, will be accompanied by a smooth 
displacement of the equilibrium positions of the adsorbed 
atoms. Actually, however, the electron-phonon interac- 
tion leads to a number of new qualitative singularities. 

In fact, i t  is clear that a t  sufficiently large 5 there 
should appear symptoms of the transitions considered in 
the preceding section. In particular, if the interaction 
between the adsorbed atoms i s  weak, a transition should 
take place in a narrow interval of t, which is deter- 
mined by the magnitude of this interaction, and should 
result in a change of the equilibrium positions and in the 
occupation numbers; this change should be the same for 
all  the adsorbed atoms. It will be shown below that in 
the case when the adsorbed atoms a r e  ordered on the 
surface of the metal, this transition goes through an in- 
termediate phase analogous to that considered in Ref. 5, 
having a period twice a s  large a s  that of the initial ad- 
sorbed-atom lattice. Singularities appear also when the 
transition with the doubled period a re  considered. In 
contrast to the result of Ref. 5, where the indicated 
transition took place a t  a large value xjUi ,  = U r, in 
our case it can occur a lso  at an arbitrarily weak inter- 
action between the adsorbed atoms, despite the fact that 
this interaction is in essence the cause of the transition 
into a state, with a charge that varies from atom to 
atom. In fact let  [ > and assume that two equilibrium 
positions, corresponding to different occupation num- 
bers, a r e  possible for each of the adsorbed atoms if 
there is no interaction between them. By choosing the 
parameters, we can make the energy difference between 
these states arbitrarily small. Consequently, the en- 
ergy of the phase with alternating n and q can differ 
little from the energy of a phase in which all  adsorbed 
atoms have the same n and q. If we now take into ac- 
count the repulsion interaction between the atoms and 
recognize that, a s  shown in Refs. 4 and 5, that this in- 
teraction contributes to the onset of structures with al- 
ternating charges of the adsorbed atoms, then i t  is clear 
that even a small U suffices to stabilize these struc- 
tures. 
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We obtain now equations for the average occupation 
numbers nj of the adsorbed atoms. We shall assume 
here, a s  before, that the displacement Aq is a slow var- 
iable. This adiabatic approximation is valid if (wo/r 
<<I. The two-particle interaction CUijA,iij will be con- 
sidered in the Hartree-Fock approximation, which i s  
valid if U<<r (see Ref. 1). Thus, we confine ourselves 
to consideration of two-dimensional lattices with suf- 
ficiently large distances between neighboring adsorbed 
atoms. Finally, we neglect the off-diagonal elements of 
the Green's function GI, = -i (Tai(t)a;(t1)) , which result 
from hybridization of the states of the localized and f ree  
electrons. This approximation was used also in Ref. 5, 
Strictly speaking, the contribution of the off-diagonal 
elements to the self-energy parts of the functions G , , ,  
which determine the occupation numbers ni, i s  small 
compared with to the contribution U,, if k,a << e2 /k , r ,  
where a i s  the adsorbed-atom lattice constant. However, 
the equations we obtain below for the occupation num- 
bers near the transition point a r e  quite general in form. 
If a is large enough, when IG ,, I << IG,, l(i+ j ), allowance 
for the off-diagonal elements of the Green's function re- 
duces to adding to Utj the indirect interaction w?: 
considered in Ref. 11. 

Taking the foregoing assumptions into account, we 
readily obtain for the diagonal elements Gjj the expres- 
sion 

GJ~-'=o-E,+if  sign o ,  E , - E . + ~ ~ ,  4-x Ui,n,,  
.+j 

(8 

whence 

EJ 
nj=n-' arcctg - . r 

After obtaining the equilibrium values of qj from the 
adiabatic condition 

and substituting them in (8) and (9), we get 

where 

E=elri- Sn,, ~ = ~ ' I M w , ~ I ' ,  C,,=U,,Ir. 

