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The conditions under which a lattice of heavy (compared to electrons) holes can be formed are determined. 
The thermodynamic quantities of the crystal are calculated. The crystals may be of three types: filaments 
stretched along the field, "point" particles, or systems of planes perpendicular to the magnetic field. The 
type depends on the hole parameters and on the magnetic field strength. The oxillation spectrum consists 
of a sound branch polarized along the magnetic field, and of a low-frequency branch with o - k 2  as k 4. 
The mean square displacement <x  2> of a particle at a lattice site is calculated and found to be 
independent of the magnetic field intensity. The crystalline phase goes over discontinuously to the 
semiconductor phase at a finite value of the gap between the electron and hole bands. 

PACS numbers: 71.35.+z 

1. INTRODUCTION 

It is well known that the spatially homogenous ground 
state of a system of charged particles becomes unstable 
at low density and low t e r n p e r a t ~ r e . ~ " ~ ~  The parame- 
t e r s  and the number of the particles, and, consequently, 
the regions of instability, can be changed by an external 
pressure, by alloying, and by a magnetic field. The 
formation of an exciton phase has been studied in recent 
y e a r ~ , [ ~ ' ~ l  and new phases of the electron-hole plasma 
in a strong magnetic field have been p r o p o ~ e d . ~ ~ " ~ ~  In 
the works mentioned, the theory has been developed in 
the weak coupling (high density) approximation. The ef- 
fective Coulomb interaction has been assumed to be 
small in comparison with the characteristic (Fermi) 
energy of the particles: 

In the present work, we consider the case in which 
the masses of particles of one sign are  much greater 
than those of the other (for example, the holes and elec- 
trons in Bi and other semimetals). The Fermi  energies 
of the various particles differ widely and we can achieve 
fulfillment of the conditions 

by changing the concentration. 

The formation of a Wigner crystal is energetically 
advantageous here, when the holes a re  localized and 
form a discrete lattice against a background of an ap- 
proximately uniform distribution of the electrons. This 
process is similar to the phase transition crystal-elec- 
tron-proton liquid in matter at very high compres- 
s ion~ . '~"  The possibility of crystallization in a semi- 
conducting plasma has been noted by Halperin and 
~ i c e . [ ' ~ I  

The possible types of hole crystals in a strong mag- 
netic field under conditions of a quasi-one-dimensional 
spectrum of electrons and holes a re  studied in the cur- 
rent research." In that region of concentration in which 
condition (2) is satisfied, various structures a re  possi- 

ble, a s  will be shown in Sec. 2. These structures de- 
pend on the values of the magnetic field H and the long- 
itudinal and transverse masses of the holes m,, and m,. 
This is, we have a crystal of filaments extended along 
the field, a "point" crystal in which the periods of the 
lattice along and transverse to the field a r e  identical, 
and a system of planes perpendicular to the field. With 
decrease in the particle density (for example, upon ap- 
proach to the metal-dielectric transition point) the Cou- 
lomb energy can become of the order of the Fermi en- 
ergy of the electrons, which should now be taken into 
account in the determination of the parameters of the 
crystal (Sec. 3). A comparison is carried out of the en- 
ergy of the crystalline phase with the energies of the 
exciton and liquid phases. Upon increase in the gap be- 
tween the electronand hole bands, the crystalline struc- 
ture disappears with a first  order transition. 

In Sec. 4 of the paper, the vibration spectrum of the 
crystal is considered; in particular, it is shown that 
there exists a branch with a quadratic dispersion law 
w -k2 a s  k-0. The mean square of the particle dis- 
placement (x2) at the crystal site is calculated. The 
quadratic branch leads to a relatively large value of 
(x2); however, it is finite and at high temperatures it 
does not depend on the magnetic field. This result dif- 
fers  from the result of a number of researches, for ex- 
ample, that of ~ h a p l i k , ~ ' ~ ]  where it i s  maintained that 
the magnetic field destroys the long-range order. 

