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Phonon-mediated exchange interaction of impurity centers in 
crystals 

M. F. Deigen, N. I. Kashirina, and L. A. Suslin 
Semiconductor Institute, Ukrainian Academy of Sciences 
(Submitted 26 October 1977) 
Zh. Eksp. Teor. Fiz. 75, 149-152 (July 1978) 

The interaction of impurity centers via the phonon field in ionic and atomic crystals is calculated with 
account taken of the permutation symmetry. The latter leads to the appearance of exchange terms in the 
effective-interaction operator. Estimates show that the proposed interaction is comparable in order of 
magnitude with the Coulomb exchange. 

PACS numbers: 61.70.Rj, 63.20.Mt 

1. Consider exchange interaction of two impurity The second-order perturbation-theory correction to 
centers via the crystal-lattice oscillations. The coup- the system energy can be represented in the form 
ling of the centers with the lattice is effected by the 
usual electron-phonon interaction.'' The dependence ~e*=(irtl,?)-'(DH*D,~), (2) 
of the energy of the indirect interaction on the spin 

where 
operator is the result of allowance for the permutation 
symmetry. It is assumed for simplicity that the im- D,, - '(~~-E~)-~(il~ll)(ll~,lj). 
purity centers have spin-$. 

(3) 
I 

The initial Harniltonian is of the form The upper sign in (2) pertains to the singlet state, and 
the lower to the triplet state. 

I^I--fIo+H,, (1) 
Denoting the difference A&+ - A& - by 24,,,, we 

where & includes the Hamiltonian of the individual can write, accurate to terms eel: (see, e.g., Ref. 2) 
centers and of the phonon system, while fi, is the op- that part of (2) which depends on the total spin of the 
erator of the interaction of the f irst  and second centers system, in the form 
with the lattice vibration-the perturbation operator. - 
The orthonormalized zeroth-approximation wave H,~,,~ = - ~ J + , , ~ s , s ~ ,  Jw, =D2,-21t2D,t. (4) 

functions are chosen in the form 
Here i, and 8, are respectively the operators of the 

[2(l*It2)l-5(]i)*lj)), Ii)=a(l)b(Z)lO), Ij)=a(Z)b(l)lO>, electron spins of the f irst  and second centers. The 
indirect-exchange operator (4) is outwardly similar 

where a(1) and b(2) are the wave functions of the im- to the Heisenberg Coulomb-exchange operator. Of 
purity centers, (0> is the wave function of the ground course, these interactions are quite different in 
state of the phonon system, and I, is the overlap in- character. Since the electron-phonon interactions with 
tegral. the acoustic and optical lattice vibrations are different, 
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we shall consider the two types separately. 

The electron-phonon operators a re  given by (see, 
e.g., Ref. 3) 

N is the number of unit cells of the crystal, and 

-ia ( i i q / D l c , )  ", 
~(1)=( - t e ( 2 n h P / ~ V q ~ )  . '". (6a) 

(6b) 

Here (6a) stands for acoustic phonons, (6b) for optical 
phonons, a is the deformation-potential constant, M and 
V are  respectively the mass and volume of the unit 
cell, c, is the velocity of the longitudinal sound waves, 
S2 is the limiting frequency of the optical phonons, 
E = E z1 - & ;I, and E is the effective permittivity of the 
crystal. 

We ignore, for simplicity, the changes introduced 
into the phonon spectrum by the impurities themselves. 
In this case the lattice vibrations contribute only to the 
electron-electron interaction. 