At 5 =0, Eq. (11) agrees with thatobtainedin Ref. 5. The 
connection between the occupation numbers and the equi- 
librium positions of the adsorbed atoms i s  given by re- 
lation (lo),  

Equations (11) admit of solutions with constant nj and 
correspondingly constant qj (structure I), a s  well a s  of 
different solutions with values of fz, and q, that vary 
from point to point. When the parameters E, 5, and U 
change, the structure I m2y turn out to be energywise 
unprofitable, and an alteration takes place into a state 
corresponding to other solutions of (11). It will be 
shown below that a s  a result of such an alteration the 
values of n, and q, can vary either s m o o t h l ~  o r  jump- 
wise. According to Ref. 5, a smooth alteration of struc- 
ture I can terminate only in a structure with two ad- 
sorbed atoms in a unit cell (structure 11 with n, =n,(qj 
= ql) o r  n, = n,(qj = q,), depending on adsorbed-atom sub- 

lattice to which j belongs), if the minimal value of the 
function U(k) (the Fourier transform of Uij) is reached 
on the boundary of the Brillouin zone, a condition that 
can be ensured, for  example, by monotonicity of Uij 
= u ( I  R, - R, 1 ) .  The quantity Uij is the Coulomb interac- 
tion of two charges over the surface of a metal, with al- 
lowance fo r  the screening by the electrons of the metal. 
At large distances k, 1 Ri - Rj ) >> 1 it  takes the form 

e2d' cos 2 k g  
U ( r ) = - + C -  

P r3 ' 
where the first  term is the dipole-dipole interaction and 
the second i s  the result of allowance for the Friedel 
oscillations of the electron density.['] The second term 
in (12) was obtained under the assumption that the tem- 
perature T =0 ,  the electron mean f ree  path A =  w, and the 
Fermi surface of the substrate metal is spherical. Act- 
ually this term and its dependence on r = [ Ri - R, ( a re  
strongly influenced by T, A, and the shape of the Fermi 
surface, In principle, allowance for the indirect inter- 
action of the adsorbed atoms via the substrate (the sec- 
ond term in (121, a s  well a s  W td' , Ref. 11) can cause 
the minimal value of U(k) + W hdir (k) to be reached a t  k 
= ko inside the Brillouin zone, meaning instability of 
structure I to a smooth alteration into a state where nj 
- exp(i&Rj), We shall disregard hereafter this possibi- 
lity and will be interested in transitions from I into II. 

In this case we get from (11) 

where 6% =Ciotj (i and j belong to the same sublattice, 
ob, =Cifiij ( i  and j belong to different sublattices). 

At small  U,  the most interesting region in which al- 

terations a r e  observed i s  the region (5 - nl - 9 (n,,, - 1/21' 
-0.') Expanding the left-hand sides of the equations in 
(13) in powers of 6n1,, = n,,, - 1/2 up to the cubic terms, 
we investigate the equations for  6n1 and 6n,, At 5 - fia,, 
- n <  -6bo, Eq, (13) has only solutions with n, =n,, In 
the region -ob, < 5 - 6% - n <  -2/30b0, the dependence 
of E - 5/2 +6(bo +a,,)/2 on 6n1 +6n2 is shown in Fig. 2a. 
It is important that in this region the curve of II i s  
monotonic Therefore on the section 18 (>Eo([,  there 
is one solution of (13) with n, =n,, while on the section 
IE 1<8,(5, 6) there a r e  two solutions corresponding to 
structures I and 11, It is easy to show, in analogy with 
the case for a single adsorbed atom, that the energy 
difference between states having the same 3 can be cal- 
culated from the a reas  bounded by the curves I and I1 
and 8 = const, recognizing that at the points of intersec- 
tion of curves I and 11 a t  18 I = J?, the solutions of (13) 
corresponding to curves I and I1 coincide, Thus, it i s  
seen directly from Fig. 2 that a t  ( E ( < E o  the lowest en- 
ergy will be possessed by the solution corresponding to 
structure 11, The transition from structure I to struc- 
ture I1 with changing J? is  smooth. 