2. STRUCTURE OF A WIGNER CRYSTAL 

The Hamiltonian operator for electrons and holes is 
written in the form 

I '  
H -I dJz{qh+Sh9h+lp.+ &,+GI *.I+ f d3z- 

0.u-1 

The indices 1, 2, h, and e refer to holes and electrons, 
G is the distance between the extrema of the bands, and 
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is the Schrm5dinger operator for  a particle with a quad- 
ratic spectrum in a magnetic field. 

The case is considered of a strong magnetic field in 
which both types of particles fill only the lowest mag- 
netic level (with one direction of spin); the system is 
multiply degenerate if no account is taken of the Cou- 
lomb interaction. If the local hole states give a smaller 
value of the energy H, + V,, than the states distributed 
over the entire volume, crystallization occurs (the in- 
teraction with the homogeneous background of the op- 
posite sign is taken into account in V,,). The parame- 
ters  of the crystalline lattice a re  determined from the 
minimum condition. The potential V,, acting on the 
electrons is determined by the same token. The holes 
are  characterized by the following parameters: the 
magnetic length A, the Bohr radius r, and the particle 
density n, 

c0 is the dielectric constant and in ti= 1 what follows. 
The mass of the holes can be anisotropic, m,, and m, 
a re  the masses along and transverse to the magnetic 
field. The density n is expressed in terms of X and the 
Fermi momentum p,: 

The particles occupy only the lowest magnetic level if 
the condition c,<eH/m,c i s  satisfied, i.e., 

The criterion for  crystallization can be obtained from 
the condition that the kinetic energy of the motion along 
the magnetic field is smaller than the Coulomb energy, 
which, if we estimate the Coulomb energy at e2/cod, 
yields 

The most advantageous structure of the crystal is de- 
termined by the relation among the parameters A, r,, 
and ro. If A<< r,, it is natural to try a structure extend- 
ed along the field. Kaplan and ~ l a s s e r ~ ~ '  proposed a 
structure in the form of infinitely long filaments or- 
dered in a triangular lattice. The particles move freely 
along the filament. However, this structure is unstable 
because of the collisions between particles in one fila- 
ment. Since the collisions occur with an impact para- 
meter of the order of A, upon satisfaction of the condi- 
t ion 

the particles a re  mutually reflected and localized each 
in a bounded portion of the filament. Such a system is 
absolutely unstable: upon random displacements of the 
segments in a perpendicular direction, repelling forces 
a re  produced. A layered structure will be stable in 
which the filaments in neighboring layers are  displaced 
by a half period (Fig. 1). The particle is retained in 
the layer by repulsion from the particles of the neigh- 
boring layers, for which satisfaction of the condition 

FIG. 1. Structure of a 
filamentary crystal. 

is necessary instead of (7). This crystal is the three- 
dimensional analog of a one-dimensional gas with short- 
range (6-function) repulsion, considered by C. N. Yang 
and C. P. ~ a n g . ~ " '  

As in Ref. 17, we choose the wave function of the 
ground state in the form 

i and j a re  the number of the layer and the number of 
the particle in the layer. In the limit d>> R, this func- 
tion accurately describes the ground state of the sys- 
tem. In (9), 

is a function with zero values of the magnetic number 
and of the projection of the momentum M. The states 
with M +O make a contribution to the vibrations of the 
crystal. In the ground state, the radius of the filament 
is of order A. 

The kinetic energy per particle is equal to 1/3 of 
p2/2mlI, i.e., n2/6ml,d ,. We can estimate the interac- 
tion energy by the Wigner-Seitz method, i.e., we can 
assume that the filament interacts only with a charge of 
opposite sign, distributed uniformly over a cylinder of 
radius R, which, upon neglect of the end effects, yields 
the principal term (e2/cod) ln (d/R), i.e., 

Minimization with account of constant density gives the 
following result for the equilibrium values, expressed 
in terms of r,: 

These quantities do not depend on the magnetic field. 