2. For the situation in which the energy interval 
between the ground and first excited electronic levels 
of the impurity exceed significantly the characteristic 
energies of the phonons, we need take into account a s  
intermediate states in (3) only the phonon excitations 
of the system. Substitution of (5) in (3), calculation 
of the matrix elements, and summation over the wave 
vectors, leads to the following expressions: 

here p, i s  the crystal density 

where in (7a) and (7b) 

d r  d r  d r ,  d r ,  
1 6 = j  l a ( l ) b ( 2 )  1 ' 2  , I,= J n ( l ) b ' ( i )  l a ( 2 )  it,-. 

rl2 ~ I Z  

3. For a number of impurities in ionic crystals, 
expression (7b) is incorrect because the limiting fre- 
quency of the longitudinal optical phonons can exceed 
the ionization energy I (as, for example, for zinc 
impurities in InSb). In the case An>> I we get 

where 

d r ,  d r ,  
I ,  = j a ( l )  b ( 2 ) a e ( 2 )  b'(1) -. 

TI2 

4. The effectiveness of the proposed interaction was 
estimated by comparing (7a)-(7c) with the Coulomb ex- 
change. The latter can be represented in the macro- 
scopic approximation in the form 

where 

The integrals in (7b), (7c), and (8) have been thor - 
oughly investigated in molecule theory.c41 All the terms 
of expressions (7b), (7c), and (8) turn out, generally 
speaking, to be of the same order of magnitude. 

The first  term in (8) describes hhe electron-electron 
part of the Coulomb exchange. The total interaction 

is the sum of the Coulomb exchange and the exchange 
due to  phonons. As seen from a comparison of (7c) and 
(8), the electron-electron part of J,,, is exactly can- 
celled by that part of Jb,, which contains &,. Thus, for 
the case described in Sec. 3, we get 

The first and second terms of this expressions a re  due 
to  phonons. We note that the second and third terms a re  
equal to the exchange energy of the "diatomic molecule" 
divided by &,. For  impurities in atomic c r ~ s t a l s ,  as  
can be easily verified, the expression for H, agrees 
outwardly with (9), but only I?,, in this expression is 
due to  phonons. 

Expressions (?a), (7b), (8), and (9) a re  quite sen- 
sitive to the choice of the wave functions of the im- 
purity electrons. For estimates we used the wave 
functions of the effective-mass method. We then ob- 
tain from (7a) and (7b), accurate to terms proportional 
to exp(-2~/a*), where a* is the effective radius of the 
state and R is the distance between the impurities 

With decreasing radius of the state, the contribution 
of the acoustic oscillations t o  the total exchange in- 
creases more rapidly than the contributions J,,, and 
J,,,. Thus, for example, in silicon (where there is no 
interaction via optical oscillations at all)o, the ratio 
(J, , /J,~~,( changes from 0.2 at a* = 18.2 A (lithium im- 
purity) to 5.5 at a* = 8.8 A (bismuth impurity). The 
presented state radii were calculated from the 
measured ionization energies, the deformation-poten- 
tial constant was assumed to be 10 eV,opo " 2.3 g/cm3, 
c, - 4  x lo5  cm/sec, 6,- 12, and R -90 A. Thus, 
even in an atomic crystal the contribution of the lat- 
tice vibrations to J,  can be appreciable. 

In estimates of J ,  in ionic crystals, certain caution 
must be exercised because the contributions of the 
J,,,, and of the interaction via the optical vibrations 
a re  of the same order in absolute magnitude. An im- 
portant role i s  played also by the sign of 4: the con- 
tribution J,, becomes ferromagnetic a t  p a  2.1; J,, de- 
termined from (lob) is ferromagnetic at all  p; the sign 
of J,,, in crystals with &,/&,-1.7 (e.g., ZnS, CdTe) 
changes with increasing R .  The sign of J ,  has therefore 
a complicated dependence on R and on the crystal par- 
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ameters. 

The fact that Jc,, goes through zezo in a number of 
systems, however, is evidence that H, is apparently 
due to phonons in a definite range of impurity concen- 
trations. Numerical calculations have shown that the 
ratio (J , , /J , , ,~  at p = 8 can vary in a wide range: it is 
of the order of 0.5 for InSb, AlSb, and PN, i t  is equal 
to 4-6 for many alkali-halide compounds, ZnO, and 
Cu20, and exceeds 10 for CdS, FtbI, and CsI. Of 
course, the contribution of the phonons to J, increases 
when account is taken of other mechanisms that couple 
the electrons with the lattice vibrations (the piezo- 
electric effect, the optical deformation potential). 