Curves I and I1 fo r  5 - 0 %  - n > - 2/3fib, a r e  shown in 
Fig. 2b. In this case, a t  (El > E , ,  Eq. (13) has one solu- 
tion corresponding to structure I, and at E, > I J? I > E ,  it 
has two stable solutions corresponding to structures I 
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FIG. 2 .  Dependence of the average occupation number of the leveIs for structures I and I1 on the position & of the adsorbed- 
atom level when the other parameters are fixed. Curves I and I1 correspond to structures I and II. =E-5/2+U(bo+a0)/2 
6n=6n1+6n2. a) Region of smooth transitions from I to 11. b) Region of first-order transitions from I to 11. The areas of the 
shaded sections are equal. 

and 11. In the region El >l?>Ec, the lower energy is 
possessed by structure I, and in the region gC >>e > -EC 
by structure 11, and finally a t  fit -2, structure I is again 
energywise favored. The transitions between I and 11, 
with changing E, occur a t  IE I =EC and a r e  due to the 
jumplike change of the occupation numbers and of the 
equilibrium positions of the adsorbed atoms. 

We note that the transitions between I and II a r e  pos- 
sible not only in the parameter region 1 5 - n )  - c<< 1 
considered above, but also a t  5 - n >> fi. In this case the 
interaction Ui, can be treated by perturbation theory 
Its  contribution to the energy is obviously 1 / 2 ~ ~ ~ , n , n , ,  
where n, and n, a r e  the solutions of the unperturbed 
problem. The occupation numbers ni and nl can take on 
values corresponding to the solutions of Eqs. (5). If we 
a r e  in the parameter region where Eqs. (5) have two so- 
lutions n, and n, corresponding to states with energies 

and g,, then two types of structures I a r e  possible, 
w3th energies per adsorbed atom 

eP,+'l,rU (a,+bo) n,', Ir+'l,rU (a,+bo) n,', 

a s  well a s  a structure 11 with energy 

then we get in the approximation linear in A,,, 

where i a i s  the number of the adsorbed atom in the sub- 
lattice cr(a = 1,2).  For the dynamic matrix we have 

Differentiating (9) with respect to q, and using (8) we ob- 
tain for 8ni/aq, a system of equations that can be easily 
solved by changing over to Fourier components 

Substituting (17) in (15) we obtain the dispersion equa- 
tion 

det IlM(02(k) -moZ)Gap-rT.s(k) II;=O. (18) 

It can be shown that the condition 02(k) 2 0 is equivalent 
to 

n 51 
= ( -  ) ( -  sin- nn, + ) -  (19) 

where 
'l2(ePl+X,) +'/,U (a,+bo) r(n,'+n,') -il ,rUbo(nr-nr)z. 

Consequently, structure I1 has the lowest energy if the q ( k )  = x Ucaja ,exp {ik (Ria-R~a) 1, 

following relation is satisfied. I..l.CI. 

(8'r-~,+'/2BI'(a,+b,) (n2-n,') l<112Urb,(n,--nz)2. 9 (k) - Ui.jo exp (ik (Ri.-Rj,) 1, 
'. " d m  ,*,-. - 

This inequality can obviously be satisfied in the param- and nl and n, are here the occupation numbers of the ad- 
e ter  region where r-'1 g, - &Z, ( -  o<< 1, (cbo>O). sorbed atoms in sublattices 1 and 2. The condition D ( k )  

= O  coincides with the condition for nontrivial solvability 
'4. INSTABILITY OF STRUCTURE Ii To THE ONSET of the equations obtained for  B,,, from (11) by substitut- 
OF A LONG-WAVE SUPERSTRUCTURE ing nia = na +Ba exp(ikoR ,) and linearizing with respect 

to B,. 
The instability of phase I1 appears a t  those values of 

the parameters E ,  5, and U when the frequency o(k)'of 
the phonons corresponding to the vibrations of the ad- 
sorbed atoms first  vanishes for one of the vibration 
modes a certain value k=k,,. Let us calculate wZ(k), us- 
ing for q, the dynamic equations that a re  valid in the 
adiabatic approximation 

where the averaging i s  over the fast electron variables. 
If we seek the solution of (14) in the form 

qi=q~. z+Ai., exp { i ( k R , - o ( k ) t ) ) ,  

Thus, the stability limit of phase 11 is determined by 
the conditions 

V D  ( k )  I k-k.=O, (22a) 
D (ko) =O, (22b) 
D ( k )  >O. ( 2 2 ~ )  