For  an estimate of the contribution to the energy of 
interaction between layers, we must find the region 62 
in which the interaction between particles of different 
layers is of the order of the kinetic energy. This region 
62-4d/(u, i.e., the contribution to the energy is loga- 
rithmically small. As is seen from (lo), the minimum 
energy is possible only at d>R.  The filamentary crys- 
tal can thus exist at 

which corresponds approximately to 
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The left sign of the inequality makes more precise the 
condition (6). It  follows from (12) that for the existence 
of the filamentary crystal, it is necessary that 

Thus the filamentary crystal can exist at not too low 
densities. With decrease in the density, the ratio d/R 
decreases, and at ro -5r, a transition takes place to a 
structure of a second type-a "point" crystal with dis- 
tances between particles of the order of yo, a s  at H=O. 
An estimate of the binding energy with the help of a 
Winer-Seitz cell of spherical shape gives 

The structure and binding energy in this case do not dif- 
fer from the crystal at H=O. The dimensions of a sin- 
gle particle are longitudinal -(Y:/Y,)'/~ just a s  at H= 0, 
and transverse A. 

If the condition (13) is satisfied, i.e., at not too 
strong magnetic fields, only the "point" structure is 
possible, and the filamentary form is not possible. 

Finally, if r,<< A, a crystal of third type is advanta- 
geous-a system of parallel planes perpendicular to the 
- 
magnetic field. The layers do not overlap if 

.Since a transition occurs at r o " X  to a crystal of 
"points," the acceptable values of n are those for which 

With account of the condition of "one-dimensionality" 
(5), the requirements for the parameters take the form 

3. POLARIZATION OF THE ELECTRONS 

The reaction of the electron system to the potential of 
a hole lattice is determined by a static dielectric func- 
tion. For one-dimensional electrons this function is  of 
the form 

Here re,#, are the Bohr radius and the Fermi momen- 
tum. 

It is not difficult to verify that for wave numbers of 
the order of the characteristic reciprocal distances 
4~rk'~n,(k,O) is small for lattices of all types, i.e., the 
modulation of the electron density is not large and 
makes an insignificant contribution to the energy. For 
example, for a crystal of the "point" type, at k,-k,, 
~ n ' / ~ > > p ,  we have 

Exceptions are the terms with k,, = 0, where, for the 
lowest densities at which the existence of the crystal is 
possible (see below), the polarization is of the order of 
unity, i.e., the density depends significantly on the 
transverse coordinates. In view of the smallness of A, 
the density can be calculated with the help of a two-di- 
mensional equation of the type of the Thomas-Fermi 
equation. Because of the ~ o n d i t i o n p ~ ' / ~ < <  1, the inho- 
mogeneities and the deformations of the lattice average 
the potential somewhat. The estimate (14) of the lattice 
energy is valid for all lattices that are  nearly cubic. 
Arguments were advanced in the work of ~udermanl '~ '  
on behalf of a body-centered cubic structure; the elec- 
tron "filaments," which contain chains of nuclei, shifted 
by a half period in neighboring filaments (we are speak- 
ing of the structure of the crust of a neutron star), are 
drawn together and coalesce into a crystal. 

We shall assume the electron density to be constant 
and shall find the equilibrium parameters of the crystal, 
taking into account the possibility of a transition of the 
particles from the conduction band to the valence band. 
The expression for the energy per unit volume has the 
form 

n. 1 (20) 

The first term is the kinetic energy of the electrons 
(exchange and correlation corrections are small, in- 
cluding the correlation energy -a'/* (see Ref. 8), esti- 
mates are given at the end of the section); wn) from 
(11) or (14) is the energy of the lattice. The condition 

gives the equilibrium number of particles no. For val- 
ues of G at which E(no)<O, the existence of a crystalline 
phase is advantageous; at a value of the gap Go, deter- 
mined by the condition E(no) = 0, a first order transition 
to the semiconducting phase with a gap takes place 

For a "point" lattice, 

The transition to the semiconducting phase occurs im- 
mediately from the "filamentary" phase, bypassing the 
"point" crystal if the magnetic field is sufficiently 
large, 7, A4 < 6. In this case, 

The pressure p = -8E/aV is positive over the entire 
region of existence of the crystal and vanishes at the 
transition point. The electron-hole crystal thus always 
brings about small deformations of the host (atomic) lat- 
tice of the semimetal. At the transition point and at 
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T = 0, the magnetic moment has a discontinuity: 