Besides the spectroscopic manifestations (the values 
of the resonance frequencies, the widths of the EPR 
and APR absorption lines, etc .), interaction via phonons 
can manifest itself in principles in effects that depend 
on the magnetic ordering of the impurity. Of interest 
from this point of view is gallium arsenide, where f e r -  
romagnetic ordering of the iron impurity was observed 
a t  a concentration 1019 cmm3 (Ref. 5). At a* of the order  
of the lattice constant (-5.6 A), a - 15 eV, c, - 4 x105 
cm/sec, p, = 5 g/cms, E~ = 11.3, and E, = 10.6 it turns 
out that J ,  - J,, = 118 x 10" eV. This value of the ex- 

change energy accounts fully for the observed ordering 
temperatures (77-300 K). None the less ,  this  estimate 
is more readily qualitative, since the deformation- 
potential method is not valid for  impurities with smal l  
state radii, and to describe the electron-phonon coup- 
ling it is necessary to employ improved procedures. 

')one must not confuse the proposed intaraction with that 
considered by Aminov and Kochelaev. The latter is of 
relativistic character and is therefore smaller by several 
orders of magnitude. 
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On the renormalization of the velocity of sound in phase 
transitions involving a change in valency 

A. M. Tsvelik and A. F. Barabanov 
Institute of High-Pressure Physics, USSR Academy of Sciences 
(Submitted 6 November 1978) 
Zh. Eksp. Teor. Fiz. 75, 153-159 (July 1978) 

The effect of the hybridization of conduction electrons with a localized f-electron energy level, cf, lying 
near the Fermi surface on the longitudinal sound velocity, C, is considered. It is shown that the 
hybridization enhances the screening of the ion-ion interaction as cf approaches the Fermi surface. This 
explains the experimentally-observed mimimum in the pressure dependence of the velocity of sound. The 
strong intrasite correlation of the f electrons leads to an asymmetry in the minimum of C(cf) as the c, 
level passes through the Fermi surface. The results are compared with the results of the measurement of 
the velocity of sound in Ce as it undergoes the y-a transition. 

PACS numbers: 64.70.Kb, 62.65. + k 

1. There occurs in a number of rare-earth metals and 
their compounds (e.g., in Ce and SmS) a s  the pressure 
and temperature a r e  varied an electron phase transition 
connected with the existence of a narrow localized-f - 
electron band near the Fe rmi  level.n1 A theoretical 
model for such a transformation has been worked out in 
a number of papersc4-81 on the basis of the transition of 
f electrons into the conduction band a s  the pressure i s  
increased.c2m 3 1  In this case  the presence of strong re- 
pulsion between the f electrons at  the same time lattice 
site turns out to be important fo r  the existence of the 
phase transition. 

Later, it was s h ~ w n ~ " ' ~  that allowance for  the hybrid- 
ization of the spd-f electrons enables us to account for 
the intermediate-valence state. It is known that an in- 

crease in the compressibility occurs in the vicinity of 
a phase transition involving a change in valency. 
In particular, it has been observed that the longitudinal 
velocity of sound C(P) in Ce has a minimum in the re-  
gion of the y-a! transition, which occurs in Ce at  a 
pressure -7 kbar.[O1 The y- 0 transition in Ce is iso- 
morphous, the number off electrons per  si te changing 
in the transition from nf =0.94 to nf =0.33."'"' 

In the present paper, using Ce a s  an example, we 
show that allowance for the hybridization of the f elec- 
trons with the conduction electrons enables us to ac- 
count for  the presence of the C(P) minimum associated 
with transitions involving a change in valency. This 
effect has been considered by Kocharyan and Khom- 
ski:, [I2 but their approach is  purely phenomenological 
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