We note that D(k) can have a minimum at  a point that 
does not lie on the boundary of the Brillouin zone, even 
if q(k) and qik) take on extremal values only on the 
boundary of the zone, since (19) contains the squares 
cp2(k) and qZ(k). This circumstance leads to a possible 
appearance of a superstructure in phase I1 even in the 
case when Ui, changes monotonically with increasing 
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I Ri - R, 1, and the period of the superstructure 2n/k0 
depends on the parameters 5, E ,  and 6. The fact that 
one can obtain any period of the produced superstructure 
by a suitable choice of these parameters distinguishes 
this instability of phase II from the instability of phase 
I. In the latter case the period of the produced super- 
structure is determined only by the position of the ex- 
tremum of the function p(k) +Jl(k), and a strongly non- 
monotonic dependence of the interaction u(( R - R, (1 is 
needed to obtain a structure that differs from phase II. 

Equations (22) and (13) define the surface S in the 
space of the parameters E ,  5, and 0. This surface can 
be situated either in a parameter regions where the en- 
ergy of phase I1 is less than that of phase I (phase 11 is 
stable), o r  in a parameter region where this phase is 
metastable. We shall investigate that part  of the surface 
S which corresponds to small  k,, and obtain general cri-  
criteria for  the onset of instability of phase 11, by start-  
ing from the behavior of q ( k )  and @(k) at small k,. The 
behavior of q(k) and #(k) a t  ka<< 1 depends on the char- 
acter of the decrease of U(Y) a t  Y >> a.  For  long-range 
potentials U(r) - Y - ~ ( N S  4), such a s  the potential (12), 
the expansions of q(k) and @(k) begin with the term -(k(  
(k will be reckoned hereafter in units of the adsorbed- 
atom lattice constant a). It can be shown that for square 
lattices and isotropic potentials Uij = U((Ri - RjI) the ex- 
pansions of p(k) and q(k) take the form 

(P (k) =U (ao-ka, I k 1 +a2kZ),  

$ ( k )  =U(bo+a,Ikl +b2ka). 
(23 

Substituting (23) in (19) we get 

D ( k )  =Do+ Di I k 1 +Dzk2. 

The conditions for the appearance of the instability (22) 
then take the form 

It is seen from (19) that a t  small 0 the dependence of 
D(k) on k becomes substantial if 

n -- E-U<l. 
sin' nnl,t 

It follows therefore that the phase I1 can become un- 
stable only in the parameter region where In, - n, I << 1, 
and this occurs only i f  15 - n) - 8, (n,,, - 1/2)2 - 8. From 
Eqs. (24a), (24b), and (13) at small  bn,,, =n,,, - 1/2 and 
a t  k, << 1 we get the shape of the curve that bounds the 
stability region of phase II. In terms of the variables 

we have 

'/.iv-'(A- 1) =2-'/zN+', 

where 

A-'=2b,(ar-bl)/a,'. 

The condition (24c) means that A > 0 ,  and Eq. (24a) 
yields the dependence of ko of the point on the phase 
transition curve (25): 

0- 

b J  k --*/#-N-', (a,<O). 
a, 

(26 

Depending on the coefficient A, the curve correspond- 
ing to (25) can lie in the region of stability o r  metasta- 
bility of phase 11. The former occurs if A >4/3 (see 
Fig. 3). The calculation for the case of a dipole dipole 
interaction yields A = 2.1; a, = -n; b, = 5.8, s o  that the 
state with superstructure is the ground state of the sys- 
tem of atoms adsorbed on the metal surface in the re- 
gion of parameters E ,  6, and 8 outside the stability 
limit (25). 