The obtained expressions a re  illustrated in Fig. 2., 
where the locations of the phases on the plane of ro and 
X is shown (i.e., n"I2 and H "I2). The crystalline phase 
can exist both in strong fields and at H=O, and has a 
clearly expressed character at mh/me >> 1. The elec- 
tron-hole interaction of order n1I3 which determines it 
exceeds even at minimal density no the maximum bind- 
ing energy of the exciton phase 

and the electron-correlation energy E -n1I4: 

The exchange energy is small in terms of the para- 
meter (X2ren)" s ( ~ / r , ) ~ / ~ .  At mhrrme, the crystal 
transforms into a charge-density wave, the energy n1I3 
is suppresed and an exciton phase o r  liquid phase with 
a charge wave can become favored.cg' As an example, 
we write down the parameters of the semimetal bismuth 
in a field -100 kOe, oriented along the trigonal axis: 
re= 4 X cm, r,= 6 x lom7 cm, X-10-6 cm. -At these 
values of the parameters, no- 5 x loL6 ~ m ' ~  and Go -9". 

4. EXCITATION SPECTRUM 

Crystallization of the holes leads to the appearance 
of a new branch of excitations of the electron-hole plas- 
ma-lattice vibrations. In a Wigner crystal with "rigid" 
(unpolarized) background at H = 0, longitudinal vibra- 
tions have the spectrum of plasma waves, while the 
transverse vibrations have a linear spectrum with a 
small region of quadratic dependence at small momen- 
ta.c181 The external magnetic field and polarization of 

0 7, 'i 'b 
FIG. 2. Phase diagram of an electron-hole plasma. Region 
I-filamentary crystal; 11-three-dimensional crystal. Region 
ID-semimetal. On line 11, r,x2 - ri, on line 21, r,x4 -r i ,  
on line 31, h4 -r,rl. Line 3 limits the region in which the 
lattice vibrations depend on the magnetic field (see Sec. 4). 
The dashed line limits from above the region of a strong 
magnetic field, where the solitary magnetic level is occupied. 

the electron background change the spectrum. 

For  the determination of the spectrum, it is neces- 
sary, as usual, to expand the potential in small dis- 
placements of the lattice. By a transformation to nor- 
mal oscillations, the problem reduces to the problem of 
the motion of a single particle in a magnetic field and 
the field of a quadratic potential. If the longitudinal and 
transverse motions a re  separated, the transverse ei- 
genfunctions a re  the same a s  in the magnetic field in 
cylindrical coordinates, while the energy levels are  
given by the e x p r e s s i ~ n ~ ~ ~ * ~ ~ ~  

where 51'=(fi2+4w2), S2 is the Larmor frequency, and 
w is the frequency of the oscillator. 

The quadratic potential is anisotropic in the crystal 
and the variables a re  not separable at arbitrary k. The 
problem will be considered below in the limit of a 
strong field, when only the levels with N =  0 a re  excited 
and 51' - 51 = 2w2/51 and for lattice displacements greater 
than X, i.e., M >> 1. In this case, the "magnetic" par- 
ticle with a transverse dimension of the order of X 
moves in the field of the lattice like a classical o b j e ~ t . ~ '  
The equations of motion in the longitudinal and trans- 
verse directions have the form 

Here x, is the displacement of the particle in the i-th 
si te of the crystal, F, is the force of interaction with 
the particles of the crystal, if in the first  equation can 
be interpreted a s  the Hall velocity in the field F/e. 
Thanks to the condition w<< 51, the term x, is omitted in 
the first  equations. 

The transition to the normal oscillations yields 

(k) - A: +A$ - E[ Vtkako 
7% 

In a crystal with a rigid background, V, are  the Fourier 
components of the Coulomb potential. The summation 
is carried out over the reciprocal-lattice vectors K, 
(see, for example, Ref. 22). 