We note that in some cases allowance for the Friede 
oscillations (see (12)) and of the indirect interaction 
W h d i ~  (Ref. 11) can change the values of A, a, and b,. 

An interesting feature of the resultant superstructure 
is that its period is not commensurate with the period of 
the adsorbed-atom lattice. Since the phase correspond- 
ing to the superstructure of the adsorbed-atom dis- 
placement wave i s  not fixed in this case (for an ideal 
two-dimensional atom lattice), one can expect the ap- 
pearance of Goldstone excitations with an acoustic spec- 
trum. In addition, there i s  also degeneracy with re- 
spect to the direction of the vector k,, (at small k,,), a s  
follows from (23). We get thus an excitation branch 
with a small  spectrum gap (determined by the q(k) and 
@(k) expansion terms of higher order in k, correspond- 
ing to the rotation of the vector &. For nonideal sur-  
faces with cleavages, the direction of k, i s  determined 
by the direction of these cleavages. 

5 5. CONCLUSION 

We used above a simplified model in which the elec- 
tron-phonon interaction included only the interaction of 
the electrons at the adsorbed-atom level with vibrations 
of this atom in a direction normal to the metal surface. 
It i s  obvious, however, that i t  is necessary to take into 
account a t  the same time both the vibrations of the ad- 
sorbed atom along the surface, and the vibrations of the 
metal ions near the adsorbed atom. In the general case 
of the single adsorbed-atom problem it is necessary to 
write in (1) 

where q, a r e  the normal coordinates of the "adsorbed 

FIG. 3. Phase diagram of system adsorbed atoms: 1-curve of 
smooth transitions from I to 11: curve of equal energies of 
phases I and 11:~,2=4/3-(1/27)N:~; 3-curve of onset of insta- 
bility of phase I1 to formation of a long-wave super-structure. 
The shaded region corresponds to the region where a stable 
phase I1 exists in the ground state of the adsorbed atoms a t  
A >4/3. 

353 Sov. Phys. JETP 48(2), Aug. 1978 V. E. Kratsov and A. G. Mal'shukov 353 



atom +metal9' system. By calculating the values of q, 
corresponding to the equilibrium positions, a s  was done 
earl ier  in 8 2, and substituting them in (27) we obtain 
the contribution made to the self-energy part  of the 
Green's function of the electron localized on the ad- 
sorbed atom, [ ' r ( n  - n,,), where [' = l?-'zy:/d, in 
place of 5 =y /~wt I ' .  The problem was thus reduced to 
the one considered above, and only the constant 5 
changed (increased). A transition to  a new state means 
here a shift of the equilibrium positions of both the ad- 
sorbed atom and of the neighboring metal ions. 

For an adsorbed film, analogously, we have an elec- 
tron-phonon interaction of the form C , ~ i y , i ~ ( n i  - n,,). 
Accordingly we have in the self-energy part  of Gig 

The first  term gives a new constant 5 ,  and the second 
gives an increment to the interaction Ui, and to the en- 
ergy t of the localized electron. Consequently, Eqs. 
(11) do not change form. We note that in a model gen- 
eralized in this manner for an adsorbed film, the in- 
stabilities considered in this paper lead to equilibrium- 
position displacements parallel to the surface. This 
circumstance may turn out to be important for the in- 
vestigation of transitions between different mismatched 
adsorbed-atom lattices. 

All the results obtained in this paper pertained to a 
lattice of adsorbed atoms on a metal surface. We wish 
to call attention, however, on the agreement between 
the experimental data cited in the Introduction fo r  clean 
surfaces of the transition metals W and Mo, on the one 
hand, and the results of the present paper. TO what de- 
gree can the employed model be used to describe the 
surfaces of transitions metals? Actually the structure 
of the d-states of transition metals in the surface layer 
differs greatly from the structure of the volume states, 
since the atoms of the surface layer a r e  surrounded by 
a smaller number of neighbors. In this sense a film of 
some foreign metal adsorbed, say, on W does not differ 
in principle a t  all from a W film adsorbed on W, wheth- 
e r  from the point of view of .using some particular mod- 
e l  to describe the state of the surface layer of the 
atoms, o r  from the experimental point of view.') Ob- 
servation of narrow peaks below the Fermi level in 
photoemission measurements on the (100) surface of W 
o r  Mo (on the same surface on which the aforementioned 
transition were observed), which a r e  attributed to d- 
resonance of the surface atoms,C1z1 also favors the pos- 
sibility of using our model for the description of transi- 
tion metals. 