In order to take the polarization of the electron back- 
ground into account, it is necessary, in the weak coup- 
ling approximation, to replace the Coulomb potential 
V ,  by the "screened" potential 

The second term in (29), which is connected with the 
structure of the crystal, is responsible for the trans- 
verse oscillations at H=O. The components of V ,  with 
I k ( - ( K ,  ( are  not screened [see (18), (19)]. 

The dispersion relations 
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aZo'-c,oa+c2-0, 

c ~ = ~ ~ A , . + A A , - A ~ ~ ,  (30) 
C ~ = A ~ A ~ . , + M ~ , ~ , - A & ~ - A A , ' - A ~ J I ~ '  

follow from (28). 

There are  two branches of the oscillations, 

At arbitrary k, the wave of the first branch is polarized 
along the magnetic field, 

In the second branch, all the q, a r e  generally of the 
same order, but the condition 

is satisfied. 

The relative values of A',; and A:; depend on the val- 
ue of the Debye radius x" = (r2X2pere)'/2. If xr0<< 1, we 
haveA!&,)>>As) as k-0; at xro-1, they are  of the same 
order. 

Using the expression (18) for c(k, 0), we o b t a i n ~ s )  
= wtk,k,/-~~ in the region k,, << min{x, (P,%)'/~), w2, 
= 4n$/m,,. At k,, -p,, A',',' has a minimum. 

The maximum frequency of the f i rs t  branch-aniso- 
tropic sound-is of the order of a,, that of the second 
branch is of the order of w2,/hZ. The frequencies of the 
third branch of oscillations of the crystal, which a r e  
not contained in (28), a r e  of order a. The condition 
wo<< 6 corresponds to 

We also note that 

We estimate the mean square displacement of the par- 
ticle at the crystal site. For  this, it is convenient to 
use the formula (26). The M is the projection 
of the angular momentum; therefore, the normal mode 
corresponds not to the oscillation but to the rotation of 
the particle about the equilibrium position. At M >> 1, 
i(q:)I=X2M, since this is the square of the radius of 
the orbit. Summation over M, and over k yields 

1 d'k 
(a-z> = y (qk3)  - 1 d3k - --J (2n,) Y (M.) - -j - h2 

4 n ( 2 ~ ) '  exp ( 4 T )  - l ' 
k ,- . 

has the same form a s  at H = 0, but enters at the low 
temperatures. 

The same result can be obtained by use of classical 
statistics, averaging by means of the Gibbs distribution 
function: 

Here w: with y = l , 2 , 3  (or y = 1,2  for a two-dimensional 
lattice) a r e  the eigenvalues of the matrix AUB(k). At 
H =  0, the quantities w7(k) a r e  identical with the fre- 
quencies of the normal oscillations; in a strong field, 
fo r  the second mode w2(k)<< w7(k) and w,(k) does not 
enter into the result. 

Chapliik's conclusion that (x2) diverges is based on the 
replacement in (34) of X2 by (ti/mwk), a s  is the case at 
H= 0. Thus, the magnetic field does not disrupt the 
long-range order. Of course, for this, the inequality 
(36) should be satisfied with something to spare, al- 
though, because of the difficulty of transverse diffusion, 
the condition can be weaker than the usually applied cri-  
terion of Lindeman, (x2) 2 (1/16)-/2,. 

The vibrational spectrum of the filamentary crystal 
has the same character. Because of the smallness of 
the components A,, and A,, relative to the parameter 
a-' from ( l l ) ,  the vibrations of the second branch are  
polarized transverse to the field. The lattice vibrations 
will make a contribution to the free energy. The con- 
tribution of the branch w2 a t  temperatures satisfying the 
inequality (35) has the form 

The quantity 6F, can be calculated similarly. 