The determination of the ground state of the Hamil- 
tonian (7) fo r  a dense nonlayer of adsorbed atoms o r  for 
a surface layer of transition metals encounters a num- 
ber of computational difficulties connected, f i rs t  of all, 
with the need for  taking into account band effects, i.e., 
the indirect (via the "substrate") and direct exchange of 
electrons between the adsorbed atoms (the latter i s  
taken into account in (7) by replacing C&rii  with C & l j a i  
+ a j ) ,  and second, with the correct interpretation of the 
interaction Ui,, which is larger in this case. 

In some cases, however, the band effects can be neg- 
lected. In particular, a s  shown earlie$14] indirect ex- 
change is insignificant if the associated level broadening 
is much l e s s than  i t s  distance from the Fermi  level, a 
statement that can obviously be made a lso  with respect 
to direct exchange. 

As for the interaction Ui,, there is no justification for  
taking into account in the Hartree-Fock model when U 
zr'. However, if this approximation is used, i t  can be  
shown that all the essential features of the results de- 
scribed below remain in force. An important circum- 
stance is that for a sufficiently strong electron-phonon 
interaction the instability of the surface layer is not 
critical to the relation between U and r, and can ar ise  
for both large and small  U. This gives grounds for hop- 
ing that the results will not change significantly if the 
allowance for the correlation effects leads only to re- 
normalization of U,, . 

We consider in conclusion the possibility of experi- 
mentally observing the effects predicted in the paper for 
a film of adsorbed atoms. The alterations considered 
above take place when the positions of the levels of the 
adsorbed atoms change relative to the Fermi  level, and 
also when the interaction between the adsorbed atoms 
changes a t  low temperature. The simplest way to 
change the energy t is to perform the measurements in 
electric fields, a s  in electron field-emission spectro- 
scopy. It is also possible to alter  the interaction be- 
tween the adsorbed atoms, a s  well a s  the position of the 
level &, by varying the degree of coating. The most 
suitable in this case a re  "adsorbate +substratew systems 
in which the width of the adsorbed-atom level i s  small  
enough, r 5 0.5 eV, and this level is close to the Fermi  
level. Transitions can take place when this level passes 
through the Fermi  level a s  a result of an applied elec- 
t r ic  field o r  depolarization effects when the degree of 
coating is changed. 

It appears that the easiest way is to observe transi- 
tions between different phases I a t  low degrees of coat- 
ing. These transitions should manifest themselves in an 
abrupt change of the work function following a small 
change of the electric field o r  of the degree of coating. 
In ordered structures of adsorbed atoms, the transition 
should be accompanied by two jumps of the work func- 
tion, corresponding to transitions between phases I and 
the intermediate phase 11, while in disordered struc- 
tures the change of the work function will have a 
smoother character because of the inhomogeneous 
broadening of the adsorbed-atom level. 

As for transitions with change symmetry of the ad- 
sorbed-atom lattice, a direct method of observing them 
is that of slow-electron diffraction. 

The authors thank V. M. Agranovich for reviewing the 
manuscript and valuable remarks, andV. L. ~ o k r o v s k i i ,  
Yu. E. Lozovik, and I. V. Lerner for useful discussions. 