CONCLUSION 

Thus, the crystalline phase in a magnetic field at 
m, /me 7> 1 is more advantageous and dynamically stable. 
The difference from the other phases can be determined 
by a measurement of the thermodynamic quantities, by 
finding the x-ray scattering by a hole lattice (with peri- 
od- 1 0 0 i )  and also from the motion of the hole lattice 
in the electric field. Depending on the conditions of 
recombination of the electrons and holes on the boun- 

841 daries of the sample, and also of the sticking to the im- 
The integrand converges at the lower limit. Let the purities, the holes either make a periodic contribution 
temperature T be not too small: to the conduction current and to the Hall current o r  

oD21PlaTaW. make no contribution whatever. The intersections of the 
(35) dispersion curves of the phonons of atomic and electric 

The Debye frequency of the Coulomb lattice is equal to  crystals lead to new regions of sound absorption. 
w,,/3ll2. Since nzw2,'y20 - W, The author thanks A. A. Abrikosov, S. A. ~ razovsk i f ,  

1 d3k T i 2  T 
<zz) - -J - - - - r2<ro2. S. T. Rakhimov and A. N. Starostin, and also the col- 

n ( Z Y C ) ~  ~ ( k )  W (36) leagues of the seminar of the Physical Institute of the 
Academy under the direction of L. V. Keldysh for dis- 

The magnetic field does not enter into (36); the latter cussion of the research and useful remarks. 
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Inelastic scattering of electrons by dislocations in copper- 
and aluminum-base alloys 

G. I. Kulesko 
Institute of Solid-State Physics, Academy of Sciences of the USSR, Moscow 
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The scattering of electrons in metals by quasilocal vibration modes of linear defects excited by increase in 
temperature results in a characteristic temperature dependence of the dislocation-induced electrical 
resistivity pd(T). This dependence pd(T) is in the form of a step, whose relative height depends on the 
density of dislocation-pinning points. If the free segment of a dislocation is limited in length to about 30 
atomic distances by adding impurities to the base metal, the rise of pd(T) is suppressed. 

PACS numbers: 72.10.Fk, 72.15.Qm 

The dislocation-induced e lec t r ica l  resis t ivi ty  p, of a 
number of meta l s  (Cu, Ag, Au, Al, Zn, and Mo) r i s e s  
very rapidly with increase  in t empera ture  in a nar row 
range of the In s o m e  cases the cross sec- 
tion f o r  the  sca t te r ing  of e lec t rons  by dislocations in- 
c r e a s e s  by a fac tor  exceeding 2.L1*21 

If the  dependence p,(T) i s  represented b y  t h e  dimen- 
s ionless  curve r (T)  = [p,(T) - p d ( ~ ) ] / p d ( ~ ) ,  it is found 
that pure  fcc meta l s  are character ized by r,,s 2 and 
the dependences p,(T) have a s tep  whose height i s  a 
function of the  density of the dislocation-pinning points. 
Such points can be  dislocation l ine modes or impurity 
atoms. For example, in the c a s e  of copper samples  of 
a given degree  of purity and with the s a m e  dislocation 
density the  s tep  i n c r e a s e s  when dislocation l ines  have 
a certain p r e f e r r e d  ~ r i e n t a t i o n . ~ ]  The addition of dis-  
location-pinning impuri t ies  to dislocations increases  
very  great ly the height of the step.13' 

The value of r,, can be a l te red  by  changing t h e  num- 
ber of pinning points. Foreign a toms  p r e s e n t  in a low 
concentration i n  a homogeneous alloy f o r m  a relatively 
regu la r  sublat t ice  with which dislocations interact.  At  
a low dislocation density t h e  length of a dislocation seg-  
ment  f r e e  of pinning points Lf is governed by the dis-  
tance between t h e  impuri ty  atoms.  However, at higher 
dislocation dens i t i es  we can expect more frequent 
intersect ions (nodes). 

Our  a im w a s  to de te rmine  the influence of dislocation 
pinning o n  the tempera ture  dependence of the electr ical  
resis t ivi ty  p,. Since i t  was  of in te res t  to find the con- 
ditions f o r  complete  suppression of the r i s e  of p,(T), 
s i m i l a r  to that  observed by the  author earlier,13] the 
impuri ty  concentration i n  s o m e  of the alloys was se- 
lected to b e  c - 0.1 at. %. An important  feature of the 
investigation w a s  the determinat ion of p,(T) f o r  alloys 
with different ra t ios  of t h e  m a s s e s  of the  impurity and 
host  (matr ix)  metal  a toms.  
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