')1t must be recognized that the theory developed here is  re- 
stricted to a fluctuation region whose dimensions are deter- 
mined by the parameter w d r ( 5  - d3I2 << 1. 
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Electrohydrodynamic instability with isotropic mechanism in 
cholesteric liquid crystals 

S. V. Belyaev 
Research Institute for Organic Intermediates and Dyes 
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Zh. Eksp. Teor. Fiz. 75, 705-711 (August 1978) 

It is shown that the "dielectric" regime in cholesteric liquid crystals with negative dielectric anisotropy, as 
well as the newly-observed electrohydrodynamic instability in cholesteric liquid crystals with positive 
dielectric anisotropy, which arise in a planar texture and at voltages above the threshold of the unwinding 
of the cholesteric helix as well as in confocal textures, are manifestations of an isotropic instability due to 
electroconvective phenomena inherent in ordinary electrically conducting liquids. The role of the liquid 
crystal reduces to visualization of the elctrohydrodynamic currents as a result of the anisotropy of the 
refractive index, and to an influence exerted on the current topology by the anisotropy of the viscosity. 

PACS numbers: 47.65. + a, 77.90. + k 

When a n  e lec t r ic  field is applied para l le l  to  the helix 
ax i s  in the planar  texture of a cholester ic  liquid c rys ta l  
(CLC), a n  instability appears  at a cer tain threshold vol- 
tage, i n  the f o r m  of spatially-periodic deformations that  
a r e  two dimensional (of the square  g r id  type) at thick- 
n e s s  d greatly exceeding the helix pitch Po(d >>P~),[ '*~' 
and one-dimensional at d = P o  (Ref. 3). F o r  CLC with 
positive dielectr ic  anisotroy ( A t  > 0) the  instability sets 
in at a r b i t r a r y  external-field frequencies ,  whereas  f o r  
CLC with At<O it a p p e a r s  only below a certain c r i t i ca l  
frequency fa. This  instability is s i m i l a r  to the F r 6 e -  
der icsz  t ransi t ion and Williams domains in nematic  liq- 
uid c rys ta l s  (NLC); its causes,  just as i n  the case of 
NLC, are the destablizing moments  of the  f o r c e s  in- 
duced by the field as a resu l t  of the anisotropy of the 
dielectr ic  constant and (or)  the anisotropy of the elec-  
t r i c  conductivity of the CLC. The threshold voltage of 
this  instability, naturally, depends strongly on the  mag- 
nitude and s ign of the dielectr ic  anisotropy, on the elec-  
tric-conductivity anisotropy, and on the pitch of the he- 
lix, and is well descr ibed by the Helfrich-Hourault the- 
orYJ4+1 

suggestions concerning the possible mechanism of this  
electrohydrodynamic (EHD) instability, which is called, 
just  as in the case of NLC, the "dielectric" regime.  
Nor is it clear whether this mechanism is anisotropic, 
i.e., whether i t  is due to the anisotropy of the CLC 
propert ies ,  just as, e.g., the Helfrich-Houralt mech- 
anism. 

T h e r e  is a l s o  a need f o r  explaining the causes  of the 
EHD instabi l i t ies  observed by u s  in partC71 in CLC with 
AE > 0 in a planar  s t r u c t u r e  and a t  vol tages higher than 
the threshold of the untwisting of the cholester ic  helix, 
and a l s o  in  a confocal texture at any s ign  of A&. These  
c a s e s  were  previously regarded  as electrohydrodynam- 
ically 

The  presen t  work was st imulated also by re- 
s e a r c h e ~ ~ ' ~ ~ " ~  that  have shown that the EHD instabilities 
that  manifest  themse lves  i n  NLC i n  the f o r m  of "chev- 
rons" and o ther  pa t te rns  are caused by electroconvec- 
tive motion of the liquid, and the  instability mechanism 
is isotropic, i.e., i t  is not due t o  the anisotropy of the 
e lec t r ic  p roper t i es  of the NLC. 

For the s a m e  geometry, i n  CLC with At<O, and at O u r  p r e s e n t  task is to show that the dielectr ic  reg ime 
frequencies  higher  than fa, deformations w e r e  ob- in  the p lanar  texture of CLC with At<O, and the obser-  
served['*21 with a much s m a l l e r  period (the analog of vation of EHD instability in  o ther  textures  and i n  CLC 
"chevrons" in  NLC). So f a r ,  t h e r e  are no published with A& > 0, can be  explained with the a i m  of the very  
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